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The Plates may be placed as follows* 



/ 



PART I. 
^* •••••>• P^g® 4S 

« H 9S 

M* — •'• 168 

^* * • ...•• 206 

PART ii: 

A 32 

B k 80 

Piate A' to be placed at the end of the Vol. 



NEW SERIES 



OF THB 



MATHEMATICAL REPOSITORY, 



Jim 



\ 



I. MATHEMATICAL QUESTIONS. 
To be an/wered in Number X. 

.. i> ■ I ' ■» ' ' ■ " ■ ■■ « I aif^—^^i— — ^— ^a— » 
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I. QUESTION 241, by Helozam Satby. 

A p€;r»on standing 35 feet from the foot of an obelisk, threw ^ 
stone just over the top of it^ which fell 41 feet from the obelisk 
on the other side, and the time of the stone's flight was observed 
to be 3 seconds. Now, supposing the stone was discharged at 6 
feet above the foot of the thrower, and the ground horizontal ; 
it is required to determine the height of the obelisk, neglecting 
the air's resistance ? • ^ 

II. QUESTION 242, by Mr. German Buxton. 
To find two numbers such, that if either of them be subtracted 
from the square of the other, the remainder ;shall be a square 
number ? 

III. QUESTION 243, by Hypatia. 
An arc of a given circle, being given in magnitude, draw a 
tangent to it, so that tfie part of the tangent intercepted between 
lines drawn. from the centre through the extremities of the given 
arc, may be given in magnitude ? 

IV. QUESTION 244, by Scoxus. 
In the isosceles triangle ABC, having AB = BC, if the point 
D be taken in AB, and DC joined. The solid under AC* and 
DB, is equal to the difference of the solids under AB, DC* and 
AD*. Required the demonstration ? 

V. QUESTION 245, by X. 
Required the fourth root of — a? 

VI, QUESTION 246, By Mr. Bazley. 
Suppose a spring to be compressed through a space of 6 inches » 
and that a weight or pressure of 64lb8. retains it in that position : 
Now the spring being- loosed, and suffered to act on a weight of" 
5 lbs. ; it is required to determine the velocity generated in that 
weight,' with the time of acceleration, for any space : the spring 
exerting its force horizontally ? 
Vol. III. A VII. 
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yil. QUESTION 247. 6y Amicus; 
A vest el is to be made in the form of a segment of a sphere,^ 
capable of containing a given number of gallons. What must be 
its dimensions, so that being filled with water, the time of eva, 
cuation through a small aperture made inthe centre of the botton^ 
may be a minimum ? 

VIII. QUESTION 248, By Peter Puzzle. 
To cut a given square into seven pieces which may be put to- 
gether one way, so as to form two unequal squares, and another 
way, so as to form two rectangles. 

IX. QUESTION 249, /^^ Amicus. 
One end of a perfectly flexible chain is fastened at a given point, 
and the other end thrown over a pulley placed in a given position^ 
It is required to find what part of the chain must be thrown over 
the pulley, so that the whole may rest in cquilibrio, the length 
of the chain and its weight being given ? 

X. QUESTION 250, 6y Jack Hazard. 
Suppose the position of a ball to be given on a triangular biU 
Hard table ; to find the. direction in which it must be struck, so, 
that after rebounding from all sides, it shall strike another ball 
whose position is likewise given : the angles of incidence and re- 
flexion being equal, 

AlsOj to determine the direction the ball ipust take, that Vfh€i\ 
continually reflected from all the sides^ it shall pursue the same 
track. 

XI* QUESTION 251, 6y Trigonometricus, 
Let P be a given point in CF the dia^neter of a circle, and 
PAB any line meeting the cirqle in A and B : Then the sine of 
the tliflference of the arcs CA, CB, has a given ratio to the 
difference of their sines. Required the demonstration ? 
XII. QUESTION 252, by Amicus. 
To find a curve, such^ that the rectangle contained by the ra, 
dius of curvature and the absciss^ shall always be equal to agiv^n 
space ? 

XIII. QUESTION 253, ty Mr. Cunlitfe. 
Let two inflexible rods of given lengths, considered without 
>reight, be connected by a joint { ^nd let given weights 
be &tened, one at the joint, and the other two at the extremis 
ties of the rods ; to determine how the rods must be placed at 
two given points upon ^n horizontal rod or line^ so as to rest in 
equilibrio?. 

XIV. QUESTION 254, iy QvipAM, 
Find the sum of th^ infinite series 

4^5-3 5-6-3* 6-7-8* 7-8.3 

XV. QUESTION 255, 6y Mr. Cunliffi:. 

To determine the greatest space that can possibly be included 

within two equal given right lines^ jnd a curve, whose length 

ii eq^ual to one pf the given lines t ^^l\ 
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XVI. QUESTION 256. 3y DioPHANTUS, 
To find Xf y^ and 2, in whole numbers when xy + z*^ 

xz -hy\ yz + x\ and {xy + z»)"^+ {xz ^y-)^ + (yz + x^f 
are four squares. 

XVII. QUESTION 257, by Mr. Wallace. 
Let APBC be a parallelogram. Draw AB, one of the dia- 
gonals, and from P, draw any line cutting the diagonal in E, and 
the other two sides of the parallelogram in D and d* Then ED 
X E//=: PE*. Required the demonstration ? 

XVIII. QUESTION 258. by Amicus. 

Find the position of a plane passing through a given point on 
the surface of a given right cone, so that the periphery of the 
ellipse made by the intersection of the plane with the conical su- 
perficies may be a minimum ? 

XIX. QUESTION 259, by Mr, Lowry. 

If from any two points in the periphery of an ellipse, straight 
lines are drawn parallel to the axes of the curve, meeting the 
circles described on these axes in the points a, ^ ; A, B ; the lines 
a3, AB, have the same proportion as the axes of the ellipse. Re- 
quired the demonstration ? 

XX. QUESTION 260, by Mechanicus. 

If the ends of a perfectly flexible and inextensible string 6i a 
given length be fastened to two given points, and a small heavy 
body or bead descend freely along the itring by the force of gra^ 
vity ; it is required to determine the circumstances of the motion 
and the time of descending through a given portion of the string ? 
XXI. QUESTION 261. by Amicus- 

Let there be an indefinite number of circles FAB, PA'B' 
PA"B", &c. touching each other at P ; it is required to find the 
nature of the curve cutting these circles in the points B, B', B% 
&c. so, that joining PB, PB', PB ', &c. the area of the circu^ 
lar segments PAB, PA'B", PA"B". Sec. may be equal to the 
same given space ? 

XXU. QUESTION 262. ^^ Amicus. 

If two points be taken on any semi-diameter of an ellipse, $0 / 
that the rectangle of the segments between them and the centre 
may be equal to the square of the semi-diameter; and from these 
j)oints straight lines be inflected to any point in the periphery of 
the ellipse meeting it again in two other points ; the line joining 
these points will be parallel to the tangent at the. vertex of thq 
diameter. Required the demonstration ? 

XXIII. QUESTION 263, by Mr. CuNLif f e. 

- » , X X x^ 

Having given thp sum of the infinite series — r- + — 1 + — v 

•^ -T* + &c. in any given circumstance of the value of x^ it 
is required from thence to determine the sum of the infinite sc- 

X ' X^ X^ JC^ 

ries — J ■+- -4- , + " I ■ ■ ■ t &c. in the same given 

2» 3-2 4-3 5-4 
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XXIV. QUESTION 264, hy Mr. WallAc^E. 

If two circles have the same centre, and an equilateral triartglc 
be described about either of them, and from any point in the cir* 
cumference of the other circle perpendiculars be drawn to the 
sides of the triangle; the straight lines which joins the bottoms 
of the perpendiculars shall form a triangle given in magnitude. 
Required the demonstration ? 

XXV. QUESTION ti65, ly Mr. LowRY. 

Let there be given, a rectilineal figure of any number of sides, 
and a spacers : there may h& found as many straight lines a^ b, C^ 
4/, tf, &c, as ^he figure has sides, such, that if from any point 
P whatever within the figure, perpendiculars PA, PB, PC, PD, 
&c. be drawn to the sides of the ngure ; the sum of the rectan- 
gles fl X PA, ^ X PB, c X PC, d X PD, &c. shall be equal to 
the given space ? 

XXVI. QUESTION 266, hy Mr. Low^y. 

Let P be a given point in the axis of any curve AC^, and let 
a tangent to the curve at the point C, meet the axis in E: draw 
PF perpendicular to the tangent, and CB perpendicular to the 
axis, and join PC: Then if m and n be any given numbers, 

and the position of the point C be such, that the product of PC"* 

X CB** is a maximum or a minimum, the rectangle FC.CE is 

equal to — PC*. Required the demonstration ? 

* 171 

XXVII. QUESTION 267, hy Mr. Lowry. 

To find a curve, such, that any straight line being drawn 
through a given point to meet the curve in two points, the tan- 
gents at these points shall always intersect each other in a straight 
line given by position ? 

XXVIII. QUESTION 268, by Mr. Lowry. 

Two points A, B, and an ellipse being given by position; "a 
point niay be found such, that if straight lines be drawn from the 
points A, B, to any point C in the periphery of the ellipse, 
meeting it again in D and E; and DP be drawn to meet the el- 
l^pseinF: The line joining the points E, F, shall have a given 
ratio to the diameter which is parallel to that line ? 

XXIX. QUESTION 269, ly Mr. Wali^ace. 

Is it possible in every case to divide each of two equal but dis» 
similar rectilineal figures, into the same number of triangles, 
such, that those which constitute the one figure are respectively 
identical with those which constitute the other ? 

XXX. PRIZE QUESTION 270 hy Z. 

What must be the form of a billiard table, so that a ball being 
placed upon it at a given pointy and struck in any direction 
whatever; it may, after striking the edge of the table twice, re- 
turn to the point from whence it set off ? 



Solutions to thefe Queftions muft come to hand (poft-paid) 
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I. QUfiSTIONT 271, fyMr. John Dawes, Birmingham. 

The hypothenuse of a right-angled triangle being given, also one side oP 
a rectangle, inscribed upon the other two sides ; to determine the triangle 
when that rectangle is a maximum ? - 

II. QUESTION 272, bj, Mr. Walla^Ije, R. M. College. 

Supposing^ to denote any given whole number, find a general rule for 
determining all possible pairs of whole numbers x, y, which are such that 

tbe arch whose tangent is — is the sum of two arches whose tangents 
are -^ and -^, the radius of the circle being unity ? 

III. QUESTION 273, by Mr. Wallace. 

ILetT(l) denote the sum of the tangents of the angles of any polygon 
T(3) the sum of all the products tliat can be made by taking them by threes' 
T(3) the sum of all the products made by taking them by fives, and soon' 
then, supposing radius to be unity, * 

X T(l) - T(3) + 'r(5) - TC7) + &c. = 0. 

The signs bemg + and — alternately. Required the demonstration ? 
IV. QUESTION, 274, by Mr. Wallace. 

tfit A and B be two given points in the diameter of a circle equally dis- 
tant from C the centre. In AB take the point P, so that PC X rad =1 
AC'. Let CP meet the circumference in D. Draw AE, BE to any point 
in the circumference, and take the arc DQ double DE, and join PQ. 
Then shall AE x BE = PQ x rad. Required the demonstration? 

V. QUESTION 275, by G. V. 

It isfequired to find the nature of other curves than conic sections, hav*^ 
ing the property which is proved in the solution of question 217, to belonir 
to the ellipse? * ^ 

VI. QUESTION 276, liy Mr. Wallace. 

If from the focus of a parraboh, a perpendicular be drawn to any tan* 
gent to the curve, and a circle be described on the focus as a centre to pasa 
through the vertex, the meridional parts corresponding to the arc of 
the circle between the vertex, and perpendicular to the tangent, is equal to 
the excess of the parabolic arc, between the vertex and point of contact 
abo^'ethat portion of the tangent which is in{ercepted between the same 
point and the perpendicular. Required the demonstration? 

VII. QUESTION 277, by Mr, Cunlipfe, R. M. College. 

Suppose 50 02. avoird. of silver made into a bowl, the inside of which 
is in thejbrm of a hemi-spheroid, the depth equal to the diameter at the' 
top : how many pints of wine will the bowl contain if it is 15-lOOths of an 
inch thick througliout ? 

VIIL QUESTION 278, by Hcrmodohus. 

Given the perspective projection (or representation) of a straight h'ne 
and of one point A therei n, and the vanishing point B (and its distance) of 
that straight line ; to find another poiai C therein, so that BC may have » 
given ratio to the original thereof? 
\QI^ III. B 



IX. ^ QUESTION 279, hy Q. Vk 

It ii ^mi^to determine the nature of the cwve which tottcf$e» ah i^^ntM 
number oilines of a given kind, described upon a pUoe according to some deter- 
ininate law : For example, wa may suppose the lines to be the parabolas describ-^' 
ed by a projectile thrown from an engine, with a given velocity at every possibtef 
•leTation in a given terttcai pIsUie. 

X. QUESTION 280, bij Mr. CuNUFPt. 

Suppose one end of a string fastened to a point in the periphery of the base of si 
tight corie whose convex surface is perfectly i»olished 5 and suppose the string to be 
%^oaiid three times t-|rhtly about th^co'ne, and the other «nd thereof brought to A 
point in the same right-line with the vertex and the f^rst pdint. Required the 
dimensions of rhe cone, haviii* given the length of the siring and the' distances eff 
the two ends from the vertex ? 

XL QUESTION 2BI, 6y Numericus. 

To divide a given number into a proposed number of unequal part* (not lesat 
tlian 3), and also into the like number of other unequal parts, so that the sum of 
tbfl squares of the latt^ parts shall be equal to the (;um of the squares of the former^ 

For example; Let \150 be divided into 18 unequal numbers, and also into 18 
other unequal numbers, so that the sum of the squares of the latter IS" numbeiis 
•halt be equal to the sum of the squares of the former 18. 

XIL QUESTION 282, bi/ L. N. M. C. _ 

If a hexagon be described about a circle^ or an ellipse, the three diagonals drawn 
thVough the opposite angular points of the figure will intersect each other in th« 
same point. Required ihe demonstration ? 

XllL QUESTION 283, by Mr. CtJNi.iFFE. 

To express the nth power of the arc of a circle in terms of its sine, radiuf 
being 1 2 

XIV. QUESTION 284, by Mr., Conliffe. 

Find three numbers whose sum shall be a square, and the sum of their square* 
$n eighth power? 

XV. QUESTION 285, by MechanicTJs. 

Vthe ends ofaperfectly flexible and ine^ttensible string of a given length, 'be 
fastened at two given points on the surface of a sphere, arid a small heavy body be 
at liberty to move freely along the string; required the position of the body when 
it is at rest on the surface of the sphere ? 

XVI. QUESTION 286, by 3.B. 
Find the radius of a circle, such that the arch corresponding to a given versed 
line may be a minimum. 

XVil. QUESTION 287, by Mechanicus. 

By what force must a body be attracted so, that, in passing from one given point 
toanother^ the line of swiftest descent may be a circle ? . ^ 

XVIII. QUESTION 288, by Amicus. 

If two tangents be drawn from the same point to a given curve, it is required to 
find the position of a third tangent, so that the part thereof intercepted between tfle 
other tangents may be a minimum ? ' ' , 

XIX. QUESTION 289, by S. L*H. ' 

Draw a straight line through a given point to meet a given curve PZ^ in the 
points P and Q, so that either the line FQ, the arch PZQ, or the area PZQP may 
be a minimum. 

XX. PRIZE QUESTION 290, by Mr. Wallace, R. M. College. 

If the intersection of twa straight lines which contain a given angle be upon a 
straight line jiiven by position, arid one of them pass through a given. point ; what 
igthe nature of the curve to which the other line is a normal ? 

Solutions to these Questlpnt most come to hand (post-paid) by May 1, 18 tO. 
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MATHEMATICAL QUESTIONS, 
To Ic answered in Numher XIL 



I. QU£STIOH, tfpi, ^y Ml* 6£RMANftuxToy, ttrndan. 

To find two munbers whose dilerence is a square ; and if any number (») be 
added to each, or to their suni| they will make' three other squares. 

(I. QUESTION 292, fy Mr. CuNLiFrs, Ji0yal JmiafyCOkge. 

Ifa q*jiadranul arc of a circle, ladius f ,is divided into any four parts, the sum of 
Ac prr.ducb ot the tao^ms of every two of these parts it e^al to t -f-the coft« 
liBued product of all the four tangents: Requited the proof? 

III. QVESnOU 993, ^jrMr. 0AWES, BirmngkMu 

In what latitude, on the longest day, will the shadow of a point of a gnomon, 
describe a right-angled hyperbola upon an horizontal plane t * 

IV. QUESTION 894, fy O: V. 

H^nd three squaie numbers in arithmetical progression, the aum of the square 
WOt$ of which shall be a c«be. 

V. QUESTION ft95, Sy Mr.W. Wallaci, R. M.QfUegt. 

IThsorbm. In any conic section, if normals be drawn at the extiemttiea of a 
cllord passing through the focus so as to intersect one another, the sum of the 
^•fwci of the p«ru of the normals between the curve and their incersection sWl 
Jbave A given ratio 10 the square of the chord. Required the deinomtration P . 

VI. QUESTION i^hyMr. Cunlipfb. 

AtppMt T^WR a curve in a vertical plane, and P a given point in its axis ; to 
Sadttt nitme, so that the pressure of a given weight as, attached loa siring mf , 
^tst P, asd resting on the curve, may be^ every where the same. 



VII. QUESTION «97, hyO.V. 

Reqaiied the nature pf a curve, such, that a tandem being dawa£rom any point 
abdbo curve to me^ the axis, the distance of the point of conuct from a given point 
Im the axis shall have a given, ratio to the segment of the axis between that point 
^and cht taogent. 

Vin QUESTION fi^t, hyMr^ Lowry, R, M. Collie. 

'To dcmmine a curve that shall cut ail indefinite number of ciirvci of the 
9(Hie giten speeies, having a common axis, so that all the tai^nts drawn 10 the 
g^fCB curvcaat the pointt of intersection may tend to the same g^vea point. 

IX. QUESTION 899^ ^jrHiUMO^ofttra. 

Givea the vanishing line its centra and diitan^s of an origiaal plana, and Ae 
prtjeetioD of a straight line, and of a point in that ^ane, mrougjb thai f^^ *• 
i #Mr a ttfaff^t HneiR>that theangtr made by the iw* stiai^t lines shall Wffu*! 

\ aothttffMkby their ori^nals. 

c 
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X. QUESTION 300, Ay Amicus. 

To find ciMves tliat have the followinj^ property, ti^, that if P be a given point 

ri\ the straight line APB given by position, and any straight liqc whatever be 

dmvfn through P to meet the curve in tv^o poin^, and tan^^nts be drawn at ihese 

points to meet tlic line AB in E and 5", the segments PE, PF shall always be 

c<iual. 

XL QUESTION 3pi, By H. 

Supf>osing a ©article of matter at jrc$\ pny whfre upon the mrface of a solid of 
revolution which revolves about its axis in a given time, and that the particle is 
attracted towanls the centre with a force which is as some dctemlinate function of 
its distance from the centre i What ought, to be the form of the solid ? 

XU. QUESTION 302, by G. V. 
The o REM. The square of any prime nucober of the (bnn 44 4* ^ ^ ^^ ^^ 
formo* 4"' ^5^** Kequired the proof? 

• XIII. QUESTION 303, i^y Mr, CuNLiFFE. 

' Suppose two projectiles thrown from the same place with e(|ual velocities, in 
th^ same veru(;al plaoc; to deoermioe riitf angki of elevationi %o as to include 
the gr<»te^ space.wiihin the curves described in their flight, the horizonul range 
being the same in both* . ' • 

^iV» QUESTION 304, ^Edinburcensis. 

Find the flux)onal equation of the (urve of pursuit when the body pursued moves, 
in any curve of a giv^n nature* 

XV. QUESTION $95. fy U 
To find (from elementary principles) how a ring will move upon a straight mi 
revolting iboutoneof its ends 011 a faorizonrat plane, when, after tne first {»ercustive ^ 
impulse^ they are disturbed by no force but their mutual pressiue against eick 
other. 

XVI. QUESTION 306, by Mr.W. Wallace. 

If the intersection of two straight lines which contain a given angle be on a line^ 
of any kind given by position, and one of them pass through a given poiaCt vhal " 
u the nature of the curve to Which the other is a tangent ? ,. - . ^ 

XVII. QUESTION 307, byMr.howKY. 

Let A^C, BFC and EF be three straight lines given by position t Jkfm Ac 
mven points A, Blet straight lints be inflected to any point I in £F, SMffiM^g AG 
m f an4 B€ tn Q, and let P, Q be joined. Required the nature of ihe.curyc.tKt^t 
which PQ is atways a tangent ? 

XVIII. QUESTION 308, ^yAfr. W.Wallace- . 

Fwm Iwo given points equally distant from the centre of agiveii,ctfck 4iaw ' 
straight lines to a point in the circumferencCi so that the sum of the £oatth powesi 
of these lines may be a given quantity. ' , . . . - 

.XIX. QUESTION 309, ^^Amwus. . . 

A point and a straight line are given by pefition in the same vertical plane ^» 
heavy bo*|r, urged by the force of gravity, h^ to descend from the given mmbi 
in a cifcular arch, so as to arrive at the ^vcn line in the shortest time po^s^jje**— 
What is the fength of the arch ? ~ 

XX. PRIZE QUESTION 310, By Mr.yT. Wallace. 

'f^nd «ueh integer'values of «, y, z as fhalj render the three expressions x^ 4* 
anjf M- ^'j «• + a'x!» + «*> >^ +* ^"^'^ + ^ ^juares, a, 4', a", being givent 

Solutionjf to these Que tions mu^tsofr.e to hand (Post Paid) by June 1^ 1811. 
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To be answered in Number XIII. 



1. QUESTION Slt,lnf Mr. John Hatmss, IhMt. 
To dWkle a given tquare number n% Into two such parts that th« fmn of 'their ^ 
squares and tEe sum of their cubes may both be rational squares. 

II. QUESTION 312, by Mr. P. Pheian, Carlm. 

Required the least integer 'value of a that will make 103 «^ + 1| a lational 
square? 

III.. QUESTION 313, 5yilfr. Geo. Harvbt, Jim. P/ymMf<A. 

From a given right cone to cut such a parabolic section^ ^lat the solid generated 
by the revolution thereof, either about its axis, or its greatest ordinate may be the 
greatest possible. 

IV. QUESTION 314, 5^^ Mr. Joseph Williams. 
Emerson in his Increments has made use of a series to determine the integral of 

# — s s8 « : It is required to assign the integral in terms of s and « without ^ 

using a series ? 

V. QUESTION 315, by Amicus. 

If, from two given points, two straight lines be drawn to a point in a curfe of 
any order, given by position, so that their rectangle may be the greatest or the 
least possible ; these lines will have the same ratio as the secants of the angles which 
they make with the cuive (or with the taQgent) at the point of intersectioa. Re* 
quired the demonstration ^ 

VI. QUESTION 316, by G. V. 

If from a given point straight lines be drawn to the extremities of any two con* 
jugate diameters of an ellipse given by position, the sum of the squares of^ese 
lines is a given space. Required the demonstration? 

VII. QUESTION 317, by G. V. ? 

Let ABCD be a parallelogram, draw the diagonal BC, and draw DE perpen- , 
dicular to BC ; then, perpenSculars drawn to AB, AC at the points B and C shall 
intersect each other in the line DE. Required the demonstration? 

VIU, QUESTION 518, by G. V. 

If from one of the angles of a rectangle a perpendicular be dnwn to its diagonal) 
and from their intersection lines be drawn perpendicular to the sides containing the - 
opposite angle, then, putting P and p for these last perpendicularsy and D for tlw 

diagonal, pi -f- /?3 as D». Required the demonstration ? 

IX. QUESTION 319, by Mr. CvvLitn, It M. Coilege. 
Suppose a projectile delivered with a given velocity, what must be the angte of 
elevation that the length of the curv^ described in its flight above an horizonMd 
plane may be the greatest possible, supposing no resistance from the air ^ 

X. QUESTION 820, by Mr. Cuhlifps. 

In a ^ven circle to inscribe a triangle having two of its sides in a given ratio, and 
the sum of the other side and perpendicular thereon from the opposite angle a 
maximum. 

D 
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XT. QUESTION 321, 3y Jiff. CuNLiFtl. 
SuppMen |>ie^ cf cast inon in the form «f a cfiu% the 4ia«ie^ 40f tli« basAe- 
ing two, and the' pttrp«ndiotilar luight six JeAt« Suppose the ecil« tvapefidtd W 
the vertex, about which it is freely moveable : let two weights, of half a ton each« 
rht fasteatfl by cords to a ring in the drcnmfprffinre of the base, and let the cords 
pass fr^^P over two pullies in the same horizontal tine with the vertex, at the dis- 
tance 6f four and five feet, <cm the -same side of tt^ Recj^uired- the ppsitton of the 
•cone's axis when in equiUbrio ? , 

XII, QUESTION 322; hy Mr, Lowry, JR. M. Cdhge, 

To find the nature of the curve which shall cut all the parabolas that can be 4e- 
•»cribed by a projectile, thrown from agiv«n point, with a given velocity, so that the 
time of flight, from the given point to the curve, may be the same in each 
parabola* 

XIH. 'QUESTION 328, hy Mr. LowiT. 

'To tind curves such, that any straigltt line being drawn through a given 
i^oint to meet the] curve in two points, the lectangle under it anda^given line 
ipay be equal to the rectangle of the segments intercepted between the given point 
.ahd'theciirve. 

XIV. QUESTION 324, by Mr. LtnrRr. 

*^ With what 'radius must a circle be described from a<^lven point as a centre, so 

/that intersecting another circle given by position, the length of the arch inter* 

cepted by the given circle may be a maximum? 

XV. QUESTION 325, hy Mr. Lowry. 
* If two weights be suspended at the ends of two strings which pass over two fixed 
^ullieS) and the other ends of the strings be fastened to the extremities ^f a given 
beam or rod which is moveable about alxed p^nt , #hat will be the velocities of 

|gjthe weigto when they move in a vertical direction, .the weight of the beam or rod 
*beins considered in estimatine the motion of the bodies? 
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XVI. QUESTION 326, by Mr. Lowry. 
Suppose the vertex of a given cone to rest on an inclined plane While the axis is 
-in a vertical direction; what will be the velocity of the centre of gravity of the 
fcotte when it is suffered to descend by the force of gravity, the vertex being at 
libe^y to slide freely along the inclhied plane without any obstrttctlmi whatever ? 

XVII. QUESTION 327, by Mr. W. Wallace, K. M> College. 
Let there be three curves of such a nature, that if a tangent be drawn to one of 
them, a'given porUon of that tangent is intercepted between the other two ; then, 
nonn^ to the three curves at the points of intersection and contact sludl pass 
through the same point. Kequired the demonstration ? 

*^ XVm. QUESTION 328, by Mr. W. Wallacb. 
Let A., B, two angles of <a triai^le ABC given in magnitude be upon lines of 
Way kind. Draw AP, BP, normals tothe lines at A and B, and joinCP j this last 
line shall be a normal to the line that is theYoctt* of€, the remainingwig^e of tto 
triangle. Required the demonstration ? 

XIX. 'QUESTION 329, 5y Jiff. W; Wall AC*. 
?rhree curves being given by position, shew how a tangent may be drawn to one 
*of them, so that a given portion of that tangent may be inteieepled between the 
other two. 
' XX. PRI25E QUESTION 336, iyrJITr. LowRT. 

A dog and a fox start at the same instant from two places M and N, and run at 
.the uniform rate of m arid n yards in a mintite respectively : the dog proceeds in 
astra?ight direction MS, but the wily fox pursues auth a course as pfevents him 
from beiag seen by the dog, a ftx6d object on the level plain being always in a 
direct line between them. Kecjuired the nature of llie curve described by the fox, 
's^hen the disunces of the obgect'from M and N> and the at^le NMS are given ? 



^4imi9itt i9 ih$89 C^tUam musi conmUhin4 (:^St ]^d^ ^Junel, 18t2. 
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MATHEMATICAL QUESTIONS, 



ARTICLE I. 
Solutions to Quesiions proposed in Number VIII. 

I. QUESTION 241, iy Helozam Satby. 

A person standing 35 feet from the foot of an obelisk, threw a 
»tone just over the top of it, which fell 41 feet from the obelisk 
on the other side, and the^time of the stone's flight was observed 
to be 3 seconds. Now, supposing the stone was discharged six 
feet above the foot of the thrower, and the ground horizontal ; 
it is required to determine the height of the obelisk, neglecting 
the air's resistance ? 

First Solution, ^y Mr. John Cavilz^ Beigkton. 

Let Dv (fig. 1. pi. 1.) represent the obelisk perpendicular to 
the horizontal line AB ; P the point at which the stone is de- 
livered ; Pt/B the parabola described by the stone in its flight, 
and PE a tangent to the curve at P. Let BE be perpendicular 
to AB meeting the tangent in E, and suppose Vn parallel to AB 
meeting Dv in m^ the curve in p^ and BE in n ; and let PA be 
perpendicular to AB ; also let Dm be produced to meet PE in 
F. The whole time of the stone's flight, by the question, is three 
seconds, which is well known to be equal to the time in which 
a heavy body, by the force of gravity, would freely descend from 
rest at E, along the right line EB. Therefore by the laws of 
falling bodies BE = 9 X iffyV = I44ifeet. Then by the 
property of the curve 

Ph"- : Pni" : : PE : Fr; = (P;«* -r- ?»') x BE = 30-69923. 

VOL. III. PART I. A And 
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And by reason of the parallels, BE, DF 
Pn :Pm :: En : mY =:?m x En -^ Pn = 63'898ot. 

Then we shall obviously have mv ~ m¥ — ¥v z= 33*19879, 
tnd Dr; =: D»i -|- ^v =. 39' 19879 feet the required height of 
the obelisk. 

Seconi) Solution, ly Mr. Thos. Bazley, Bolton^ 

Let AB (fig. 1. pi. 1.) be the horizontal plane, DLi/ the 
obelisk perpendicular thereto, and AP (parallel to Hv) "=. six 
feet : let PFE be the line of projection meeting the vertical line 
BE in E and the obelisk produced in F ; draw PLB meeting 
Di; in L, and let AP = 6 feet = a, AD z= 35 feet = A, 
DB = 41 feet = d^ Di; = a:, ^ = 3 seconds zz time of flighty 
and^ z=z 16-ry feet. 

Then by the principles of constant forces BE is = ^/\ 
and by similar triangles h + d : b :: gt* : L¥=:bgt^ -f {l + d) ;. 
and by uniform motion 6 -^ d : ^ : : t : ht -^ (6 + i) = time la 
PF = time in ¥v : consequently ¥v = g (It 4. { J -|- d))^. 

Agaipj l^ +d : d i: a : DL c=.ad -^[b -{- d)\ whence 



(,^J--=39^ 



Solutions were also received Jrom Messrs. Adams, Crane, FiU 
matt, Grisenthwaitc, Harvey, Kay, Marratt, Swale, Toplis, and 
Watts. 

II. QUESTION 242, by Mr. German Buxtoh. 

; 

i 

To find two numbers such, that if either of them be subtracted 
from, the square of the other, the remainder shall be a square 
number ? 

Solution, by Mr. Wm. Mahrat, Boston. 

Let X and y denote the two numbers. 

Then by the question ;c* — y and^* — x must both be squares. 
Piit;v*— ^z=(f — jc)*=:r* — 2ra?+** which gives ;r=:(r*+^j-r2r; 

theref. j^* — xz=zy^ — ^^ — 2— ^a square = (5-~y)*=5* — 2jy +^"; 

, ariM-r* - r»+y_2r*j4-j* ,. , 

whancc y =;= and x =: — ■ which are 

^ 4rj — 1 «r 4ri — i 

ganeral expressions for the two numbers where r and s may be 
Cbxpounded by any unequal rational numbers at pleasure, 
j^. 1. Take r 12 a aad < = 1 ; thoa x = f aad^ = y. 

Ex, a. 
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Ex. 2, Take r = 3 and 5=1; then a: = iV and^ = f f. 

Solutions were also received from Messrs. Adams, Cavill, 
Crane, Filmatt, Grisenthwaite, Harvey, Smith, Swale, Toplis, 
m7id Walts. 

III. QUESTION 243. iy Hypatia. 

An arc of a given circle, being given in magnitude, draw a 
tangent to it, so that the part of the tangent intercepted between 
lines drawn from the centre through the extremities of the given 
arc, may be given in magnitude ? 

FikST Solution, by Mr. J. Wallac?:, Teacher of the 

Mathematics in Edinburgh, 

Let AB (fig. 2. pi. 1.) be the given arc, C the centre of the 
circle, and DE a straight line to which the tangent is to be equal. 
Draw AF perpendicular to CA; make AF equal to DE, and 
upon it describe the semi-circle AGF ; from G, the point of 
intersection of this semi-^circle with the radius CB produced^ 
draw GH perpendicular to CG and let it meet AF in H ; draw 
CH intersecting the arc AB in K ; then through the point K 
draw the tangent LKM ; and the part LM of this tangent inter- 
cepted between CL and CM shall be equal to DE. 

For join AG, GF : then since the angle GAG is equal to 
GFH, and CGA to FGH ;. the triangles CGA, GHF are gimi- 
lar; hence CG : CA or CK :: GH : HF, But from the si- 
milar triangles CGH, CKM, we have CG ; CK :: GH : KM; 
therefore by equality of ratios GH ; HF :: GH : KM; kencc 
KM is equal to HF. But it is obvious that KL is likewise equal 
to HA ; consequently the whole LM is equal to the whole AF; 
that is, to the given line DE, 

SficoND Solution, 3y Tyrotatos, 

Let AB (fig. 3. pi. 1.) be the given arch, and C the centre of 
the given circle. Make AM perpendicular to AC and equal to 
the given length of the tangent ; draw Ml parallel to AC meee^ 
jng CB produced in L On the diameter I C describe aj^i* 
circle cutting MA in L ; draw CL to meet the circle in G^' and 
through D draw the tangent EF, which is, that required. 

Draw IL to meet CA produced in G ; then the angle CLI 
(in the serai. circle) being a right atigle, the line IG is parallel to 
the tangent EF ; and the triangles ALG,- LIM being similar, 
we have, AL: LM:: GL :H:: ED ; FD. 

But AL is === to ED, therefbre LM is equal 16 FD, and con- 
^quently EF is re AM :::: the given length, 

A« Third 
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Third Solution, by Mr. German Buxton, London. 

Let AB (fig. 4. pi. 1.) be the given arc, Sindpq the given right 
line; and draw the radii CA, CB. Bisect the given line pcj by 
jhe perpendicular moj and draw po making the angle pom zr the 
angle ACB. Upon AC take An zizz mo^ and'draw nO. at ria;ht 
angles to AC ; from the point C to wO apply CO = po, With 
the centre O and radius OC, describe a circle cutting ihe right 
line PQ, perpendicular to AC, in P and Q, and join CP, CQ. 
On CA produced take CE = CP and from E draw EDF touch* 
ing the given arc in D, and meeting the radius CB in F, and the 
thing IS done. 

Dem. Draw the radius CD to the pointof contact D, also 
draw OM perpendicular to PQ ; then MO n Anz=.mo\ iand 
OP = OQ z:p, op^ wherefore the right-angled triangles POM, 
poniy are equal in all respects, and therefore PM z: pm and 
2.POM=.J-Z.POQ=:Z.PCQ=:Z./»owi=Z.ACB, by con. 
struction and Euc. 20. III. Again in the right-angled triangles 
CAP, CD£, CE = CP and CD ri CA, therefore ED = PA 
^nd Z. ECD := ii PCA, and from the equal angles ACB 
(ECF), PCQ taking the equal angles ECD, PCA there will re- 
main jL DCF =: A ACQ, and therefore DF zz AQ; conse- 
.quently EF = ED + DF = PA + AQ = PQ = pq, the 
given line. 

Solutions were also received from Messrs - Adams^ Butter- 
worth,. Can'ab. Caicnsis. Cavill, Grisenthwaite, Filmatt, Har* 
vey, Kay, Mairatt, Reeves, Swale, Toplis, and Watts. 

IV. QUESTION 244, by ScoTUS. 

In the isosceles triangle ABC, having AB iz BC, if the point 
D be taken in AB, and DC joined. The solid under AC and 
DB, is equal to the difference of the solids undej AB, DC* and 
Jllfi^. Required the demonstration ? 

♦ 

First Solution, 6y Mr. J. T. M'Doneld, 

Dem. Draw DE (fig. 5, pi. i.) perpendicular to AC ; and 
,PF, DG parallel to BC, AC. 

Then by similar triangles AC : AB :: FC (DGi : DB ; 
hence AC-DB = AB-FC,and AC*-DB=sAB-AC-FC. 

Now AC-FC == FC" + 2EF-FC = CD* — DF* = CD* 
^KQ\ by Euc. IL 1^. Tbcref, AC"-DB = (CD»— AD*)-AB. 

SfiCONO 
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Second Solution, by Mr. J. Adams, Stonehouse^ ncdr 

Plymouth: 

On AB (fig. 6. pi. 1.) denjit the perpendicular CE ; 

then per Euc. VIII. 6. 2AB x AE = AC, and 

EucII. 13. DC* + ft AD X DE=i:AD* + AC\ 

Therefore 
DC^ — AD*=AC* — sADE =: 2BAE — 2DAE=z2BD.AE. 

Hence (DC* —^AD*)xAB=2BDxAExAB=AC*xBD. 

Third Solution, iy Mr.RoBERTSMiTH,ntfar Manchester^ 

Draw DG (fig. 5. pi. 1.) parallel to AC meeting BC in G and 
join AG. Then AG and CD are manifestly equal to each other* 
AIsoZ. BAC = BCA =:supp, DGC. therefore a circle will 
pass through the points A, D, G, C. Then by a well Known 
property of a trapezium inscribed in a circle 

AC >< DG + AD X CG = AG x CD. that is 

AC X DG + AD» = DC% or AC x DG=DC«— AD». 

and AB X AC X DG n AB X (DC^— AD*). 

Again by reasoi^ of the parallels DG, AC, 

DG : AC : : BD : AB, whence DG X AB =: BD x AC : 

wherefore ABx AC X DG=BD XAC*=AB x (DC«— AD«). 

Solutions were also received from Messrs- Butterworth, Cavil], 
Filmatt, Harvey, Kay, Marratc, Reeves, Swale, Toplis, and, 

Wattst 

V. QUESTION 245, iy X. 
Required the fourth root of — a? 

First Solution, by Mr. Wm. Crake, Boston. 

By squaring the binomial y^a + ^ — a, we get 

I - J. 

hence 



+ /■ 



I. 
2a* 



and extracting the square root, 

*" yaxa* ^* 

required. ^ 

^ SscONB 
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Second Solutiom, by Mr. W, Grisenthwaite. 

Let a'^y denote the required root ; then ay^zz — a^oray^^a^^^oi 
therefore )^* 4- tno. Put (y*+ 1) -f- sy-t/jory^-hi — 2t^, then 
{>*+!)*=>'*+• 2/+ 1 ~4i;y;/+l==4i/y-'2/=:/(4r''-2)-0, 
or4i/''-2=o; whence i/zr±i/i. And from the equation;/* fL= 2 ty^, 

Sb 
t I 

consequently tt"^jt r:;^; ± tf^\/i X (i =*=• — l); 

Third Solution, by Mr. Wm. Marrat, Boston. 

Let X be the root required and a zzz b*; then x^ z=z — a — -^^ 
er;r*4-^*=o. Assunie;t*-4-^*=: (x*— •rx + ^^)(A:*+^^ + ^*); 
then by multiplication 

Jk*+ i*=:; x"^ + 2^V* — c*a?* H- t*=r o, or 2^^";^* — c'-a?» z=zo ; 
dividing by x^ and extracting the root we. get c :z= h \/ *i. 

Hence x* + M =; (a?" — ^a: a/ a + ^*)(a:* +. />;c v/ 2+^*) = o; 
Consequently a?' — Ix »/ %+ b'^ -=. o, and a?*-F ^a?v^ 2 + ^* =:b ; 
»nd by resolving these two quadratics we get 

>/{i 1/2 /2 ^ 

Solutions wtrt also received from Messrs. Filmatt, Harvey, 

Toplis, and Wau&, 

VL QUESTION 246, by Mr. Bazlry. 

Suppose a spring to be,<bmpressed through a space of 6 inches, 
and that a weight or pre$si*re of 64lbs. retains it in that position: 
Now the spring being loosed, and sufl'ered to act on a weight of 
3 lbs. ; it is required to determine the velbcity generated in thzl 
weight, with the time of acceleration, for any space ; the springs 
exerting its force horizontally ? 

Solution, ly Mr. Geo. Harvey, Jun. Plymouth^ 

Let a {zz 6 inches) denote the length which the spring con- 
tracts by the weight or force f (zzz 64lbs.}, to the given weight 
upon which the spring acts (= 5lbs«), and g s=r i6xV» Let ^ 
ilenote the distance described by the re-expansion of the spring, 

vXkt 
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» the velocity generated, and /the time of description : also lee 
f denote the motive force or weight which would compress the 
spring through the space a — jr. Then by the nature of 
elasticity 

fif.iAia— X, whence /' = (/-f- a) [a — x) ; and therefoi« 
{^^ -f- zw) = (/-T- aw) [a — x) expresses the accelerative force* 

AndbyaknownTheor.i/r/iz ^-^^-[a — ;c), whence i/*=^'^-^r 2 tfr-«»l 

which is correct, because when x z=. o^v =: o ; therefore 

•=: • -^(2fla?-x*); and when Ac=a, t/= •-^ - = i72*i76inclies, 
aw w * ' 

A-.,' ; 3^ X X aw ^ 

taking the fluents / = R XViawr- 2gf), where R denotes the 
length of a circular arc, radius 1, and versed^sine x-^a^ which 
when a? = fl, beComei ^(aw -4* 2^/) x 1*57079 = '054739 
seconds. 

Solutions were also received from Messrs* B*zley, Manratt, 

Toplis, and Watts. 

VII. QUESTION 247, i^y Amicus. 

A vessel is to be made in the form of a segment of a sphere, 
capable of containing a given number of gallons. What must be 
its dimensions, so that being filled with water, the time of eva- 
cuation through a small aperture made in the centre of the bottom 
may b^ a minimum ? 

First Solution, iy Mr, Thomas B/vzley. 

Put X for the height of the segment, and d for the diameter ; 
also let^ =: 3* 14 16, and irzthe solidity. Whence^ (dx — x^} x 

s= s and s iz p (jdx* — -3-^^), and therefore d = {6s h 2^;^^) 
*T" 3^jc* : now the area of the descending surface of the fluid is 

pfdx — .T^) = pi- — x^) = — r — * , and it is shewn 

. 

2n^(gx)* 

where A is the area of the descending surface, and a that of the 
aperture which is supposed constant ; wherefore, putting [bs — 
P^^) -r- 3-^ f^r A, we have t =zjx (px^ — ^L; ^ 6.:x y^{gx) rr 

aminimua 
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m minimum, and consequently x {px^ •— 6s) -h 6ax \/(g^) ^ o# 
and therefore px^ = 6^, or * = -J^px'. But ipx^ is the solidity 
of a sphere whose diameter is a:, and hence it appears that the 
entire sphere answers the conditions of the question. 

Second Solution, iy Mr. Wm. Watts, Plymouth. 

Put r = the radius of the sphere, x = the height of the de- 
scending surface above the orifice at the end of the time ^, A = 
the area of the surface at that time, a = the area oF the orifice, 
g zz 32y feet, n = 3*14159, &c. and 5 = the content of the 
segment. Then the velocity of the water through the orifi(;e 
will be = v^(2^a:), and the quantity discharged during the in- 

stant/ will be := fl#V^{2g*Jc). But in that instant the upper 
surface of the water descends through the space x ; therefore 
the quantity discharged in that time will be = Ax : Hence we 

hzva at V i^K^) = ^Axj or ^ =• —--7 — ^,. 
^ '^ ' a\/[2gx) 

When the solid is a sphere, as in the present example, A is w 
«(2rx — a:'), and we have tz=z^~r. — ^v ^ [2rx'^x — *^x), 

and (by integration) t zzz . X [^rx'^ — f^"^), the time of 

emptying the spherical segment whose height is <c and radius, r. 
Now, by the question, this' value of / is to be a minimum; and 
the content of the segment, or the expression -J-wl^rx* — x'), 
a constant quantity (s) ; the radius r, and the height x of the 
segment, being both considered as variable quantities. 

By taking the fluxion of ^rx'^ — t^^» '^^c variable part of 



the expression for the time, vvc get - 



.3^ 



3 4. 



* 4»* 4* 



r 



And by taking the fluxion of ^n [yrx'^ — a:') z:: j, we get -^ =3 

x' — ^r , .qa? — 6a? X7— ar 

, whence "^ ■=. '—- , or x=. ar. * 

X 4cT X 

Whence it appears that a sphere of a given capacity will be 
emptied in a less time, than any spherical segment of the same 
•apacity. 

Solutions were also received from Messrs. Filmatt, Grisonth- 
waite, Harvey^ Swale, and Toplis, 
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VIII. QUESTION 248, By Peter Puzzle. 

To cut a given square into seven pieces which may be put to- 
gether one way, so as to form two unequal squares, and another 
way, $0 as to form two rectangles. 

Solution, by Mr. John Cavill. 

Fig. 7. PI. 1. From the opposite angles a and c of the square 
mbcd draw ax and cy^ bisecting the sides be and da in x and^; 
from the other angles ^, d^ draw bn and ds parallel to each other 
and perpendicular to cy and ax respectively, cutting ax in r and 
cyium\ then if the square be cut through these Iii\es it will be 
divided as required. 

For it is plain from the construction, that if the parts BC^, 
B'C, and AA'' be joined by the sides ad, be ; ab, cd; ar^ cm;^ 
they will form a square whose side will be ar or em and = 4 
times the square D. Also AC, A'C and BB'' being joined by 
aXj cy ; and cx^ ay^ will form two rectangles unequal and di«« 
similar. 

Remark. If BC^ BX, AA'' be joined by ay^dy; bx^cx; 
and ax, cy respectively, they will form three equal squares and a 
rectangle f and if ex, ay ; ax, cy are joined, they will form two 
equal and similar rectangles. 

IX. QUESTION 249, By Amicus. 

One end of a perfectly flexible chain is fastened at a given point, 
and the other end thrown over a pulley placed in a given position* 
It is required to find what part of the chain must be thrown over 
the pulley, so that the whole may rest in equilibrio, the length 
of the chain and its weight being given ? 

Solution, i';^ Amicus, the Proposer. 

In fig. 8. pi. 1. Let A be the given point where the end of 
the chain is fastened, BC the part which hangs over the small 
pulley, fixed at B, and AGB the catenary formed by the other part 
of the chain. Then the whole will evidently rest in equilibrio 
when the weight of the part BC is equal to the tension at B in 
the direction of the curve at that point. Let tangents BD apd 
AD be drawn to the curve at B and A to intersect in D, and dfaw 
the vertical line DH. Then it is proved in several of the ele- 
mentary books on mechanics, that the tension at B is to the weight 
of the chain BGx\, as the sine of the angle ADH to the sine of 
the angle ADB ; or, since the weights of any two portions o£ 
>he chain are proportional to their lengths, the part which is equi- 

vol. III. PART 1. B valent 
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• 1 . . .u * » ^ Ti • lenffth BGA x i'm. ADM 

valent to the tension at B u =: ^ : — r-=r-=r • 

sm ADB 

Draw BE and AF parallel to the horizon, meeting the axis 
G£of the curve in E and F, and draw AK parallel to GE, meet- 
ing BE produced in K- Put BK zr n. EF z= m, BE = y. EG 
= «, arch BG = z, AF = u. GF = v, arch AG = w, the length 
of the chain m /, and the length ot a portion of the chain whose 
weight is equal to the tension at G = a. 
Then^-f-i is=thesine,aud x-^z=the cosineof the angle BDH, 

Also a-4-a;i^~ the sine, and iy^«;= the cosine of the angle ADH ; 
therefore the tine ot the sum of these two angles, or of the angle 
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WT^A • yx^jjwv . „^ , lencthBGA.sinADH. 
BDA,isziVa"i"-i-,conseq.thepartBC,(or —2 : — aDB ' 

i.= (. + z)U(f-+'g : - 

to * ft) * 

Now, by the property of the catenary, tax + ;c* = z*, and tak- 
ing fluxions, we have in « (a + «) -j- z, or i -i- i=z-i.(a-hiX^« 

Also >»*=«•— *»=;«» \(a\- xf—z'- \ ^2»=*V-i.z*,ory nxa-J-z, 

and/ -7- z = ^ -7- (^ + -^l' In a similar way we find u ^w =: 
d 'i' (a + v)y and t/-7-ti; = »;-4-(a + t/); these values being 

substituted in equation «, we have EC = \ ^'\^ \^^ \ L 

, (mf 4- z){a + x)*{a + v) . . 

tndconsequently ^^^^^^,^^^^^^^ . + w^z=l. 

Or, since v z=i x — Wj we have 
(«, + .) {a + xna - m + .) + ^ ^ , ^ ^ ^ 

Again, by the property of the curve,/=a x h.l. | (a +*+x)-r^ I 
and tt = 4 X h.l. ^(a — m + x + w) ^a ^ ; hence 

ff+u=:nzzaXnA* haX"«l- ' — v 

a a 

Now» if in the equations /3, y we substitute for z and tz; their 

values ^(%ax 4- jc*) and y^ J («a — w •+■ a ) (;c — w) ^ , we shall 

have two equations containing only a:, a, and known quantities^ 
and from thence we can determine x and a (by the method of 
trial and error) when the given parts are expressed in numbers. 

When 
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When m is =: o» or the points A and Bare in a hortzontat 
line, V is zz: x, z r= to, and y =z ^n; and the expression lor BC 
becomes a -j- *; hence we have a f x -f- 2^ = /; also y> or 

in z=za X h.U j (a + xHr z) -^ a : ; and, passing to numbers, 

e — -^ — -^^, ^being the number whose h. I. is i. 

Hence we have these two equations, a+X'^2V^ {2ax -{■ x*) — t^ 

it 

" • 

and ae ^ = tf + ^ f V{2ax + Af*),to determine the values of 

X and a» 

If a portion of the chain, sufficient to preserve the equilibrium, 
be thrown over a pulley at A, instead of its end being fastened at 
that point ; it is evident (when the points A and B are in a hori- 
^Eontal line) that the part hanging down from A will be equal to 
the part BC, or to a -+1^, and consequently we have 



In 



u(a + *) + 22 = /, and a^^ = ^ + a: + z = |/, 

Solutions were also received from Messrs. Harvey, Swale, 

Toplis, and Watts* 

X, QUESTION 250, iy Jack Hazard. 

Suppose the position of a ball to be given on a triangular biU 
liard table ; to find the direction in which it must be struck, so 
that after rebounding from all sides, it shall strike another ball 
whose position is likewise given: the angles of incidence and re- 
flexion being equal. 

Also, to determine the direction the ball must take, that when 
continually reflected from all the sides^ it shall pursue the same 
track* 

Solution, iy Mr. John Kay, Royton. 

Let ABC (fig. $• pi. I.) be the triangular table, P and Q the 
given points where the balls are placed. From P draw PG pe^r- 
pendicular to AB, making KG = KP ; then G Will be a given 
point. From G draw GH perpendicular to CB, making HL =: 
GL ; then H will be a given point. From Q draw QI perpen* 
dicular to AC, making IM = QM ; then 1 will be a given point. 
Draw HI cutting BC in E, and AC in F; and GE cutting AB 
inD; join PD and QF; then if the ball at P, be struck in the 

B 9 directiosc 
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direction PD, it will rebound from D to E, from E to F and 
from F to Q. 

Because PK = KG, the right-angled triangles PKD, KGD 
are equal in every respect, therefore the angle PDK is equal to 
the angle KDG, or to the opposite angle EDB ; consequently 
the ball after striking AB at D will be reflected in the direction 
DE. 

Again because GL =: HL, the angle GEl* is equal to the 
angle HEL, or to the Opposite angle FEC ; therefore the ball 
after strikinj^ BC, at E, will proceed in the direction EF. Also 
because QM = Ml, the angle QFM is equal to the angle IFM, 
or to the opposite angie CFE; therefore the ball after striking 
AC, at F, will proceed in the direction EQ. 

Next to determine the direction the ball must take, from a given 
point, so that when continually reflected from all the sides it may 
proceed in the same trr.ck. 

Draw jYa (fig. lo. pi. i.) to make the angle PaA equal to the 
angle ACB which is opposite to the side AB. Also draw ab to 
make the an*gle Bfl3 equal to the angte PaA, he to make the angle 
Qjbc equal to the angle tf^B, cd to make the angle Kcd equal to 
the angle Cc^, de to make the angle ^^B equal to the angle cdh^ 
and join ef. Then it i^ evident that, if the ball be struck at P in 
the direction P^, it will be reflected from a to b^ from h tor, from 
c to </, and from d to e ; and wc have only to prove that it will be 
reflected from e to J, and trom/ to a. 

Because the angles^^A, baB are each equal to the angle ACB, • 
It is obvious that the angles <z^B, Cbc are each equal to the angle 
BAC ; the angles Ccb, hcd each equal to tjie angle ABC ; and 
the angles cdh^ <rrfB each equal to the angle ACB : hence cd is 
parallel toj^, and de to ab ; and the triangles c^A, d&b and bcC 
are equiangular, v 

therefore cfi da :icA : Ad :: cC \ cb^ 
da : be :: aE : Bb ; : cb : iC, 
and ex jequo cf: be :; cC : bC ; 

therefore yJ? is parallel to cb ; consequently the angle Cefh equal 
to the angle Bed, and the angle Cje equal to the angle a/A ; or 
the ball after striking the side BC at r, will be reflected from e 
to yi and from jf to #, and will continue to move in the track 
fabcdef?. 

It may be shewn in the same way that, if the ball be struck in 
^ direction parallel to ab or to bc^ it will continue to move in the 
manner required. Hence if the ball be placed at a given point 
on the table, there are three directions in which it may be struck 
so that it shall continue to move in the same track, and return to 
the place from whepcic it set off after being twice reflected from 
each of the sidesl It may, however, be placed in such a posi- 
tion ^$ to return after one reflection^ for if we suppose the 

limes 
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lines y^, ci and ai, ^^ to coincide, or a triangle ahc (fig* ii« 
pK 1.) to be inscribed in the given one, so, that its sides may 
make equal angles with the sides AB, BC, CA, it is obvious that 
if the bail be placed in any of the sides ah^ bc^ ca^ and struck in 
the direction of that side, it will continue to move in the track 
abc^ The points «, ^, c may be found by drawing the lines A^, 
Ca, and B^ perpendiclilar to the sides of the triangle ; for then 
the points A, r, h^ B are in a circle, and the points B, a, c, C are 
in a circle; hence the angles icC, acK are each equal to the 
angle at B, the angles aJB, clQ, each equal to the angle at A, and 
the angles cak^ ha& each equal to the angle at C. 

Solutions were also received from Messrs. Butterworth, Fil- 
matt, Marratt, Reeves, Swale^ awdf Toplis. 

XL QUESTION 251, by Trigonometricus, 

Let P be a given point in CF the diameter of a ch'cle, and 
PAB any line meeting the circle in A and B : Then the sine of 
the difference of the arcs CA, CB, has a given ratio to the 
difference of their sines. Required the demonstration ? 



First Solution, ^j^ Afr. John Butterworth, Uaggaie. 

1st. When the point is without the circle. Fig. 12* pi. i» 
Draw the sines A£ and BH^and the radius BO. Make AI per- 
pendicular to BH and AD to BO. Then BI is the difference oC 
the sines, and AD the sine of the difference, of the arches CA, 
CB. Now the right-angled triangles ADK, BIK are evidently 
similar^ and AK is parallel to PO ; therefore BI : AD : : BK : 
AK : : BO : PO ; but BO and PO are given lines, therefore BI 
has to AD a given ratio. 

2nd. When the point is within the circle. Fig. 13. PI. 1. 
Draw the diameter BOR, and produce the sine AE to meet the 
circle again in Q ; join QR and QB, and draw QI perpendi- 
-cularto BHand QD loBR. Then it is evident that the arch 
CQ is equal to the arch AC, therefore BI will be equal to the 
difference of the sines, and QD equal to the sine of the difference 
of the arches AC, CB. Now if the right angles BQR, IQA be 
taken from the angle BQ A, there will remain the angle BQI == 
to the angle AQR = to the angle ABR; and since the angles 
at K and O are equal, the triangles QKB, OBP will be similar; 
and the triangles IBK and KDQ are also similar ; therefore 
BI : QD :: BK : QK :: PO : OB; butPO and OB are given 
lines, therefore the ratio of BI to QD is given. 

Second 
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Second Solution, 6y Mr. J. H. Swale, Leeds. 

1st. When the point is within the circle. Fig. 14. PI. t.— ^ 
DrAw CD parallel 10 AB meeting the circle again in D ; then 
the arch DB is rr to the arch CA, and the arch CD ^ to the 
difference oi the arches AC and CB. Draw DE and CK per* 
pcndicular to the radius BO, and DI perpendicular to CF; also 
draw DH parallel to BO meeting CO in Q and CK iii H. 
Then CH is the difFerencd of the sines, and 1)1 the sine of the 
diiFerence of the arches AC, CB. Now the right-angled tri^ 
angles CHQ, QDI are evidently similar, and because CD is 
parallel to AB, and DQ to BO, the triangles CDQ, PBO are 
also similar; therefore CH : DI :: CQ : QD :; PO : OB, 
a given ratio^ 

2nd. When the point is without the circle* Fig. 15. PI. I* 
Draw AI perpendicular to the sine BH, and BD perpendicular 
to the radius AO, and join DI. Then BI is the difference of the 
sines, and BD the sine of the difference, of the arcs AC, CB ; 
^nd because of the right-angles at D and I, the points A, D, I 
and B are in a circle, therefore the angle IBD = IAD zz AOP ; 
and the angle IDB =: lAB = OPA ; therefore the triangles 
IDB and OPA are similar, and BI ; BD ; : AO : OP, a given 
ratio. 

Third Solution, by Mr. Bazley, 

Draw the sines AE, BH (fig. 15. pi. 1.) which suppose to 
Ke on the same side as the point P in regard to the centre O. Let 
the distance OP be denoted by af, and, according to the usual no- 
tat ion of writers on trigonometry, let the greater arch CB be 
called A, and the lesser arch CA be called B. Hence PE = 
J — cos B, and PH = d — cos A, and therefore by the similar 
triangles PEA, PHB, sin A : cf — cos A :; sin B : d — cos 
B = sin B (d — cos A) -f- sin A, and consequently cos B =5 
d — sin B (^ — cos A) -r sin A. Now by the well known for- 
mula in trigonometry sin (A — B) 5= (sin A cos B — sin B cos 
A} -7- R, in which if we substitute for cos B its value as abpve, 
we get 

sin (A — B)=: | sin A X rf— sin B (d — cps A) — sin B cos A | -J-R 

= {^sin A— ^sinB) ^ R=:(d ^ R) {sin A — sin B), 

Therefore sin (A — B) : sin A — sin B ; : ^f : JR., a cc^nstant ratio* 
In whatever part of the diameter the point P falls the demon* 
stration will be the same, attending to the changes of the signs* 
Thus in OF (he cosines must be esteemed negative, and also the 
sines are negative below CF. 

Selutians were also received from Messrs. Cavill^ Filroatt, Kay, 
Reeves, Smith, Toplis, a^^ Trigonometricus Caotabrigiensis^ 

2^1X9 
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XII. QUESTION 252. by AMicui.( 

To find a curve, such, that the rectangle contained by the ra- 
dius of curvature and the abscissa shall always be equal to a given 
space ? 

Solution, by the Rev. John Toplis, Nottingham. 
Let X and y denote the co-ordinates of the curve, and a* the 

given space. Then ^ — , i^ will be the expression for 
the radius of curvature, and by the question we have 

(dx^ -f dy^)^x _ ^,^ 

dxd'y 

Assume p^/o? = dfy, then, as dx is supposed constant, we have 
dpdx =: d^y ; substitute these values of dy and d^y in the above 
equation and it becomes 

xdx dp u • * 1- ^ P 

— - zi — i- . whose integral is — » = ., ^^ ^^y ; 

which expression is the equation to the common elastic curve, 
and may be integrated by means of elliptic arches. 

The problem may be resolved in the same way when the radius 
of curvature is any given function of the ordinate x, 

Mr. Filmatt answered this question. 

XIII. QUESTION 253. by Mr. Cunliffe. 

Let two inflexible rods of given lengths, considered without 
weight, be connected by a joint; and let given weights 
be fastened, one at the joint, and the other two at the extremi- 
ties of the rods; to determine how the rods must be placed at 
two given points upon an horizontal rod or line, so as to rest in 
equilibrio?. 

First Solution, by Mr. Cunliffe, the Proposer. 

The following solution will shew that this is rn indeterminate 
problem. 

Any point, within proper limits, may be assumed at pleasure 
upon onc/of the rods by means of which another point may be 
determined upon the other red, which point', so determined, and 
the assumed point, being placed at the given points upon the 
horizontal rod, the weights will rest in equilibrio when the rods 
connected with the weights are in an horizontal position. 

Let AB, AC (fig. 16. pi. 1.) represent the two rods, whose 
lengths are given, connected by a joint at A; Let A denote the 

weight 
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tveight fastened at the point A ; B and C the other two weightil 
fastened at the other ends of the rods.. Let P represent the point 
aisumed upon AB, and P' the point to be determined upon AC* 
also let G represent the centre of gravity of the weights A and B ; 
and G' that of the weights A and C. Put AB = a, AC zz b. 
AP ■= 2, and AP' = v. Then by the known property^ of the 
lever, B X PB -i- AP = B X {a — z) rr z will express that part 
of the weight A which is balanced by B ; and therefore A — B 

[a — z) -ir zz=. j(A +B)2 — Btf? JL.Z will express the part of 

the weight A which remains to be balanced by C. Again by the 

property of the lever we shall have j (A + B) z — Ba ? yc v 

Jrzz:LC(h — v) which gives v-Cbz-^^ (A+B + C)2— Ba | • 

Remark. It is very obvious that AP cannot be assumed lest 
than AG* 

Second Solution, by^he Rev.]. Toplis. 

Let B (fig. ij^. pi. 1.) be the weight at the joint, A and C those 
at the ends oi the rods. Take BE : BC : : C : B + C, and 
BD : BA : : A4 A + B ; then if AE, CD are respectively 
joined, the centre of gravity of the three weights will be at the 
intersection of the lines AE, CD or Q, and it is evident that i£ 
the horizontal line passes through Q the weights will be in equi- 
librio. Let L and G be the given points upon which the rods 
are to rest, and draw BI, AK^ and CH perpendicular to LG; 
then by the property of the centre of gravity, B X BI = A x 
AK + C X CH. Put AB = a,BC=3,BL=z=a?,andBG = 
y ; then by similar triangles 

BL : BI : : KLz=i(a—x) i AK == BI x (a — x)^ x, and 

BG:BI :: CGzz(b — y):CHzizBlx {b—y)'^y; hence 

BxBI=A X BI x^=^ + C X BI x^, or B =— — A + 

X y ^^ 

C3 ^ , r t_ J • Ci5^ 

_- C ; therefore by reduction, y = ( A-^B-hC:r)-Aa ' 
Whence it is evident that if L be taken any where between D 

and A, then BG is =: . 3^c BL—Aa ' ^^ ^^^ ^^ ^^^ 

may be placed in an indefinite number of positions. 

Solutions were also received from Messrs. Butterworth, Fil- 
matt, Kay, M*Doneld, and Swale. 

XIV. 
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XIV. QUESTION 254, hy QtriDAu, 
Find the sum of the infinite series 

' "• ^ 5.6.3* ^ 67^ + 7.8.3« 



4«S-3 



First Solwtioh, i(y Mf. Jonathan Rbbvic. 

■? 1 . 

By division . ■ ■ ■ "j ; i» x= 1 + b* + g** + 4x^*1- &c« 

Hence ^^^~^y "= 3^' + 5** + 7*' + 9*' + &c. 

Multiplying by ;£ and taking the fluents, we have 

Multiply by »» take the fluents^ and divide by ;i^^ then 

x^ 1—x j?'*a;^ 2.3X 3.4 4.5 5.6 6.7^ '^'^ 

which agrees with the proposed series when x zz ^^ and in this 

3 

(ase the value of the expression is=: 40288 h.l. (9^8) — Jloft-ir 
121*5 + 1*5 — Tr = •01898028 the sum required. 

SicoND Solution, by Mr. Robert Filmatt. 
The general term of the series is evidently "*" * 



(*+3)(^^-4)3*^ 

which is equal to ^ 2 _^ Therefore the 

(* + 3) (•«+3)('*"'"4)3 
given series is equal tp the difference of the two series 

«<;■*■ J + 6-+ 7 + «'<=•) and 



7( 



Z . 2* %^ 



—7+ TT'^TZ "•"TTft ■*■ *^^0 where* = - • 
4.5 5-0 0.7 7.0 ^ ^ 

Put 5 = i +'- + 1' + - +&C. 

Then52* = l + 1 + 9. + i a.&c. 

4 5 ^ 7 ^ 
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2* Z' 

And adding ^ + -.-17 - to both sides, we have 



SZ^+z+— +— zzzf — ht-+ — 1--+ &c. r= /— Z — :— 
23 ^ d 4 6 Jt—z 

/ b.l« — . Therefore s =±r -,.h.l. ^-.- — =i(whcnzr: ~ ) 

1 Z 2' i— 2 2* 22 ^ a*' 



3 3^ 



7«9hyp. log. 2 — 81— 2-.^ =: -0304996*. 



J 1 z , z^ ■ z^ 



Again -— - — "" + z" + — + 8cc. and by subtraction 
^ 24 5 67'^ ^ 



z^ . z* 



St 2 2* ». «, 

^ — -. + -.— — -h '-p+'f — h-^ -i- &c. Therefore the san» 
* 4 4-5 5-0 67 7*8' 



requkcd is = «^ — 70^ 4-i)=58*— ^=: •01898028- 

^4 4 ^ 

Thirj> Solution, *>• A(r. CuNLiFFE^i?. Jtf. C^^^c. 

Put hyp.log.^=:5z.^+ f +^V^*+ JV &c. . . , . . .(0 

then sx=: x^ + ^'+^+^+8ce.......{2) 

234 V ^ 

and taking the diflFcrence af (i) and (2) and multiplying by 6 

1.2 a.3 3.4 4.5 Vc>/ 

also by adding Ci) and (2) we have 

*(* + i)=*+^V5^+7f.V9?' + &c. (4) 

1.48 2.3 3.4 4.5 V*/ 

and taking the difference of (3) and (4} 

1.2 2.3 3.4 4.5 5,6 6.7, 
and transposing and dividing by ;c*we have 

C t.2 2.3 3.4^ 4.5 ^.6 6.7 

By taking A? =^ this last formula will coincide with the case 
of the question, and we shall have 

^(507384*-5P76»)=-iV(507384-h.l(9-5-8)-5976i)--oi898oa8 

L. 4-— 5_ 4- 7_ J 9_ , . 

~ 4'S'i* ^ 5.6.3^ . ^,7.3* 7.8-8* "^ '^*^* 



^ 
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XV. QUESTION ^BS^'hy Mr. CuNtif fe. 

To determine the greatest space that can possibly be included 
within two equal given right lines, and a curve, whose length 
is equal to one of the given lin6s ? « 

4' 

Solution, ^^^ Amicus. 

Pig. 18. PL 1. Let O be a given point, and OA and OB 
given lines, to find the nature of the curve APB so that the area 
O APB may be a maximum when the arch APB is of a given 
length. 

Draw any line OP, and put OP = y, and the arch <2^ = Xf 
the radius O^ being 1 \ then the fluxion of the area OAP is r= 
iy^Xy and the fluxion ot the arch AP r: \^{p + y'x'j. Taking 
the fluxions of these expressions, supposing x only to be variable, 
and multiplying by the constant but indeterminate quantities e 
and^ according to the rule on page 101 of Simpson's Miscel- 

laneous Tracts, we have (after dividing hy y^x)^ — i'^yr* — ^*^\ 
= o, orputlingflf= -/, and reducing, we get x = . ,,^ ■ , ,, 
the fluent of which is ^ z=^ arch si;i ^ -j- f • 



a 



Now when jf = o,> = OA :?= j, therefore c= — arch sin--;, 

d 

and X + arch lin -, = arch sin v 

a a 

This shews that the curve is a circle passing through the points 
Of A, B and having d for its diameter. For if 0£ be the dia- 
meter, and OS be perpendicular to 0£, and the sines aH^ pQ 
be drawn perpendicular to OS, then by similar triangles, 0£(^ 
: OP(y) :: 0/r(i) : />Q == y -r ^, and bE{d) : OA{a) : ; Oa(t} : 
tfH =z a 'i' d ; hence, arch ap + arch aS (whose sine is aHJ ~ 

arches (whose sineis j^Q), orx + arch sin-^ = arch sin ^. 

The value oi d may be found by the method of trial and error 
when the lines OA, OB and the aich AB are given in numbers ; 
For by assuming two values of d^ we m^y fipd the corresponding 
rallies of the arches AE and BE, and by comparing their sum 
with the length of the arch AB, and noting the errors, a nearer 
value of d may be obtained. And by making fresh assumptions 

c 2 and 



1 



and repeating the process we may find the value of d to any 
degree of accuracy that we please. 

The diameter being known, the area it easily found, for the 
$pace OAB is equal to the sector ADB, and the two triangles 
AOD and ODB. 

But when the lines OA, OB and the arch AB are equal, as in 
the question, the diameter may be found by a simpler process. 
For AB will then be bisected in E, and the arch AEwill be = 
•|AO, = to the sine of half the supplement of A£. To find an 
arch z whose length shall be equal to the sine of half its supple- 
ment, the radius being i, let n be the number of degrees in the 
arch r, and)& = 3* 14 15926 the length of a semi-circle, or i8o^# 

Then 180° m :: p : z •=: --?- =r , or log. z zz 

180 57'295779 

* log. n — 17581226. It is evident that the arch z is less than 
the radiusj or n less than 57^ : suppose n =52°, then half the 
supplement is = 64**, and we have 

1.52°= 17160033 

subtract 17581226 

1. arch z zz 9*9578807 

i. sin '64^ . • . « 9' 9536^^ 

the error =: + 42205 

Hence it appears that n is nether less than 52*^. 

Suppose then that n zr 51^, then half the supplement is z: 
64"* 30^, and we have 

1- 51"* = • • . • 17075702 

subtract « 17581226 

1. arch 2 = 9*949447^ 

1. sm 64 30' = 9-9554882 

the error =: — 60406 

42205 

The sum of the errors = , 10261 1 

So that n is greater than 5 1° but less than 52°. 

Hence 10261 1 : 49205 : ; i"* : 24^ . ,40^^ and n (or the angle 
ADEl = 52^ — {24^ . .40^0 = -5 1° . .35' . .20^'' very near. 

Put (p =: the angle AOD = jADE, and r = AD = {d; 
tbw r zz ,' and the are? of the two triangles ADO, 

BDO = r* sio 20 =: ^; also the area of the sector ABD 

^ ^ g cos 9 

is 



( »1 ) 

s = r X AE zz r X — r:* : Hence the whole area 

2 4 cos 9 

OABz: -^ r--^ = a* X •5193x2. 

4 cos 9 o» yo 

Solutions were also received Jrom Messrs. Crane, Griscnth- 
waite, Harvey, Marratt, Swale, Toplis, and Watts. 

XVI. QUESTION256, /-^f DiOPHANTUS. 

To find *, y, and r, in whole numbers when xy + 2*, arz+jr*, 

yz -*-*% and (xy H- z')^ -f- («;2 +>*)^ 4" lyz + x^) arc 
four squares. 

First Solution, ty Mr. Cunliffe. 
Put a?=4(>F + z) ; then xy + z^—/^y{y +z) + z*=:(2^+2)* ; 

whence (^ry + 2*)^=2;^ + 2. Also;tz+y*«4r(;^+2)+^*=^(^+2z)*; 

i 
whence (jc2 + y*)^ = jf-f"2z. And^z + x*=^z+i6(y^ z)' = 

i6y* 4- 33y« + i62*=:a square i={rz — ^4y)*:=:r'«* — 8rzy+ 16^ ; 
Again we shall have {xy + 2»)^ + {Jfz+/)* + {yz + ;c*)*=; 

gy + 3^ + ^'^ — 4>=«(^ + 3) — y=^(^+3)— X^^ ^= 

^(7^4-57^+115 ) ^^ ^ ^ ^. ^^^^^^ ^ ■ f^(8^+33) ^ 

8^+33 7'"+57^+*i5 

Put «=:i(7r*+57r+i 15), then z=:i*(7r*-+-57r+ 1 i5)(8r+ 33). 

y = z(r«— 16)^ (8r+33)=-^M7^' + 57^+ii5)(''*-»6K 
iff=4z{r«+8r4-i7)-T-(8r+33)=4^'(7^+57^+ii5)(''*+8r+i7); 
where r and s may be taken at pleasure. 

Take j= 1 and r == 5, then z = 575 x 73 = 41975, y =z 
575 X 9= 5175 and* = 4(^ + z) = 188600, which are 
diree numbers that will answer. But each of the three precede 
ing numbers is divisible by 25, therefore we may take z =: 1679, 
> = 207 and ^= 7544. 

Second Solution, ly Mr. W. Wallace, R. M. College. 

Assume xy + z* zz {p+ z)', and .rz + y — s (j^ + j')", 
Then xy zzp [p -i- 2z), xz zz g {j + &y); 

a&d 
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an4 henpe, eliminating x 

pz [p -f 22) -qy [(f + ty). 
This equation will be immediately satisfied if we make 
pz zz qy, and p+ 2z zz q -i- 2y, 
and from this assumption we get p zz zy, q zz zz ; and since 
xy zz p (p-^r 2«) zz ay {zy -f- 2x), therefore jf =: 4(j^ + z). Wc 
have now to make yz + x*^ or its equal yz ^ 16 [y •\- zY a 
square : Let us make 

yz + 16 {y + z)" = r*, 
then, transposing and resolving into factors^ we get 

j/2 = (r 4- 4)^ + 4^) (^— 4y — 42). 
Assume now my zz « (r + 4^ + 42), 

Then nz zz mlr -^ ^y — 42). 

From these equations we get 

{S?nn f «* ) r ( w* — 8»a«) r 

4W*-4- WW — 4^^' 4w' -i- mn — 4^** 
and substituting in the equation a^ — 4 {y + ^)» w^ bave ;c zr 

-5_ ,, These values of ;ir, y and z satisfy the three 

4w' + mn — 43* ^ ^ - 

first conditions of the question; but from the nature of the func- 
tions to be n^ade squares they will be equally satisfied although 
we reject the conjmon denominator, therefore we have more 
simply * 

;c := 4 (w* + «*) r,y zz {%ntn + n') r, z zz (»' — Smn) r 
From these we find 

xy I- z"- zz r* (w* + 8mn + 2n*)% 
xz-^- y^ zz r'* (27«' — 8w«+'n')*, 

y^-i- ^* — T^ {^^^' + »»« — 4«')*; 
And the sum of the square roots of these expressions is 
r (jaw* -f mn — »*), ^ 

which must be made a square. Now this may be done in two 
ways. 

First. We shall evidently make it a square if we assume 
r =r 7, and give to m and n such values that jm^ -h Tfin — n^ zz 
71?*. From this equation, by resolving into factors we have 

'/ (m + v) {m — v) zz n {n — m). 
Now, putting a and b for any two numbers, we may assume 
7^ [m -f r/) zz a (« — m), a (m**- t) zz bn^ 
and hence we get 

^ - a* — 7i« —ab' " ■- a*--7^» — a^' 
These values of m andn will be integral if we suppose t; equal 
to the common denominator. From this method of resolution 
then we get the following formulae for determining the numbers 

sought. 

Take 
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Take »i = a* -f 7**, and « =: a* + t^al^ a and ^ being any 
two numbers whatever, or m and n may be any two numbers in 
the proportion of fl' + 7^*10 o? -f i4a^, then x rr 28 (w'+n*), 
y = 7 (8ot7i -J- 72*J, 2 zr 7 (w* — 8?7i»). These values of ;c, v 
ayad z will give us the values of xy + «*, xz -f- ^'^ y« -H ar» as aU 
ready stated, ^r being put zz 7) and ^{xy -4-' it*) + y/(.l7x + y*) 
+•(^2 + **) equal to 7* {a* — ai — 7^*)*. 

Secondly. We may also render the function r (7»»* + mn 
■— «•) a square as follows. Let any numbers whatever be sub- 
stituted for m and n in the expression 7^1* + mn — w*, and let 
the result be put under this form, av^; then if we taker rr «» 
r[ym^ -\r mn — n*) will become r* v% and consequently will be a 
square ; we shall then have 

X := 4« (/»* +n*), > = « (iSwn + «*), ff =: a (m* — 8»i«). 

But in order to make t positive we must make m > 8ff • 

£x. 1 • Let us suppose m = 9, n = 1 . 

Then 7m* + mn — n* n 23 x 5*; therefore «=: 23, and 
hencea?=4>C23x82«7544,y=23X73=: 1679,2 = 23X9:1:207. 

Probably these are the smallest positive numbers that answer 
the conditions of the question. 

Ex. 2« Let w» IT 10, » =: i. Then fwi* + mn-^n^zz 709, 
a prime number, which can only be expressed under the pre* 
scribed form thus 709 X *'» here therefore x zz 709, and x zz 
286436, y zz 57429, a = 14180. 

XVIL QUESTION 257, 3y Mr. W.Wallace. 

Let APBC be a parallelogram. Draw AB, ojie of the dia~ 
gonals, and from P, draw any line cutting the diagonal in £, and 
the other two sides of the parallelogram in D and d. Then £D 
X £^ = PE"* Required the demonstration ? 

First Solution, ^Afn Robert Parkinsok Brooke. 

Fig. 19. Pl. 1 . The triangles BEi, A EP; andPEB,AEDarc similar, 

therefore PE :Ed :: AE : EB,and ED : PE : : AE : EB; 
therefore, by equality, PE:E^ :: ED:PE; orPFJzzEd xED. 

Second Solution, by Mr. J. T. M'Doneld. 

Draw CF (fig* 19* pl« i«) parallel to EP and equal to it. 
Then by similar triangles DE:CF=AE:AF=BF:BE:=:CF:iE. 
Hence ED x Erf = CF» = PE^., 

Solutions were also received from Messrs. Bazley, Buitefwortli, 
Buxton^ Cavill, Filmatt, Kay, Marratt, Reeves, Smith, Swale, 
Toplis, TyrQtatos>a9</ J. Wallace* 

, XVIIi 
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XVIII. QUESTION, 258, ^Amicus, 

rind the position of a plane passing through a given point on 
the surface of a given right cone^ so that the periphery of the 
ellipse made by the intersection of the plane with the conical su- 
perficies may be a minimum ? 

Solution, ty Amicvs^ the Proposer. 

Let aCi (%• 2o» pi. i.) be the given cone, and B the given 
jpoint on its surface. Let a plane be drawn through B, and . the 
axis of the cone, to m^et the conic surface in the straight lines 
aC, ^C,iand draw BA parallel to the base of the cone. Draw 
BD perpendicular to Ca, and let BcdV) be the section whose 
transverse axis is BD. Then since BD is the shortest line that 
can be drawn from B to Ca, it is obvious that if any plane be 
drawn to meet Ca, in a point below D, the transverse* and con- 
jugate axes of the section will be respectively greater than those 
of the section hcJD ; therefore the periphery of the former will 
be greater than the periphery of the latter ; and consequently the 
cutting j)lane cannot meet Ca below the point D when the peri- 
phery of the section is a minimum. 

Let E^ then, be the point where the cutting plane^neets Ca ; 
then it is pretty obvious that BE must be the transverse axis of 
the ellipse. Bisect BE in O, and let IB be the conjugate to BE ; 
also draw EF and LOM parallel to AB. Put AB zz a. AC = 
CB=*,DBi=c, DC zzd, BE = jr,IHr:y, 1 — (y*^**) 
= tf, and n zz 3*14159, &c. 

ThenDE r: ^(a»— £:*),€£=(/ — -v/{Ar*-r*), and by similar 
triangles AC : AB :: CE : EF, or 
i:a : : d — ^(x*—c^) : [a-i^b) (rf— /(a;*— i*))i= EF. But 

IH*=4lO*=tLO • 20M=:AB • Ef := (a*-i-3)(rfv{^-^*))=r • 

iherefare 1 — *!' :r t^S (d^ ^{x^ ^ e^)) zz e, 

and taking fluxions, we have 

Now by Art. 434, Simpson's Fluxions, the periphery of the 
ellipse whose transverse axis is x and conjugate axis y is =z 

«^rt ^ — 3^* — 3^-5^' feci 
=: TiA? {1 — Atf — B«* — C^ — &c.), putting A =: ^, 

VL — 3 p — 3 '5 Ore 

^ - "J^f » ^ - 2\^\6^ ^^' And 
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■ 

. And thi^ exjpitfession is to be a miiiimum ; hthck by t Aing 
fluxions aiid dividing by 7z» we have; 

, And if we substitute for e, its value fotind above, ,add divide 
by * we shall havt 

(i -> Ae — fi«* — Ci' - &c*) 

ttom thifteqiiatiQn aind the pteeeding oiie whidi expresses the 
delation {)etw^'en x and e, We may eji!;iiy determine the Value of x 
ky the iiiethod ot trial a(hd error. 

If the valdes of c a(nd df ate su^h ai iti gite 4: = ^, the problem 
is impoasiblc^ Or if, in this das^, p be put to denqte tbeaagle 
aCbi then \^hen the angle 6t the coiie is greater than 9, the pro^ 
blem cannot pbssib'ly admit of a ihinimuih, but the perimeter of 
Hit eflUpse will continue td intreas^ from the vertex downwards* 

Messrs. Griienthwaite arid Swale dnswitcd this question* 



XIX. (^tJEStlON 259, iy Mr; towKt. 

, If from any two points in th^ periphery o^ an ellipse/^traiight 
lines are drawri parallel to the axes of the curve^ meeting the cir* 
ties described on these axes in th^ pointil a, b i A^ B ; the lincfs 
bi^ AB, baVe the same proponiofn as the axes df the ellipse.-^ 
Required the ^mdnstration? 

• a 

Solution, By Mf. JokK iButtiRWokxi** 

Frota any two points P and S (fig. « t. pK i.) in the ellipcf » 
hi the Ihies PC/SD and PF, S£ be drawn paffatlel to the semi^ 
axes GO and lO, meeting them in C^ D and £, F. Join Aia^ &(» 
Oa and OB. Then by the property bt the ellipse (tee Lemma to 
Question 2i6l» SB (DO) : AS :: lO : OG — IQ :i aD : 
Sa ; therefore tde right-angled triangles ASa^ ODa are similar^ 
consequently the angle A^S :^ the angle O^^ and thepoints 
A, a, O art* in a straight line. Again FF (OC) : BP : : lO-S 
OG — 10 S : Cb :?bi therefore th«? i-ighi-angled triangles 
O^C and Pfii^ are timilar, and thepoints B, /, O are in a straight 
iKie. Hence the isosceles triangles Oab^ OAB, are similar, and 
ire havd AB : ab m AO : aO : : the axis major : the axis minpr^ 

Sol^ionS t»$r€ also rtctxvidjt^m Messrs. Harvey^ Kay» 
M'pondd, Swale, Mif Tpf lis* 

VOU IIK PART u jcr XX« 
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-«ld y -i- ir* coi* ^ = a*. Here P — — «r*'c6s* p, p ^ r, 

• • ^ 

(--) = — 4r cos»(p,Q= y -- 4rcos«<K>=: - y P<P= y « 
and these values of P and Q being substituted in equation « we 



2a* r 



have — * ar* cos* 9 ^ + =: o ; or, dividing by r\ 



«— 9 cos* ^ 9 4- 



2a* r 



But 2 cos* (pz=i + cos aip, hence — (p -^ cos a$<p -t — -$-=«♦ 
and taking thjs correct fluents, we get 
n — 2(p — Sin 2^ — "-r =^ Of or ^ = 



^% — f -— ^ _ 5jip — gin 29 

But from the equation of the curve 

._ y' , 2«* y' J 2tfcos?)v^« . 

r^zz — :^-7 , hence : — = — 2-*-- .and v = -r;^ ^^--^^ — '\ 

4C0s<p n-aip-p-smaip 4Cos*<p ^ t^(n— a^sina?) 

as before. 
- Again when the arch PB is constant, we have the fluxion of 

Ae arch =: — ^ ar<p, and /— ar^ 5= c. Here P =: -*- ar,' 

jp rr r, (-r ) = — 2, Q =: — aip ; and these values of P and Q 

being put in ^equation «, w<^ I>av,e •— * arf «^ a<pr n o^ and 
talioi; the correct fluent, rn — 2rp n c, or r = — • 

; 'And from the nature of the curve r z: — ^U«, hence ^' 

* ficos9* n — Up 

-^ ' y J 2r'co8(p . ^ 

;?: 2.-^ and y = as before^ 

a cos (f '^ n — 2(p 

Second Solution, by Mr. J. H. Swale,. 

Draw totheppmt P (fig. 24. pi. lO th^ in4e,finite tangeni 
RPT 5 also draw all the diameters PL meeting the circles in L, L% 
&c. In PL 4ake PQ such, that the eirck on the diameter PQ 
msiy equal twicejhe given space j then since PQ cuts from the 
circle PGQ'a segment equal to the given space the curve will 
pass through GU 

Now 



( at y 

Now the areai of tbe stmtlar segmienfs PAB, FGG i VA'W, 
PC^'G^' and so on, will be as the squares of their bases PB, PG ; 
FB^ PG^ and so on. The curve in question will therefore be 
the locus of all the points B, found< by drawing, from a ghrea 
j^oint P in the periphery of a giv^ circle, any chord PG aqd 
taking PB* : PG* : ; seroi-circle PGQ : segment PG^G. 

Let the diameter PQ zii r, the measure of the angle QPG =iS, 
the measure pf two ^iright-angles or the semi-circumi^ence ta 
radius i, = /. Then the area of the semi-circle =: x/r*; and 
if I be the centre of the circle PGQ, tbe apgle GIQ = a^t the 
arch GQ s= |r x 2)3, and the area of the sector QIG = ir*/3. 
Also the area of the triangle PGI zz ^r* sin a^ ; therefore the 
area of the segment PG'G zi itr* — Ir'sin 2^ — ir'jS, arid 

PB* : PO* : : f /r* : iir* ~ fr* sin tf^ — -Jr^, or 

PB:PG :: \/t: y(/ — sin 2^ — 2/3). 
But by trigonometry PG zz r cos iS, therefore *' ' 

PB :r -yT- , . — ■z^9 which is thecquation of the curve 

y(t — 2/3 — sm2/3J ^ 

in tcrms^ of ^he angle (^PG an3 the lilfe PB • 

XXIL QUESTION s6a, ii^ Amicus. 

4 

If two points, be taken on any semi-diameter of an ellipse, so 
Ihat the rectangle of the segments between them and-thecefatre . 
may be equal to the square otthe semi*diameter ; ahd from these 
points straight lio^ I^ inflected .to:^ny point \inr.|i;]^ periphery 
of the ellipse meeting it again in two other pohits ; the straight 
Une joining these points will be parallel to the iangent at the 
rertex of £e diameter. Required die' demonstration ? 

SOLUTlOff, ir*fr, J.Tv.M*DONfiLD^ 

Let two points P aaii I (fig. 2^. pL t<) be taken on any dia* 
meter EF of an eHipse, or hyperbola, so' that PC X CI may be 
equal to the square of the semi-diameter C£ or CF, and from ' 
these points let twostr^h\ li£es PQand IQ be inflected to any 
point Q in the curve meetings it again in L and M, then the line 
LM will be parallel to the tangent at E, dr. F. , 

It'is^proved in the Solution to Quest. 236, in the ftepository, 

that if tangents be drawn to the curve from P, the Une AB, 

•which joilis the points of contact, ^will pass* through 4 ;\ ali# if 

PH be drawn parallel to AB meeting QI p(x>duced in H', and 

PQmeet AB in K,then 

PQ:PL :: KQ : LK and HQ : HM :: IQ^iIM. 

^ But because Ptti^mrallcl to AB,f.Q ; HQ :;: HQ! ; IQ; 
thotfore PL : LK ; : tlM : IM, and consequently LM it 

parallel 



V 



pttaHel to AB ; but AB is p«r2^e1 to the lan^esit at K ^ H^ 
,well known; therefore LM i$ prarallei to the tangent at £. 

Cor. If LI be draVrn Co meet die curve in #r, and HP in ki 
Cbtn Qm will be parallel to LM, atnd Pi =1: to PH. 

SpluticnS toert alsd recdvedffoni Messrs. Bazley, Bitterwartht' ^ 

Cavill, Filmatt, Ray, and Swale. 

XXIII. QUESTION 263, hf m.tnKhiiiii 
Having given the siim of the infinite ferici "jT + r*" + r^^ "** 

5I + &c. in any given eireuritstarice 6^ the value of x; it 15 
requirrff rom thence to deteriftine the sum of the infinite sicjric* 

^JL 4.-^.^^— + — ^ + — ^ + &c. in the ^« given cffcuin*' 

2a* 3-»* 4-3 5-4 

atance of the value 0/ « ? " 

First SoLutioK^ hjf CfANfitA. CitiiKtts^ 1 



Put tt =:: ^. + ^ + ^^ &c* and * =: ihi suto fequireil. 

Tljcaj ,. ^ ■ := » 4- a?i + a?*i + ^^x + &c. bjracW di*i»i«< 
1— a? 

^ or /-i^ r: « + — + ^'+ &c. 
^^ _--*..•** 4. *!*+ &e 

X £ 3 

- jr 2.1* 3.2 4.3 



> a > > 



Therefore >=: -^ fuit. 

•n<l/*i==y~:x =/i?::i -/x = i*~;r, therefore 

z lix — »x — .T + t/, and 






,^ j^^ V . - ^^ ^ awhqrctnsfheh.l.of- — -• 
;v a—* 



( 88 ) 
SzcoNo Solution^ ^^Afr. Bazley< 

1 a' 3 4 

and -_+_i_4- ^ i + &c.=:si 

2* 3-2 4-3 5-4 

then bjr subtfaction — H + — — t. j. &c. -^ S--i- j» 

but 1 +-^ +-*' +&C, =fJ. = hyp. log. ^- = t, 

consequently iS — s =:i (zjt — t + x), and 

X 

*= S^i+ — — = S — i+-j- x1iyp.log;_— . 

I Third Solution, fy Afr. JoNAxiiAN Reeves. 

Let -ji +— a + p + ^ + &C* =S. 



;»* . X4 



?«.+ -+-. +--.+ &C. =«=:hyp.log. -1-, 

then multiplying by ;v -^ 1 , We hav?? 
^ X* i?e' jc* 

* a.3 3.4^ ^ '• 

"7-^1:3+1:^+5:5+ ^'• = ~V-+»''«'^»''* 

subtracted from the first series and there remains 

^% + ~* +TT* "^ ^^* = '^ — 1 Vi the sum required. 

PotjJiTii SoLtJTlotii, *;r Afn W. Wallacz, RM. College. 
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a? .. x^ X' 
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Thea 



** . X* 



xd?7=dx(x^^ + _-t-&c.). 

B 3 



,X , X* . X* 



I- 2 g 



** . JC' 



therefore^ remarking that Jf -f— + — + &p,;=; •-^-log.^J — x)^ 

. 3 . 

xdVzsL-^dx log. (t — y)v 4a Q) = ?dx, aRS-adding, 
¥dx + xd?z=zd(xQ)—dx\og.{i — »). 
Bii^y^aj -b.^P~*(Pa:),and flfx log, (i — :p)=:rf^ x log.(i— x) I 

— * 4fe 4" • ■* f » therefore, 

and taking the fluents, 

P^,:;;? apQ ^ ar lo^ (i — x) *f- x + hjg./(i — jr) ;, 

1 -— X 
Hence Q = P — i log. (i — • x)^ 

Arid when xzzni^ Q = P — i. 

Solutions were also ^fc^ivJad front- Messrs; CaVill, Fitinatt; 

Harvey, aw J^Wattst. 

XXIV. QUESTION 264, .AvJlir. W.Wallace. 

If two circles have th,e same.c^tre, ^d an equilateral triangle 
be described about either 6T * them, tad from any: point in the cir- 
cumference of the other circle perpendiculars be drawn to the 
sides 0!' the trrahgfe; thfr'^raight lines which joins the ttottpifft 
of the perpendiculars shall fprm a triangle given in inagnitude. 
Required the demonstration ? :*..•. 

Solution, by Mr. W. Wallace, tht Propose. 

.^ Let tt^ p«rpendicul?rs,bedenoted by a, b^u Now it is .pretty 

5ef?erally known, and it is demonstrated in Dr. Stewart *s General 
"AeoremSf (see the Original Series of the Mathematical Repo- 
sitory, Vol. I., p.p. 18 and 23) that both 4 + A + carid a* + b* 
H- c* are constant quantities; Therefore (a +b + c)*z=za* + 
i* J^ c^ + 2 {ab + ^Cf^-^^liscqnft^jaatfaadcdns^uentlya^ + 
aC'^ Ic is constant; and putting s for the sine of 126% \sab + 
\sac + \sbc is a consunt quantity. But \sab expresses the area 

of 
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of thelriaagl^ fenn(;d by the perpendiculars a atid-iand the line 
joining ihe points ia whi^h ihey meet the sides of the triangle; 
and in like manner |«/zr, aod ^ b express the areas of the tri* 
angks formed by a, c and b^ c and the linens joining the points i|i 
v^hich ihev meet the tides oi the triangle ; therefore the sum of 
these rring^es, wiiich make up the triangle having their bases for 
its fiides,.ia a constant quant ity . 

1 his demonstration is adapted to the case in which the equila- 
teral triangle is detcribed about the outer circle ; but by attend^' 
ing to the signs of the {);^rpendiculars* and the positions of the 
triangles which they form, it will appear that the demonstration 
applit-s also to the case in which the equilateral triangle is de« 
scribed about the inner circle. 

Second Solution, iy Mr. John Kay. 

Let perpendiculars PE, PF, and PH (fig. 26. pi. 1.) be drawn 
from any point P, in the periphery of the circle ap-, to the sides 
ot the equilateral triangle ABC and let the points £, F and H 
be joined : th^n the triangle EFH is of a constant magnitud^^ 
For let an equilarera* iriang^e be described .about the circle a^c* 
io that^ita sides may be parallel to the sides of the other triangle, 
and Jet those sides meet the perpendiculars in the pointu y, g and 
D, and let the line ah which joins the points ot contact meet PH 
in Q. Then because the circles about which the equilateral tri- 
angle^ are described have the same centre, the lines DH, ./, «ind 
^F are equal, and of a constant magnitude. Also because the 
sideis of the tiiangles are bisected in the points a, b, the line QD 
is eque.1 to half the perpendicuUr of the triangle described 
about the circle ah* But when lines are drawn tromany poiQt 
within an equilateral triangle perpendicular to the sides, their sum 
is equal to the perpendicular of the triangle, as is well known; 
hence ?/ \ ?g -h PD ;;= 2DG, and P/ + P^ = DQ — PQ. 
Also PE f PF= DQ - PQ + 2DH = QH f DH— PQ. 
Join /1F9 iPy /Q and gQ; then, because of the right>anglesaty* 
and Q, the poit.ts a,/, P ^nd Q are in a circle ; therefore the 
angle PQ/=: Pfl/= Phg (Eu. 32. Ill ). Also because of the 
right angles at g and Q, the poims b,g^ Pand Q are in a circle; 
therefore tie angle^QP = g^P = Pai (Eu. 3^. III.): whence 
the triangles /QP, PQ^hre similar, and we have P/i PQ : : PQ 
: Vg. or P/. Pg == PQ*. Hence PE.PF =. (?/ -h DH (Pj 
+ DR)=-P/.P^ + DH ^P/^ + P^ 4- DH) =r: Pia» + Dg 
(QH — PQ). 

Also PH(PE4 PF)!r(HQ l-PQ) MQ f I>H*^PQ)r HQ*+ 
DH (QH-+ PQ) — PQ% aid by addition PE.PF + PH.PE + 
fH,PF =3 HQ* + aDH.QH = a giveii space. 

E s Draw 



(36) 

Draw Ew and Tn perpendicular to HPproduced^ and E» per- 
pendicular to FP produced. Then because the angles EFF, 
•FPH and EPH aie the supplements of the equal angles A, B, C» 
th*" angles EP»t, FP», EPi/are each equal to the angle of an equi- 
lateral triaiigle, hence Em =: Ev-nz PE X y^J, and F« r= PF 
*X \/h Therefore the sum of the rectan<Tle8 PF.E ', PH.Fn, 
PH.Eot, or twice the area of the triangle HEF is to the sum of 
the rectangles PE.PF, PF.PH, PF.PH as v'i to i, or the area 
of the triangle HEF m iy/i X HQ (HQ + 2DH) a given 
magnitude. 

The demonstration will be the same when the perpendiculars 
are drawn from a point in the exterior circle^ 

Solution^ were also received from Messrs- Buttejrwoirth, Harvey, 

M*Doneld, Swale, and Watts. 

5CXV. QUESTION 265. l>y Mr. Lowry. • 

Let there be given, a rectilineal figure of any number of sides, 
and a space S : there may be found as many straight lines a, ^, 1?, 
dy e^ &c. as the figure has sides, such, that if from arty point 
P whatever within the figure, perpendiculars PA, PB, PC, PD, 
&c. be drawn to tlie sides of the figure ; the sum of The rectan^- 
glesfiX PA, t X PB, c X PC, 4 X PD, &g. shall be equal te 
the given space ? 

First Solution, by Mr. Jonathan Reeves. 

Let A be the area of the given" figure, and a, i9,7, ^, s, &e- its 
sides • Let S-f-2 A =: n ; the^n if a be taken- rrna^ i?zz:ni:.iCJZfty^ 
rfrrr no, e z=: wg, &c. they will be the Hues required. 

For It is manifest that PA x a 4-PBxifPCx^+ &c? 

will be = (S-f-A) X i(PA X a + PBy^ 4-PC Xy + 
PD K 5 + &c.) zr (S ^ A) X A zr S, the giv^n spape. 
CoR. Since PAx« + PB x^ f PC Xy + PDx i^-h&c.^sA. 

wchavePAx-f^ + PP /<-! f PCx^^ + PDx.-^+&c.= — = 

n n n n n 

a give;Q quantity, n being ? given I;ac. ^ . , 

Hence it is obvious that.it lines be drawn from any point P 

within the figure to.ifia);e ai^gles whose sines are--,, •-, •, --, &c. 

7vith tbe sid^ as, /3, 7, $, ibc. the sum of these lines will be equal 

2A . 
to a given quantity,——. 

• r - . ' ' ' 

Second 
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Second So LXJTioic, hy Mr. J H. Swale. 

Let FGHIK &c. (figr. ay. p. i.) be a given rectilineal £gure, 
whose perimeter ^r sum ot the sides FG, GH, HI, 8cc. :5= P, 

andareazzrPxQ- 

Let P X R rz. S, the given space ; make aP x Q : P x R = 
«Q : R = FG r ^3t -= GH : * == HI : c, &c, so shall a, b, c, 
&c. thug determined, be the lines to he found. 

From any point P within the given figure, d^mit upon (he 
respective sides, the perpendiculars P\, PB, PC, &c. Then, 
since by the comp., FG \ a - Q : R = sQ x P : R x P=3 
2Qx P: S=:FG X PA:ax PA=:GH :* = GH xPB 
: ^ X PB = HI : f = HI x PC : c x PC, &c. we shall 
have by compounding FG x PA f GH X PB i- HI x PC 
+ &r. : ij X PA i * X PB + c X PC f &c. = uQ X P 
; S. But, the antecedents, in this general proportion, are obvi* 
ously equal to each other; therefore the consequents a x PA + 
b X PB -h c X PC + &c. and S, the given space, are also 
equal. 

Messrs. Butterworth and Toplis answered this question. 

XXVI. QUESTION 266, by Mr. Lowry, 

Let P be a given point in the axis of any curve ACi, and let 
a tangent to the curve at the point C, meet the axis in £: draw 
PF perpendicular to the tangent, and CB perpendicular to the 
axis, and join PC: Theh if m and n be any given numbers, 

aad the position of the point C be such^ that the product of PC*" 

X CB" is a maximum or a mii/imum, the rectangle FC.CE is 

equal to — PC*. Required the demonstration ? 
m * 

First Solution, by Mr. J. Wallace, Edinburgh. 

Fig. 27. pK 1. Put PB tz X, BC -y, then PC*ii: «* + >•» 
and since by the question, PC"* x CB" is a maxjmuraor mu 

nimuTp, PC* x CB*" or(x* 1^^ X y'" must be a maximum 
•r minimum ; hence differentiatmg and reducing we find 

dX . a . W m «» 

ft % * n y 

And by substituting and observing that ^ -^ is the expression 

ay 

for tbe subtangent we get BC* — BP X BE \ ^PC*=o^ 
or ;J PC» t=: BP X BE ^ BC«. But it on EP m a diamet^ 
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we describe a circrlje (i|/bich will evidently ^asl thmigh F) and 
produce BC ro meet it in G and H, then because EB x BP =: 
BG*, it follows that EB x BP ~ BC* = BG* — BC * = GC X 

CH = EC X CF, therefore EC x CF = — PC*. 

Sbconp Solution, ^j^ Afr. LowRY. 

Draw Pc (fig. 29. pi. j.) indefinitely near ro PC. and let Cp 
and ca be drawn perpendicular to Pc and CB. Pat PC = tt 

BC =: y, and Cc, the fluxion ef the arch Cb, :=. J. 

Then by the question, 2^ ^^ z=:dL maximum, Gt ^mimnmm. 

By taking the fluxion, and dividing by z"^^^ y"^^ ^ we get 

myz + nz^ = o, or — z =^ — ^ v; hence-^ z' zz — -.yz. But 
. , m y ^* m y 

by »in»ibr triangles 

Cc (-^ i) : pQ. [z] : : PC (zj : CF zi -l4-z, and 

s 

Cfl {y) : Cf(x) : :' CB (y) : CE~^y; hence 

CF.CE=:~?zx ^y r:-^?yz = — ^*, & theref. CF.CEn -PC\ 
.^ y y m ^ 

, Several other theorems of a like nature may be deduced with 
e^al facility. For example if PC^ x (arch €*)' be a max.m 

min.\ then — PC* z: arch C^ X CF. For by taking the fluxion 
m . 

of 2 s » we get— a = — r-J. But — — = — - ; hence 

^ s s ^ 

n 5 X CF ^^ « ^2 _ , ^ rp 
— n«^3c , or . — 2* ;r 5 X Clf. 

Again if PC"* X B^** be a »kx;v. or min.; then —PC* = 
° m 

^^ X CF X CE. For pwtting 0? = B^^ and taking the fl^xi^g 

r m n n i T> . « CF.CE , 

of X X , we get — s2 =r — \ x. But-. r*= and 

^ m X , y yz 

' Also if PB^ xfarchCif ht^mas.wmin.i then^PB X 
CE =: JBEXA^ : For putting PP ;p v^ #9(1 (^:^ tho^i^ipn^if 
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n V « , r BE 



» s* .wcgct-— t^ = - r-J* But r-= TTp; tcncc 



-t^x CErrBEx J. 



Likewise if PB** x (area CB^)** be a max. or min.; then 
-PB X BC n the area CB^. For taking the fluxion of 



• 



»* /I* t wc have — v =r ^ a = — r- tf = — ; hence 



n 



Afr. Swale sent an answer to this question* 

XXVII. QUESTIOf^ 267, iy Mr. Lowry. 

Tofihd^a eurre, such, that^any straight line being drawn 
through a given point to meet the curve in two points, the tan- 

f rents to these points shall always intersect each other in a straight 
ine j|tveh by position ? •: • .- 

So^LiiTiQK» t;^ Mr. Lowry. 

Let P (fig. 30, 31 . pi. I-) be the given point, and LM the straight 
line given by position ; and let EKF be the curve required, 
such, that any straight line being drawn through P to meet the 
curve in E and F, the tangents Ed, PB' may intersect in the Knc 
LM. Take any line PA for the axis of the.curve, and draw the 
or/ffna€es £G, FH parallel to LM : Also draw BI parallel to AP^ 
meeting. EG in I. . 

Put AP = a, PG = x, GE = y, HP = x' and FH = y\ 

m 

Then « :> :: BI = * + « : EI = 4 (* + a), and AB '=sz 

^jc— ' X ^ X X \yJ ^ K 

In tfte^artiti manner we finfABii ^x ^-^V + Vr-. 

-* \y J X X \yJ ^ x' 

Now since- — is ::r --^„ it is obvious that the above equation 

m\1\ be iatitfied wbeti AB is a^y function of -^ or ^ ; tliat Is,. 

y y 

we may assume. 
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..I-(f)--^=^(7> 

Takihg the first 6t these equatianS, and putting u — - atxd 
U = y ( -), a function of -, we have i =: tiy + y«, and 
y*t^''> ^ Ij, or (y* — Uy) « = (Ua ± a) j. . tutting 
P =: yj — -T — ♦ and transposing, we have j' + PUyil == Py*«- 

To integrate this equation, put y =: ; then / — ?' 

• • • 

arid by substitution -\— PU ^ = P - ; ora--axPUM=:Pii. 

Put - z= — PUtt, then J5 -{- z - :=zPu, ox vi + ,J?:tr sz= 
PjJ X V, and integrating zv di tVu Yi v ^ d or 

«= - M (/Pixr; + Cj, , 

]&y assigning different lorms to the f unctio'n U> ^n'd integrking 

the expression /t—.PUw, in cwrder to obtain t; ; we may find 

(from the above formula for z), innumerable curves having \hk 
property required by the question 



i . . : -^hi :: V 



X-'' y ^^A 



Taking for U the simplest funptioii of — , viz. w— , we 



haveU ==:wm..P=s — ?— — , — = — PU«=: — 



1 '^ — . DTT* »«tf 






UU 



(putting a^T^^hy; and by integrating 



/:: 1- =± . ". n.&g'"-i°'^(«t'^)/-7-^."-T-.+c)s 
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or putting C =~. »n order to make the expresiions homoge. 

neons, we have _* = + «+ ^^«' =*= t>. 

y r— nb c 

I 

By putting— for u, and a for nb, and reducing the equation. 



we get y* + —3— ^^^a ^ — p a? — LI = o, for the equation 

I of the curve required, which is evidently a conic section ; viz. 
a parabola when a is = r, an ellipse when a is > r, and an hy- 
perbola when A is < r . 



a^ —c^ . fic« 



Whcny = 0,— -; — x«q:— o^ — c* = o, hencec* = 






JX -I- «^^ . *» 



and c =± — f— ; or if m (= PK) be the va- 



am 



lue of * when_y = o, then c = ± — -r— %* 
Now when a = c, the equation of the curve is y IjZ f s;x *^ a)n 



^ \ ^_ A1._ • .1. m 



=:o,or y*r=: fa? +~ ) 2«, Also in this case — ^- 

=:i»or2m=: + a; hence %n is the parameter of the para* 
bola, and PA is Imccted by the curve in K. 

Again when a is > c, if the distance CP, between the given 

point and the centre, be put = tf, the semi-diameter OK =s: /, 

and the parameter to that diameter = ^, we havey* + -^ «* -r, 
T* *** fr^^ "^ ^^ ^^ ^' ^^' ^^^ equation of the ellipse, and 



ac* 



by comparing it with the equation above, we find tf = + ^ "t t 

t zzz -5 i, and ^ =: — ; hence AC rz -5- — ^. d= a r: =fc 

a* — c ^ a o* — c — 

PC X CA. 

When p sst s/, we have -y— — t=: — — , or f*ssa* x 

and the equation becomes y 4* ;c* qp 2(n — a) ^ -— 



(n — a\ 



TOL. III. ?ART I* F a{n-^a 
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a(fi .— *. ($). rz Of which' answers to a circle whose radius h 
4/(n — a) n. 

When a is < f , the diatneter ahd parameter of the hyperbola 
are found in the same ra«uiner as in the ellipse. 

ZJlif question was answered by Messrs, Butterworth, Kay, and 

Swale. 



XXVIII. QUESTION 268, by Mr. Lowry. 

" Two points A, B, and, an elUpsc Being-^iven by position f 'a 
point may be found such, that if straight lirifes be drawn from the 
points A, B, to any point C i?) the periphery of the ellipse, 
meetihg it aigatn in D ail's E; and DP be drawn to meet the el- 
lipse in F: The line joining the points E, f. shall have a. given 
ratio Id the diiriiet^. whi'phJs paraillel' to4h^C,line ? 



r 

Solution, Sy Mr. Lowry, tfiPprbp^seK ' 

The solution of this question will be greatly facilitates by 
ineins of the following prppos^tions* 

Pfop. 1. Fig, 32* PI. 1. Let A, B be two given points, and 
GCD an. ellipse gpnncahy. position; 4faw AO> to touch, the 
curve at G, and let R. Be the diametpr which is parallel' to AG, 
apd V the diameter which is parallel to AB. Let AB be divided 
iq I, so that lA x AB : AG* : : V*: R*; ^from the points AB 
let two straight lines Hfe inflected to any point C iM^the cutve, 
meeHng'it again in G and D : and draw EI meeting the curve in 
fi Then m is parallel to^ AB. For if it is t^ot parallfclto AB, 
let DH be parallel to AB, and let it meet the curve in Q, the 
lltt4 Ei in H',.fena tlie.Unp AE in L,. T4»ea itS be piit tor tlie 
diameter which is parallel to AC, we have by the property of thfe 
ellipse. .... .. 

AG*:AE.A'C :: R* : S% and by hypothesis ALAB:AG^ :: VMl*; 
. therefore ALAB : AE,AC : : V*: S*; but by sim. triangle* 
Ar.A« : AE.AC :: LE.LC : LH.LD; 
therefore LE.LC : LH.HD : :. V* : S\ j, ' 

andhythepropfertjr.of-theveinpseLE.Lie^fcQ.LD :: Vr:JSt?;, 

therefore LH.LD is = LQ.LD, or LH = LQ# which jk 
impossible, except the points H and Q coincide, and then DQ 
coirtcidcs withPE,and;thelmeDF tsj^atailejio AB.v .,'4/ 

Prop. IL Fig. 33. PL il Let two straight lines AC and CB 
be drawn from any? point C in an ellipse, parallel to two/i^tight 
lines given by position, meeting the curve again in A ^^M : 

and' 






\ 
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and let th6 line joining the points A^ B be bisected in Q; then 
the semi -diameter OQzv will be divided at Q in a given ratio* 

For let lines be drawn from the points A, C and B, parallel to 
either axis of the ellipse, meeting the other a.-:is XY in E, K and 
F, and the circle described on that axis in a, c and i^ and join 
ca^ cb. Then because aE : AE : : cK : CK : : the axis XY : 
the other axis, the lines ca, C A when produced will intersect in 
the axis XY produced^ And it is shewn in the same way that 
the lines/^, CB, when produced will intersect in the axis XY. 
Therefore, since the triangle ICH is given in species, and cYi 
has to CK a given ratio ; k is obvious that the angle ach is given 
in magnitude. Draw wv parallel to aB meeting XY in Q ; 
bisect ab in P, and join Pt/, PO and PQ, and produce PQ to 
meet XY in S; then because AB is bisected in Q, an^ ah in,P, 
the line PQ is parallel to aA, or to vw ; therefore PQ : PS ( :: 
Ka : AE) :i vw \ vO\ therefore the pointg v, P,.0 a^e in ^ 
straight line; and consequently OP : Py : : QO : Qw; but 
since acb is a given angle, the radius Or/, which bisects ah^ is 
divided in a given ratio at P, therefore Ow is also divided iu a 
given ratio at Q. 

This proposition suggests some curious properties 6f the conic 
sections. 

Solution of the Question^ 

Let the tangent, AG (fig. 34. pi. 1.) be drawn, and let R be 
the diameter which is parallel to AG, and V the diameter which 
is parallel to AB. Make the rectangle AI. AB : AG* : : V : R^ 
then will I be a given point. Through the centre O, draw lO, 
meeting the ellipse in K and M, and make the rectangle PO.Ot 
== the square of the semi-diameter OK, then P is (he poiitt 
reouired. 

"That IS, if straight lines be inflected from the points A, B tpany 
point C in the ellipse, meeting it again in D and E, and DF be 
drawn through P, to meet the ellipse in F, the line EF will haye 
a given ratio to the diameter to which it is parallel . 

Let DI meet the ellipse in H, and join HE and HF, and let 
Ahe diameter QQ be drawn to bisect EF in R ; then because 
AI.IB : AG" : : V" : R*, the line HE is parallel to AB, (Prop. 
I.j, and because OP.OI is & OK', the line HF is parallel to the 
tangent at K (Question 26Q)rand therefore is parallel to a straight 
iiaegiven byj position ; hence, from the point H in the ellipse, 
straight lines HE and HF are drawn parallel to two straight lines 
^ureniby {losition, theiefore the' semi-diattieter OQ' is 'divided at 
R in a giyen nutio (Prop. II. )« ^^ consequently the diameter pa^ 
JEalld io ££^wiU have to £f b given ratio* 

» F 2 Cor* 
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Cor. When AB is parallel to the tangent at K, the lines DF 
and HF will coincide, or the line DE will pass through P. 

Mr* Swale sent an answer to this question. 

XXIX. QUESTION 269. Jy Mr. W.Wallace. 

Is it possible in every case to divide each of two equal but dis- 
similar rectilineal figures, into the same number of triangles^ 
such, that those which constitute the one figure are respectively- 
identical with those which constitute the other ? 

Solution, by Mr, Lowry. 

^ The possibility of dividing any two equal but dissimilar figures 
in the manner specified in the question,, wilt be apparent front 
the solutions oi the following problems : 

ProE. I. To divide a given triangle into parts which shall 
form a rectangle. Fig. 35. PI. 1. 

Let BA be the longest side of the triangle, and draw HG to 
bisect the other two sides AE and BE in H and G. Make EF 
perpendicular to HG, and the triangle is divided by the lines HG 
and EF in the manner required. ^ 

Draw AC and BD perpendicular to AB, meeting HG pro- 
duced in C and D ; then, because AE and BE are bisected in 
H and G, the line CD is parallel to AB, and the figure ACDB 
is a rectangle. Also the triangle AHC is evidently equal to the 
triangle HEF, and the triangle BDG equal to the triangle PEG; 
therefore the parts which compose the triangle AEB are identical 
to the parts which compose the rectangle ACDB. 

Pros. II. To divide a given rectangle imo parts which shall 
form a rectangle of a given length. Fig. 36, 37, 38, 39, PL i. 
Let ABCD be the given rectangle, and from C, to the line 
'AB, apply Cd = the given length, and make DI perpendicular 
to Cd. On Cd describe a rectangle Cbad^ having its height 
(C^, or d(L) = DI, and let the side ba meet AB (produced if 
necessary) in M. Then M may fall between A and B as in 
fig, 36, on BA produced beyond A^ as in fig. 37 and 38, or •n 
AB produced beyend B, as ia fig. ^9. In the first case the rect*. 
angle is divided in the manner required by the lines CL^DI, and 
KM. For U> zz da = C*. and the angle DCI := BrfL» 
IDL =: aMrf:= AMK =c= ^CK ; therefore, the triangles CID 
and Md^, IDL and bCK^ BLd and AMK are respectively iden« 
tioal ; therefore the rectangle Cbad is composed of the same 
idtotical parts (1, 2, 3, 4) as the given rectangleACDB. 
Jlnthe second cas^, the point I may either fall onC^f, orm 

Cd 



I 



I 
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Cd produced : When it falls on Cd, the rectangle is divided as 
required by the lines Cd and DI (fig. 37.) For since DI 3= da^ 
and the angle ICD = dMa, the triangles CDI and Mda are 
identical ; and the trapeziums IDB^ and AC AM, having all their 
angles respectively equal, and the side DI = Cb and.DB :=:C A, 
they are identical; therefore the rectangle Chad is composed of 
the same identical parts (1, 3, 4) as the rectangle ACDB. Whea 
I falls on the line Cd produced (fig. 38.) let DI meet AB in G, 
and make an = IG and CK=r dl. Also draw nm parallel to 
AB, and n parallel to DI ; then, because DI = da^ the triangles 
GBD and KCA, Mad ^vA CID are identical. Also, because 
IG ~ an — tK, and Cr = rfl, the^triangles ^MK, anm^ rCs 
and dlG are identical ; therefore if the two first of these be taken 
from the triangle Mai. and the two last from the triangle CID, 
there will remain the identical parts bKdmn and r^DG<^ There- 
fore the rectangle Chad is composed of the same identical parti 
(1, 2, 3, 4) as the rectangle ACDB. 

In the third case, let ab meet DB in N, and take Am = BN 
and dK = MB, and draw mn parallel to ab^ and RG parallel to 
DB; then, because DI =z da zz /?C, the triangles CDI and 
Mda^ IDL and 3CK, AKM and BLd are respectively identical* 
Abo, because Am — Bn and dK = BM, the triangles Amn, 
BNM and R^G are identical, and taking away those equal parts 
from the triangles AKM and BL^, there remains the identical 
parts 7»KNBn and NLCRM. Therefore the rectangle Cbad is 
composed of the same identical parts (1, 2, 3, 4, j) as the given 
rectangle ACDB. 

Cor. When DI = Crf, the figure Cdal will be a square, and 
CJ will be a mean proportional between CD and C A ; hence any 
rectangle may be divided into parts that will form a square, by 
taking Cd a mean proportional between the sides of the rectangle, 
and drawing the lines as in fig. 37 and 38. 

It is obvious from hence, how any given triangle may be di- 
vided into parts that will form a square. 

What has been done will enable us to divide any two equal 
but dissimilar rectilineal figures into parts which shall be respec« 
tively identical. For by the first problem any triangle may be 
divided into parts that will form a rectangle, and by the second 
problem any rectangle may be divided into parts that will form 
a rectangle of a given length ; therefore any triangle may be di. 
vidlKl into pans that will form a rectangle of a given length. — 
Now let A and B be two equal but dissimilar rectilineal figures of 
any number of sides whatever. Let those figures be divided 
into triangles by drawing diagonals, and let each of the triangles 
whieh compose the figure A be divided (by the proceeding pro. 
blems) into parts that will form a rectangle whose length is.an^ 
given tide / : lei thoseieetaiigles ine joined by applying the sides 

-' /to 
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/ to each other ; then the rectilineal figure A wiH be divided into 
parts that will form a rectangle whose side is /• Let each of the 
triangles which compose the figure B be divided, in a similar 
manner, into parts that will form a rectangle whose length is /; 
then, by joining those rectangles, the wHoIe rectilineal figure B 
wil'l be divided into parts which will form a rectangle whose 
length is /• By this means the equal rectilineal figures A and B 
will be divided into parts that will form two equal and similar 
rectangles P and Q. Those rectangles will, hcnvevqr, be com- 
posed of dissimilar parts^ but those parts may be rendeied iden* 
tical by dividing the rectangl&P in a manner similar to that in 
which the rectangle Q is divided, and the rectangle Q in a man- 
ner similar to that in which the rectangle P is divided : Then it 
is obvious that the rectangles P and Q (and consequently the 
rectilineal figures A and n) will be divided into parts that are 
respectively indenucal. And if those parts which are not trian* 
gular be divided into triangles by drawing diagonals^ the question 
will be completely resolved. 

The Rev. Mr. Toplfs sent a Solution to this question* 

XXX. PRIZE QUESTION 270, fy Z. 

What must be the form of a billiard table, so that a ball being 
placed upon it at a given point, and struck in any direction 
whatever; it may, alter striking the edge of the table twice, re- 
turn to the point from whence it set off ? 

First Solution, iy Cantab. Caiensis. 

With any axis major describe an ellipse hiaving a focus A, 

(fig- 4^* P^' ^') ^"^ ^^ ~ ^^ being taken, D will be the other 
focus. Now let the ball be sent in any direction AP. Then 
by the property of the ellipse, the angle APZ = angle DPY; 
and therefore the ball reflected at P any point, necessarily passes 
through D the other focus. For the same reason at p^ the angle 
Dpy = angle Apz^ and the ball will be reflected to A again. 
Hence the curve required is an ellipse. 

And thus the question mas answered by Messrs. ButterworUiy 
Buxton, Filmatt, Kay, M^Doneld, Swale, Toplis, aW Tyratatos« 

Second Solution, hy Z. the Proposers 

~ This question is, in efiect« theaameiasone pronoied ia.lh^ 
j^otst Einsditoniin for September^. 1745, relating to the n^fl^ion 
ef light. It haff b^eh xesol ved :by fiukr^ .ia the Novi Co/im^z 
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tarii, torn. X, and subsequently, by M. Biot, in a Memoir pre- 
sented to the National Institute* It would be easy to skew that 
an ellipse would satisfy the conditions of the question, but, in 
problems of this kind, the chief merit of the solutien consists in 
determining the curve by a direct and general investigation. 
The solution that follows is nearly the same as Biot's, given by 
La Croix, in the 3d Vol. of his Trait^ du Cal. Dif. et du Cal. 
Int. Article mixed differenced. 

Let A (fig. 41. pi. 1.) be 'the fixed point, and oMbMf the 
curve required, such, that if the ball be placed at A, and struck 
in any direction AM, it will be reflected from M to M', and fron^ 
M' to A. Draw any line AB to represent the axis of the curve, 
and.let tangents be drawn at M and M^ to meet the axis in T and. 
F, and intersect in /• Also draw M^Q parallel to AB, meeting' 
MP (perpendicular to AB), produced m Q. Then since the 
angles of incidence and reflection are equal, the conditions of . 
the problem are contained in the two equr^tions 

angle AMT = angle M'M/, angle AM'/* = angle MMT^' 
PutAP = ;r,PM = Sf,AP'=x',P'M'=/, ^ = />/ 

I 7^ = j^' and -J^ = P. Then 

fan jjtfui^ MQ _ MP 4- PQ MP + P'M' _ y — y' 
^ M^ M^Q M Q of — X' 

(regarding , y' a« negative) isa • sc — P# 



Ax 

By observing that the angles MM'Q, MOT, and M OT' are 
equal, and considering the exterior angles of the triangles OMT, 
AMT,. we find 

tan MMt = tan (PTM + MM'Q) = ^^~ y 

tan AMT = tan (PAM — PTM^ = = ^zr^'- 

,- y •: - * + f? 

hence, from the first condition, angle AMT = ^g)e MM/,. 
wchave-J^I^ = ^^./. (1). 

Also, from the relation of the angles of the triangles OM'T', 
ANl'r-wefind 

Utt MMT' = - tan (PTM' •*• MM'Q) = -- f~^^ 

*'*• 3t"|T f *^ 

tan 

' • ■ I ■ * 

% 
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tan AMrss tan(P'AM'+ VI'W)- *' =— JLZi^. 

And from the second condition, angle AMV == angle MM^'T'', 
we have \ , ^ / z=z-^ r„ ^2). 

Hence from the equations (1) and (a) we deduce 

^^y-2px-p^y ^ ^ 

p-x—'ipy — * *** 

p _ y' — ip !€' — p 'Y ,. 

^ - p., _ spy -V (4;. 

therefore ^r"^^"^'^ = ^r.'^^"7^''^ (5)- 

The result of which is, that the function "^ P^ ^P S ^ 

px — ^py — X 

does hot change when x becomes x: This is the hypothesis on 
which we mast integrate equation (3), which corresponds to 

— ^ zr Const. This expression, being integrated by the me- 

thod of finite differences, gives y = Jc X Const + (p (Const.) : 
hence vreh^vey zzx x P + (p (Pj, or 

-^ ip^x-r^^py — a?> ^ tp^x — 2py — x^ 

From this expression, by assigning different forms to the func- 
tion 5 ~ ^ ^ ? we may find innumerable curves that 
^ ip^x — 2py — xS 

will answer the conditions of the question. 

By assuming? }^^^^5^^} =°'"**' ^^"^ 
y^x \ y — 2^* •~^'y > which, by integration, gives *' 4- >* 
-— c», an equation to a circle. 

>*x— flj>y— a? J =-'*V»w<^ 
have^ = (X-2C) ^ ^7-%^-^ I . which, by integfation,, 

gives an equation to an ellipse or hyperbola. 

For a further detail I shall refer the Reader to the Memoir 

already mentioned. 

Cantab. Caiensis is requested to send /<?/Afr. Glendin- 
N IN G'syc?r the Medal for solving the Prize Question. 
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NOTICES 



L Death of Mr. CaV£ndish. 

The scientific world has to regret the lot) of one of the most 
distinguished Philosophers of this or any othtr age 5 we mean 
Henry Cavendish., Esq. who died near London, in March 
last, at the advanced age ol 79. 

Every one acquainted with the present state ®f Physical . 
"Science must know how much Mr. Cavendish has contrinuted 
to its improvement : Indeed it may be truly said that his disco- 
veries and those of J)r, Black form the basi<? of almon the whole 
Science of Chemistry. Sin«e his death, Mr. Davy, w;ith th^t 
warmth of feeling which might J^e cxptcied from a kindred 
spirit, has in his Lecture at the British Institution pronounced 
an elegant and Just eulogliim on his character. He said'that 
** of all the pmlosophers ot tHc present age Mrl CaVendish 
combined in theiiighest degree, a depth ^nd extent of mathtima* 
tical knowledge^ with deli/:acy and precisian in the method's o( ' 
experimental research. It might be said of him what can per- 
haps hardly be said of any otner person, that, w:hatever he has 
^one has been perfect at the moment of its production. His 
processes wpre ail of a finished nature ; executed bv thetiand of 
a master, they required no correction, and ahbough many of 
ilhem wenr performed in the very infancy of Chemical PhilosO* 
phy, yet their accuracy and their beauty have remained unim* 
pairea, amidst the progress oF discovery, and their merits have 

been illustrated by discussion, and exahed by time 

** Since the days of Newton England has sustained no loss ^ great 
as that^of Mr. Cavendish* B.ui it is to be regretted less, since like 
3iis ^reat predecessor he died full of years and glory/* 



II. — Brie? Notices of th-c Principal Papers re- 
lating TO Mathematics, in the Memoirs op the 
French National InsTvTt.ute. 

Vol, I. Contains, 1. Of the Motions of the Celestial Bo- 
dies on their Centres of Gravity, by La,Placc.-^a. New dcter- 
sntnation of the Orbit of Mcrqiiry, by J. La Lande. — 3. On the 
place of the Node of Saturn's Ring, in 1790, by Flaugergues. 

vor. III. ?AJiT I. ^ Vol. 



Vol. II- contain!, i. Report of Lc Gcndrc and taGranijc, 
on Two Memoirs of Analysis, by Professor Burmann.-«-2. Re^ 
port on the Project of a Mctalic'Thermometer, presented by Reg- 
nier. — 3, Report on the M^sjjre of Hie Meridian ot France, and 
on the results which have been deduced to determine the Bases 
of a New Metrical System.*— 4. On the Secular £quations of 
the Motions of the Moon, of its Apogee, and of its Nodes, by 
La Place. — 5. On the Mc^riJ? of converting continued Circular 

. Motions into Alternate Rectilineal Motions, by Prony. — 6. On 
such Portions of an Hemispherical Vault as can have their Soli- 
dity expressed by an Algebraic Formula, by Bossut. — 7. Result 
of Experiments on the Quantify of Labour Men can perform 
under various circumstances, by Coulomb.— r8. Five Memoirs 
relating to Occutrations, Eclipses, and the Comet, discovered in 
the year 1798, by J. La Lande and Messier. 

VOL. IlL contains, 1. Report from La Orange and Bossut, 
concerning a Memoir by Callct on the Summation of certain 
Periodical Series. — s. Report of a Memoir by Riot, on the IntQ- 

.^lals of Equations of Finite Differences, by La Place and Pronyr 
—3. Observations on the Tides at Teneriife.— 4. On the Mo- 
tion of the Orbits of the Satellites of Saturn and Uranus, by La 

, Place,— 5. Determination of the Forces which bring Needles to 

1 tiheir Magnetic Mcridan, by Coulomb. — 6. On the Theory of 
the Moon, hy La Place — 7. Experiments to determine the Co- 

.hesion of Fluids, and the Laws of their Resistance in very Slow 
Motions, by Coulomb, — 8. On the Passage of Mercury over 

-the Sun, on the 5th of May, 1799, ^Y Delambre. . 

Vol. IV. contains, i. On the Integration of Equations of 
partial Differences; and on the Vibration of Surfaces, by Bioi, 

— 2. Two Memoirs on the Solstitial Distances of the Sun from 
the Zenith; on the Secular Diminution of the Obliquity of the 
Ecliptic; and on the Summer Solstice, by M. Due La Cbapelle. 

— 3. Memoir relating to a W^rk, by Maignon; on the Reduction 
of the Apparent Distance of the Moon from the Sun or a Star to 
the True Distance, by means of a Chart. — 4.' New Method of 
Determining the Inclination of a Magnetic Needle, by Coulomb. 

Vol. V. contains, j. Report relative to Masts of Vessels, 
in which is mtroduced Interesting Ifltfofmation Irelative to Nau- 
tical Mechanics, by Leveque. — 2. Notice respecting the Great 
Logarithmic and Trigonometrical Tables, by Prony. — a. Report 
relative to the Grand Trigonometrical Tables, by Delambre. — 
4. Ex{>lanation of a Point of History respecting certain Trkor 
nometrical Tables, by Prony. — 5 'On the Stereographic Pro- 
jection, by jDelambre. — 6. Description of Circles or Rings of 
Different Colours observed round the Moqn, by Messier.-— 7* 
Description of a New Compass, adapted to Determine the DireOr 
tion and Absolute Declination ot the Magnetic Needkt f>y I^* 

Cassini. 



( 5* I 

Cassini.-*4. On the Passage of Mercury over the Disc o^the 
Sun, on the 5th p! May, 1799, by Messier. — 9. Seven Ay- 
tronomical Memoirs, relating to the Z )diac, represented on the 
Church at Strasburgh; on the Appulse of the Moon and M^rsj 
and on the Motion of Venus and Mercury, by J. La Lande. 

Vol. VI. contains, i. New Formula for Reducing the 
Apparent into tlie True Distances of the Moon from the Siyi 
or Star, by Lc Gendre— «. An Observation of the 18th Pas- 
sage of Mercury over the Sun, November 9, 1802, by LaLa^de. 
— 3. On the Calculus of Partial Differences, and on the Attrac- 
tions of Spheriods, by Biot«— 4* On the Measurement of Heights 
by th^ Barometer, by Ramond. — 5. Several Astronomical Me- 
moirs, by Messier, Burckhardt, and M6chain, relating to Cvmets 
observed in 170.3 and 1801 ; Eclipses ;. and^to the Planet Pallas* 

The Class of Mathematical and Natural Science of the Na« 
tional Institute have also published the First Volume of a Work 
enl^itled, *'. Memotrea pr^sent^s a Tlnstitm des Sciences et Arta 
par divers Savans ctrangers." This Volume contains the ioU 
iQwing Papers relating to Mathematical Subjects, vis. i. Oi^ 
nervations to determine the Opposition of Mars and Jupiter, by 
Bouvard. — 2. On the Orbits. of some Ancient Comets, by 
Burckhardt. — 3. On Micrometers, by the same. — 4. On Polybe* 
<lrometry» by VHuiDier. — 5. On Mixed Differences, by 6iot» 
— 6. Integration of the Equations of the Propagation of Soun4, 
by Parseval. — 7. On Curves of Double Curvature, by Lancret. 
^^8. On the Application of the Calcul oi Variations tp Pro* 
blems in Mechanics, by Ampere. — 9. Integration of Two Im- 
portant Equations that occur in the Motion of. Fluids, by Par^ 
•eval.-rio. A Method of Suibmiag,, by Definite Integrals, the 
Series given by the Theorem of la Grange, by means of which 
Jbe finds a value that satisfies an algebraic or transcendental equa^ 
tiQO, by >the Baine« — 1 1. On Series, and on the Integration of an 
Equation of Partial Linear Differiences of the Second Order« by 
the same. — ia« Solution of a Problem proposed by D'AIem- 
bert, relative to the conditidns of the Equilibrium of a Flexible 
String fastened .to its two, ends, and passing through a groove <:tit 
in .a body, whi<;h is sup^rted bv the strmg, by De Nieuport>*^ 
i3« OntbeQeneral Equai^ion oi Regular Polygons, and on th^ 
'Division of any Arc whatever into £qual Parts, by the same. 

' III. FoREiGii Books Lately Imported. 

GBuvres d*Archiraede, traduites; litteralement, avec un Com«- 

aientaire. Par F; Peyrard^ Professeur de Mathematiquesetd'As* 

tronomie au Lyc6e Bonaparte ; Suivies d'un Memoire du Tnu> 

ilocteur, sur un noQveau Miroir ardent, et d'un autre MeAoire 

4e M. Ddambre, aur rAnthmetiqiie des Grecs, Seconde £diA. 

it torn. 8vo» pp* 996. Paris 1808. 

Essai 
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Secande Edit. ^to. pp. §t6. 

SupplemeDt ^Second) au dixieme Livie jin Trj^ii 4^ i^ecs^ 
jtiquje Ciilestesur l*Acriop Capillaiire^ 410. pp.yjS* 

Supplement aps Traii;^ ^e Mecantq^ii^ C^lcst^e, Vol. Ill* 
.410. pp «4. ' 

Traite dc Topographic D^Arpentage ^t de Nivcllement ; Par. 
L» Puifti^nt. 410. pp. 350. 

IV. Mathematical Wor;k.$ LArsi-y Publish£«>^ 

The Philosophical Transactions of the Royal Society of Lon- 

-don, for 1809. The Mathematical Papers contained in this 

•Volume are/ 1. An Account of a Method of Dividing Astrok- 

npmical and other Instruments* by Mr. Trougbton. — 2. Oii an 

improvement in the manner of Dividing Astronomical instrv- 

tecnts, by Mr. Cavendish. — 3. On a Method of Examining the 

Divisions of Astronomical Instruments, by the -Rev. Wra.Lax. 

— ^4. Description of a Refleciive Goniometer, by Dr. Wollaston* 

-—5. Continuation of Experiments for Investigating the cause 

of Coipured Coiicentric Rings and other Appearances of a Simi» 

^ar Natuite, by Dr. Herschell.*— 6. On the Attractions of Homo* 

•geneotis £)lipsoids» by Mr. Ivory. 

A Treatise on Plane and Spherical Trigonometry^ by Robert 
*Woodhouse, A* M. F.R.S. 8vo. pp. 199. Pr. 7s. fid. 

JStements of Geometry, Geometrical Analysis, and Plane Tri- 

Enomfetry, wilhan Appendix;, Notesvand Illustrations, by John 
site, 'Professor of 'Mathematics in the .University of Edini- 
burgh, {ivOk PP«494* ^^' *^*' . . * . 

A Treatise on A Igebra^by John Moie» i«mo. pp. 304. Pr^ys* 

The System ©f the World, according toSir Isaac Newton, anA 
subsequent Mathematicians* Translated from the French of ML 
L. Place, by J, Pond, F.R.S. 2 vols. 8vo. pp. 706. Pr. 15. 

The Doctrine of Life Annuities and Assurances, by Fraticis 
Bayly. 

An Introduction to Arithmetic, being the first part of a general 
Course of Mathematics, with Notes, containing the Reason of 
every .Rule, demonstrated from the mo^^t ««mple and evidem 
Principles ; together with some of the most useful Rroperties of 
Numbers. By John Boonycastle, Professor of. Mathematics at 
the Royal Military Academy,. Woolwich^ 8vo. Pr. 8s« 

A System of Conic Sections, adapted to the Study of Natural 
Pbiloteoiphyy by the Rev. D.M* Peacock^ A^M^^Svo. 

A n Examination of M» La Place's Theory oC Capillary Actio», 
by T.' K. 8vD. pp. 36. 

Lectures on the Elements of Algebra,. by the Rev. B, Bridge, 
A« M. Professor of MaihemAtics.inibe £ast.Inilia.CoUege|.4M» 
Pr. los* 6d. 
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ARTICLE IL 
Solutions to Questions proposed in Nitmter IX. 

L QUESTION 271, by Mr. Johm Dawes, Birmingham. 

: The hypothenuse of a right-angled triangte.being giveti^ dio 
one side of a rectangle, inscribed upon the other two sides; ta 
determine the triangle when that rectangle is a majiimum ? 

FiRSt Solution, ly Mr. Wallace, R. M. College. 

Instead of confining the problem to the particular case o^ a 
righuangled triangie, I shall ffive a solution, sapposing it tOtbtf. 
express^ more generally as toIlows« 

Having given one side of a triangle, the opposite angle, an4 
one of the sides of a parallelogram inscribe^d -dpon the other 
.two sides ; to determine the triangle when that parallelogram is 
a maximum. 

Plate 2, fig. 42 (A). Let ABD be the triangle, AD its given 
side, and B the given angle. Let CFGB be the inscribed 
parallelogram, and F6 its given side ; then, When its area is a 
maximum, BG will also be a maximum. 

Let us suppose the lines BD and FG, and consequently t^e 

{>oint F, to he given by position, and let that extremity of the 
ine AD which is upon BG be conceived to chanjfe its position 
a little by moving from D to d^ while the iine itKlt passed 
through the given point F ; then it is preHy evident ihat wbeM 
BG is a maximum, the other extremity A will be carried along 
the line AB ; let ^ F tf be the neW position of the line, which 
is indefinitely near to the former 5 and let A/»» D^ be perpendi- 
cular to flrf- 

The inde6nitely small triangles Apd, Tiqd haV^ manifestly 
ap '=' daj thefefore A^ 3 Dq : : tan a : tan d^ but A/^ : Dy :: 
AF : FI>, and tan a and tan d are evidently the same as. tan 
FAB and Un FDB; therefore AF : FD : : tan FAB : tan FDB. 
or, drawing DH paraliel to AB, and AH paralld to BD, AF 
: FD : : tan FDH : tan FAH, Hence it follows that a line 
dtawn^ from H to F is perpendicular to AD. 

Put ^zz angle ADB, ocrrgiv&n angle HDB, jz:§iven line Fd, 
aiid c r: given line AD ; 
Then because sin (p : sin a iJ FG i FD and sin a t sifi 9 ?: AD * AB 

=HD, therefore. FD = ^^^b, and DH ^sJ^ c; but FD : 
' sin(p * sma ' 

1)H : i cos (<t — ^ $) : 1 ,^ therefore coi (at — (p): 1 :: -t-^ b ; 



sm ^ 1 , 

-* — ^€1 and hence 

»m a ' 

• J 

sin ^^ cos (a — ' 9) s=;-*- sift ' •• 
VOL. IIU PARri* »^ 



sm'9 
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It will be easy to find suchf v^x^tsbi ? as satisfy this equation, by 
the help of tbe t^r^pitomArical tables, and ttecoiwtjob method 
of approximation, and thi^ is e\^id'ently ]the best P[if}da of resolv- 
ing'it. . 

^ If we suppose « 40 be a right aoglei theia coa {« s- $) =: sm (p, 
a^d thus the.equafiibii become? . , . 

But iri this case sin (f = ^!==^» therefore we Iiaye AB^ ?=» 

JW, thttrefqre AB is. the fihit Oft wist mean prwBjjftionab ictweeh 
the given lines AD and FG. 

Second Solution, %G. y. ;, 

Put the given hypothenase :z^,flj CB or EG (fig* 42- p'- 2-) 
, the given side bt the inscribed rectangle = K and the angle 
P^B »:= ?.' Then BD =: a m'(p, pnd DG =a't uii(p ; there 
fore BG =; a sin f — ^^ b tan (p, apd consequently 
b {a sin ^ — * tan <p) == a maximum, 
or, rejecting the constant factor'^,; .",■•■ 

a sin <p' — b tan (p =5: a maximum. , ";; 

therefore a cos« i|> ==. *• j ind i' cos* 9 .= 4* i ; ' 

Third Solution,, ly A/r. John Highman, To/n«i. / 
i«t the hypoth^nflseof the right angled triangle AlBC (fig. 48, 

pi. 8,) be = to « ; BG, one side of the ffcirallelogram Bft, = f. 

JaidBC = *; Then AB = V (a*— .«*). a^d bysmdar tn- 

aogk* X : • <4*^ « K: ; « - * 5 ( • («* — **) (f "^ j?)) "^ * " 
EQ» the other si<iU pf the parallelo^^m : But .by thequesttoj* 

ix-^b^xW{'^^^x*)x.b,^^^^, ^^ ^ oiaximuni. arid copse- 

■•'*'•■ 

qucntly iw fluxion *^|^r;J^^==o; therefore .*V ^l^.. 

andx = l^ [h a'J.'and AB = V(a' - *'^ = v/(a' - (*a')^)- 
Solutions were. also received from Messrs. .Harvey and Zeno. 

H; QUEStiON 172, iyMr. WAtLACE, R. Afc €0%*. 

Siipposing a to denote any given whole number^ find a ge- 
neral rule fcr determining all possible pairs of whole' number* 

• X, y, which arc such that the arch whose tangent iis- is Ae sum 

of two arches whose tangenti are-i and -, the radius of the circle 
keing unity ? ^ 
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I 

SoLUTiaN, by Mr. Wallace, the Proposer. 

I shall r^niler this question a Jittle more general, by supposii^g 
that it is proposed to iiad all tie pos^it^le values of whole num- 

.ber^ X and j^, such, thai the arch whose tangent is ^ is the sum 

of the arches whose tangents are - and ^, LrCt tl\e arch whose 

X y 

• ft ' ft 

tangent is r-be dotioted by ^**, and let a sin^ilar notation |>e ap. 

71 fi 

plied to the jurplx^s wjioso^ tangents are •* and X 

91 ^l ft 

Then, because by hypothesis A-. = A- 4- A- , by the ^rtth- 

ur *v y 

metiG of sines, ^ =: — =^, == — ^ x- : hence we bat« 

xy — n^ z=z ax + ay^ and^ c= a ^1 ; aftd as y mulit 

' be a whol^ number^ x — a must be a diyiior of «* 7I- a'; let ^ 

1 beany divisor of this quantity and ^ the ^qilptient; ^hat ft let 

pq = «*"+ a*, then x ^ a :=i p and x =. ^ ^ d^ and since 

^ iz fl + .^^ thexefore y =: <i 4- ^. Thc^e values of a? and* ^ 

indicate sufliciently the general rule required, which may also 
hie expressed ui synAoU ?is follows ; 
\ Let p iand ^ b^e any two such numb,ers that «* + a^ zi pq^ then 

.» _\ « .11 ' ' 



Ex. I. L.et n = i» and a = 1, then «* + 4* = « « t X fl : 
In this case p and q can each haive only one value,, viz. p := ^, 
f = a^herefpre A i == A | + A ^. Hence it appears that an 
arch of ^5° is the sum of two arches, nauiely, that whicl) h^is its 
tangent equal to \ the radius, and that which ha$ its tangent -J- of 
the radius ; and this js the only way in which an arch 01 45° can 
be resolved into two arches, having their tangents exact parts of . 
the radius. 

Ex. 2. Let n = 1 , ^ = 2, then «* + a* zr 5 = 1 X £, 
therefore in this case also p and q have only one valae, viz. p :;=: 
1, // z: 5, Henc^ we get A i = A I + A -J., 

Ex. 3. Next let « =: 1, tf =: 3, here «' f a* = to zr 
1 X 10 :r=: 2 X 5. In this cascj^ and ^have each two values, 
and no more» viz. j& = 1, y =: 10, and ^ r=: 2^ j s=: 5 j there- 
fore, Ai = A J + A^t; alsoAi = Ai-hAf 

Because A 1 s= A 1 4- A -^ and A ^ = Ai + A i, there- 
lore, A 12:2 At + Af. Similarly, from the twp values of A-}, 
wegetAi = 2Ai+A^ + 2ATVaadAis=:2Af+A|+« A^ 

H 2 
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These formulae, and others of the same kind, which may be 
found by the rule investigated above, afford, as is well known, 
the most simple means of any for the determination of the 
ratio of the diameter of a circle to its circumference. Among 
the formula, which consist of three terms, the following, viz. 
Ai=:3A-f'+'2A|-+ sAtV^^ particularly simple, on 
account of the denominator' 18 admitting o( being resolved into 
factors. It is also, as far as i know, new. 

Solutions were received from ]\Iessrs. Highman and Zeno, 

III. QUESTION 273, by Mr. Wallace, 

Let T (1) denote the sum of the angles of any polygon, T (3) 
the sum of all the produas that can be made by taking them by 
threes, T {5) the sum of all the products that can be made by 
taking them by fiv(^s, and so on ; then, supposing radius to be 

unityy 

T(i)~T(3) + T(5)-Tr7l + &c.=:o. 
The signs being + and — alternately. Required .the demon* 
. stration. 

First Solution, ly Mr. Wallace, ike Proposer. 

Let«, «',«'% &c. denote any angles, and t^t\t'\ &c. their 
tangents, and let ' . 

' Q^^l — ^V' — 1) (I— /V — i) (1— <'V — i)&c. 
Then by the arithmetic of sines, 

tan (« + «'+ «" + &c, (= - ^^^p^^q J 

hence, developing tlie functions P and Q, and putting T (i) for 
the sum of the tangepts, T (2) for their products taken two by 
two, T(3) for their products taken three by. three, and so .on, we get 

tan («_^« -I- « + ^^')- ^_X(2)it(j^)-T{6)+^^ 

Now if «, ck', a!\ &c. be supposed to denote the angles of a 
polygon, their sum is 'always a multiple, of two right angles » 
therefore tan (« 4- «^-h a" -f- &c,) z: o, so that in this case 

T(i)-T(3) + T( 5)-T(7)4-&c._ .^j .^^^equently 
^ i_T(ft) + T(4)-^T{6) + &c. — o, ana consequently 

T (i) — T(3) + T (5) — T (7) + &c. = o» as was to be de- 
monstrated. 

Cor. If we suppose that « 4- «' -f- *^' + &c» ^ ^uiy odd 
number of right angles^ then tan (« + « -+-«'' + &c.) &c, =: 
infinity, therjefore in this case 1 -— T (2) 4- T (4) ~ T {<) + 

Scholium. If we suppose the nnmber of arcs -to be three, and 
that « + of + of' = any even number of right angles, then, from 
thdr foregoing denu>nstration, 

tan cK -f tan flt' + tan %^ — tan « tan %^ tan of' ~ 0% 
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from which it appears that the sum of the tangents of three ardt 
which make up any even number of right angles is equal to their 
continual product. A case of this pretty enough trignometncai 
theorem was given in the Ladies' Diary for 1797, but it has since 
been made the subject of a particular memoir in the London Phi- 
Josophical Transactions for 1808. 

Again, if we suppose the sum of any three arcs to be equal to 
any odd number of right angles, then we have 1 — {t/+it^^ 4- 

t%^)z=:o. Hence, dividing by //Y' we get 1- rr+^ — 



That is, cot » + cot a + cot a" = cot a. cot a' cot a* 



ff 



Hence it appears that the sum of the cotangents of three arcs 
vhich make any odd number of right angles is equal to their 
continual product. 

Secokd Solution, iy Mr. P. Phelam« 
- The tangent of the sum' of two arches^ a, a'^ being =; 
tan <t 4- tan g^ .^ ^^ ^^ ^, ^^ ^^ j^^ ^^^ tangents of the 
£ -^ tan A tan i» 
respective angles^ a, a\ a\ &c, we shall have - • 

tan [a + of) = ^— -^ 

' i ^ *JL '^^ tan (fl + flO + y^^ t+t'Ari''^tlf/' 
uxi{a^-a+a ) = ; _ ^^n (a + a') /-= i-(// + >r -h ir>J 

tan{a + ^+^ +a ) -- ,_,^n (« + ^'^.^//,//^ - 

And so on. Hence it is evident that the numerator of tbe cxr 
pression for the tangent of the sum of all the angles is composed 
of the sum of all the tangents /, /, i^^^ i'*\ &c. and the sum of 
all the products that can be made by taking them by threes, by 
fives, by sevens, &c. and that the denominator is composed ofv 
the radius (1), and the sum of all the products that can be made 
f»y the tangents, taking them by twos, by^ fours, by sixes, &c. 
the signs being -{- and — alternately. 

Hence, by adopting the notation in the question, we have 
»»nr^^«--un'-'^^^^ Ar .■^ T(i)-T(3)-4-T(j)~T(7)+»c> 

But the sum of the angles of any polygon being equal to 

twice as many right angles as the polygon has sides, less four; 

the sum of all the angles of the polygon will be equal to an 

even number of right angles, and consequently the tangent of 

that sum == d, 

u _ T f 1) ~ T (3) 4 . T ( 5) - T (7) + &c. 

hence o - ^ _ ^ ^;^ ^^ ^ ^ _^ ^^^ ^ ^^^ . 
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And therefore T ( — T<3) + T (5) — T (7) +.8(.c..- o,^ 

was to be demonstrated. 

^nd thus the question was answered by Zeno. 

' ' ' « 

IV. QUESTION 274JyAfr. Wallace. 

Xft A and B be two given points in the diameter of a circle 
equally distant from the centre. In A B take a point P, so 
that P C X rad.'ir A C*. Let C P me^t the circumference in 
D, Draw A E, B E to aoy point in the circumference, and take 
the arc DQ double D E,and join PQ. Then shall A E x 
B £=:P Q X i^d* Required the deinonstration? 

Solution, by Mr. WiiLt aci£» the Prapiour, 

Fig. 43. pK 2. Join E C, Q C : Let D C be depoted by r, AC 
by a, P C by b, and the angle D C E by ^; then J) C Q :=; 2 9. ^ 
By the nature of the circJe A E =: V (fl* + r* — 2:^rcos.^), 
but by byppihe&is, a* z^^r ; thiercforeAE—v^ {r{b + r^r-e a cos p)). 
Similarly B E rrr-s/ (r (3 + r 4- 2 a coa'tp)). Therefore AE +' BE 
= rV [{h -f r)^ — 4 a* cos*?p), that is, putting again b r Iqx a?, 
AE X BEi^rv' [b^ + r'—2br(x —2 cos'??)): but t — 
2 cos'$=:cos 2 (p,^ and>/ (^'+ r* — 2 ^ r cos 2 (p) = r x CQ; 
tjjerefore AExBE=:rx CQ, as was to be demonstrated. 

Renyirk. Frfvn this proposition we may easily resolve either 
of the following probliems. From two given points in the 
diameter of a circle eq^ually distant from the centre to draw two. 
lines to meet in the circumference, so that their $uni qr diflPer* 
cnce lyiay be given. For if A E X B E be given, then it 'is 
manifest from the proposition that P Q is given. And because 
A £» -1- B E'r: 2 A C* 4 2 CD% therefore (AE + BE)" =: 
2 AC 4 2 C D* + 2 e D X C Q, heRce it A £^+ B £ be 
given, it is evident that C Q will aUo be given. 

I 

Second Solution, by Mn Lowry. 

Join EC, QC (fig. 43, pi. 2), and draw PH parallel to A E, 
meeting EC in H, and join HQ : then bec-ause P H is parallel 
to AE, PC : HC : : AC. EC ; and by hypothesis PC : A C 
::AC:EC; thereioafp H C ;;==: AC. And because in the tri- 
angles ACE, C H Q, A C is iz to H C and C E to C Q, and 
the Angle ACE =r to th<j angle E C Q, therefore A £ is = to 
HQ,and the angl/B CAE =: to the angle B H Q. 'But the 
angle P H Q is the sum of the angles C H Q, C H P ; that is, , 
equal to the sum of the angles C A E, C E A, or the angle 
BCE ; t^erefore the triangles PH Q, B C E, have the angles at 
H and C equal, and the sides aboul these angles proportional, 
viz. PH : H Q — A E : : CB =2 C H : C £; therefore those 
triangles arc equiangular, and H Q == AE : I^ Q : : EC : BE, 
orAE X BE = PQ X EC. H.E.D. 
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V. QUESTION 275* *J G. V. . . .. 

It j< rectuircd to find the nature of other curves than conic 
iectibnSy having the property which is proved in the solution of 
question s&ij, to belong to the ellipse ? 

• « 

1 

First Solution, *y Mr. LowrV, R* M.C^iUge. 

Let r (fig. 44, pi. 2 J be a given point, AB a straight line, 
given by position, and AP j^erpendicular to AB. ^ Required 
the nature of curves, such, that any straight line oeing 
drawn through P to m^et the curve in E arid E', the rectangle 
of the perpendiculars drawn from these points to the Tine AB 
may be equal to the squard of AP. 

Draw £1 ?tnd. W^ peroendicular to AP produced ; and 
put a = AP, z = PE, V = PE'', and (p =: the angle EPA. 
Th^ri Pr=:« cos f andPK r:«' cos (p ; henceGEr: AI=:r cos^— tf« 
E'H = AK =r 2'cos(p — o, and OE X W£/ - («cos^~a) 
(X" Cos(p'— 4i)=:AP*t:^tf*, orzz'' cgsip-^ (« + z')fl =0. ..(1) 

3ut ^ince EE^ meets the curve in two points only, the relatioxt 
of z and 9 will be jexpressed by an equation of the second de« 
gree.the rQots df which are z and 1;^; namely an equation ot 
the form z* — aPz. + R = o, where P and R denote certain 
fi^clions of ^, the relation of which is to be determined from the 
ccHiditionis of the problem. Now^ by the nature of equations* 
sP is =: the suif of the roots z, ^i"", and R = their rectangle ; 
that is iiP zi= ;if -V z"', and Rzsrzz' ; therefore, by substitution ia 
equation ( |i ), we have R cos f — aPo — o^ or R = ePd •?• cos 9 ; 
henae the equation z' •»— sPz + R = o» becomes 

z» — «P^ + 4^r:C; U) 

, cos ^ ^ ' 

* which is a general equation for curves having the property re« 
quired, where P may be any odd function of cos $ and sin ^. 
• If the relation betweep rl and IE be required, let =: Pi 
and yzilE^ ; then cos Ozzx -J- z, and »' — arz-f- aPaz ^xz=,q^ 

heacer = (i — tf)?-, brx«V/=(ar~a)*^ •...*... (3), 

the general equation of the curves in this ca$e. . . 

rf P rr= r coa ?) = r;« -r z, then <«* + >■=:(«— a) ^ 4ir*-T- z*, 
OK x^ -{- y^zz [X — a) ar, an equation to a circle whose radius is 
y (r*— 2ar)y aiid the distance of its cen^« from P ass r#. . . 



c^r- 



M« r*rcosf ^ *u f \ ^<^rz 

c cos*(})+rsin*$ i£^±^>l V*x*+r*y% 

fwr c?** i^'y* = (a? —a) ac* r, aa equation to ao ellipse, or 
hyperbola, whose semi-axes are ^ (r* — 2ar) and ^ V 
iM the distance of the centre from P =7 r. 






Mo 1 

z z zx . ' 

an equation to a line of tli^e third order. 

By taking othet values of P we may fmd innumerable curV^ 
that will answo* the conditions jo\ the quiestion* 
^n deriving equation (2) from the general equation z* — 
gfPf + R m^o, we eliminated R ,by means of the equacron 
R cos $ — 2Pfl = o ; we might, however, have eliminated P*, 
and then we should have obtained a different expression for the 
genera! equation of the curves ; for since P = R cos 9 -J- %a^ We 
have 2* — (R-rii)2;cos(p-h{l=;o, 

or 3t» + / = R(?:=^). ..•/...•.... ,...•..• (4) 

Andi here,^ by assuming proper values of R» we shall dbtaid 
e^uation&.to -the same curves as before. 

For instance^ if R = n*, a conaunt quantity, theft a:* + y* 3 



-* ' n 



—►{a? — r.a}, aa equation to a circle j — • {n^ — 4<»') being tHe 
radius,' ah3 n* -t- 2a the distance of the centre from P. 
Agato. if R = ^,^^^,^^^,^.^.^_-j-___^._5-^ , then 

an equation to an ellipse or hyperbola whose semi^axes^ are 
r aud ^(r being =; -« v' («*- — 4^*}, and the dlstaiice o£ P from 

the centre = — . 

In this solution, we have supposed, the point P to lie withbuC 
the^ curve ^ but the same reasoning wtU apply wheh it is witJHtl 
the curve, due regard being had to the changes of the signs* 

If AL be taken = AP« and LD be drawn perpendicular 
to AK, then it is evident, from the solution to question di7, 
that if 2tny line be drawn from P to- meet the curve in £ and s/ 
and LD in D, the line PE" is Harmonically divided in the pointt 
P^ £, D and £^: Moreover the rectangle CE • C£' isss to the 
square ot PC. 

SeCONP SOI^UTION, ^y ilfr. W.WALLACEf 

The object of the qi|estion is evidently to find curves GD/ 
(fig 45» P^' *»^ having these two properties : — f • Any stvaighl 
line drawn from a given point A shall either not meet the curve 
at all, or shall meet it only in two points D, dt that are different 

few 



from the point A. %» If DE, ife, be perpendiculars drawn 
bom £K ^, the paiiits in mfaich a Koe^drnm tfapouj^ A neftsntto 
curve to BC a $tniight line giyen hy position, the reQtJUiglci 
DE X d^ shair be cquat to a giVeti space. 

Draw AFH^perpendicuhr to BC, and draw DH, dk, perpen« 
diculai tQ AF,. Put AD =8 «» the angle A^m^x and the gtren 
nneAF=:a. . 

as -the rodls of a quadratic e<|uation z* — P 2; + Q = o, where 
Pand Q denote oeilam fuDctiMii -of the ang|« ^, Which hai»e. 
each only one value correspondipg to a given value of f : and 
as whtle the angle A increases frcnn o to 360^, the line AD will 
have twice the ^me position j^ hut will he in contrary directions*, 
viz. when A =: ^, and A r: ^ + «, («• being put for 180**) in or- 
der that the equation z* — P z -b (2. ^^7 8?^^ ^^'y ^^^ values o£ 
z, thrse must have the same magnitude, but with opposite signs^ 
when A z: f, ,^0^ i^hw A ==^ 4- ^ ; tor tften the po^t% in 
which ^he line AD Quts the ciun^e^ will ht tJi^ same in hpdij 
cases : Now both these conditions will be satisfied if- B be my', 
odd fianctUm of $i» 9^ and cps (pi ajid Q m^ even. fiU¥^w.of' 
the same quantities : %hs^% k* putting c for cqs-^, ^d s {or sin ^, 
P must be a functionk qC tbf fow «* + gi; + 76^ + <lc'*-in bcs^ -4? 
X s^ 4- &c. a^ Q a fiinctiQi> of th« fc^ms.«' + &^c' + yfs* -^r 
yc* + gV'j* + 5\y* + &c. J foi? theft when* ^ changes to 9 -f r» 
P changes to — P, and P% and Q ramuft ast before^ a«4? ao^ 
the values of ar corresponding to (p being +v| P 4* %^ (i P*--^ Q) 
and + Tf P — -/ (i P^-^Q) ^l?05Cj cbriwpoDadisng tg 9 + sr, will 
be — iP+;/(iP — Q)and — iP— v'liPlQ. 

Let AD SMEidi A4 the iwa values oi 2 ii^ the eqoatiaii ssf — * 
P« 4- QqnO> W d^noifd by z^ aod 2^% and l^t H^ h^ ihespum to^ 
which the rectangle D£ X ^^is to be equal. ThenheMMM 9£iw 
zz FH :^ z' cqa ^ — a^ *nd rfjf ss'FA 25s z^^ Q0& ^-^^ «^ we have 
by the ques^oQ, (a' coai <► -^ a) (a^^ coss fl -^ «) ::: *S or, 
2' z'cos'ip— («'' + 2''} cos (p-ha*-f- ^:^0 ; but by the theory qI 
equations 2^ ^''^ssaQt and «'+ z^^qBsp P, thveloro, Q cos*^ — 
«Pcoso4-«* — ^*=±o»w»ib«n:c,e 

V ' oos^ ' cos*qi * 

this value of Q is evidently an ^v^n. functioo^cl cosif vidsinf . 
as it QugUt to be. Substituting ngw this value of Q, w< get 
z* cos*.(p — P (z cosjp + fl) cos <^ + ^' — «* =: Q • • ♦ .•• . • .(1) 
a general eqy^ition for curves having thf property required* 

We m?iy transform this equation into anotofct which shall in^ 
volve qnly tl^e co-grdioateaqf the. curve; (or thi$ pturpose li^ 

us put AH=;r, and HD =:y ; th^n cos 9 r;-andsin9 ir-ijand P 

VOt/llI* PART I. 1 
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mutt noii^ be an odd (unction, of * and^^ Let M be any ira« 

tional homogeneous function of z and y, of » + i dimensions, 
' and N a rational and homogeneous function of n dimensions; then 

J^L-and-^ will be funeiions of -and^: and as the one 

wil! be anodd and the. other aw' even function, the quotient of 

the one divided by the other, that is -n- will be an odd fuac« 

tion of the same quantities) we may therefore ^assume 

p — ■ Tjf accordingly, substituting this value for P, and also 

^.for cos f in the aqua ion (I), it becomes, after reduction, 

(ay*4.#*l.a«>M — *(j(f -l-tf) N = o ; (a) 

which is atidther general equation for curves having the pro* 
p^rty required. 
Let us take M c=5 x + ay, N r= A. These functions give us 
(jr* + **-^ a}) {X + ay) — A* (;c + «) =o, 
which is an equation to a line of the third order, having the 
property teqdired<i If we suppose a sr:^ it becomes simply 

;r* -♦- «jrj^ — Aa: — • Aa =: o, 
an equation to a hyperbola. 
Agab let us suppose 

M=:**+«*y +/3/,N=:A4f+Bjfj 
then we have 

(x*+ *• — fl*) (a?*+ «*y -f.|Sy*) r- a? (x + ii) (A* + By) r: a» 
which is an equation to a line of the fourth order* If however 
we suppose A s= a » it becomes 

« [t^ 4- ojry + /3/) — (ar + a) ( A;c + By) = o^ 
an equation to a line of the third order; and if we again sup* 
pose B := o, this last becomes 

ap* + axy + %» — Ax — A4 = o, 
which is an equation, to a conic section* 

. VL QUESTION a76,/yAfr. Wallace. 

• If from the focus of a parabola, a perpendicular be drawn io 
any tangent to the curve, and a circle be described on the focus 
as a centre to pass through the vertex, the meridional *parts cor<^ 
responding to the arc of the circle between the vertex, and per- 
pendicular to the tangent, is equal to the excess of the parabolic 
arc, between the vertex and point of conuct above that portion 
of the tangent which is intercepted between the same pomt and 
the perpendicular^ Required the demonstration ? 
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First SoitUTroM,^/ Afr* Wallace, ike Proposer. 

Let F (fig; 46, pi. 2.) be the focust V the vertex^ VBE a cir- 
cle described on F as a centre wkh the radios FV; VAa tangent 
to the curve at the vertex, CA ^ tangent to the curve at any 
point C, meetmg VA in A. Join FA meeting the circle in B. 
Then^ from thAfiatitre of the parabola, FAC will b^ aright angle* 
Prodike the tangent C A so that CAD may be equal to the para* 
bolicarcCV. Then AD = arc CV— tan C A. Let C^A'D^. 
be another position of the tangent CAD indefinitely near to the 
former. Draw FB^A^, and prod^^e FA to meet C'D^ in «, 

Let FV = 1, BV n f, the enlarged meridian to arc 9 = m^ 
%hm let the parabolic arc C V be expressed by z^ and the tangent 
C A by / ; then AD =: « — /. By similar figures FB : FA : : 
BB' : A fl; but FB : FA : : cos f ; i, and BB^ lAJaixdtfi 
d{2'^t)l therefore cos 9 : 1 ; : ^9 : i (2 — Oi and d [z^^t) s: 

■■ ^ : but It is well knowa that dm ==: ■■ ; therefore 
cos^ cos 9 

d {z ^^J) = dm^ and £ — i ;= m, as wa^s to be demonstrated. 

Second SolutioNi byMr. Lowry. 

Let F <fig. 47, pK B,) be the focus, V the vertex, and EG it 
tangent to the parabola at any point £• Let FP be drawn per- 
pendicular to EG, meeting the circle described with the cetitre 
F and radius FV in I ; then, by the questian, the meridicinal 
parts corresponding to the arch VI is equal to the arch VE-*tan 
P£. Draw £H« IK perpendicular to the axis VD» and leiEN 
be a normal to the ciirve at £• Put e = the arch VI» the en* 
larged meridian corresponding to^that arch=2;,VF=az:7 of the' 
parameter of the parabola, KI =: 2I9 VH = x and HE = jf ; then 

by the nature of the projection, z : j ; : rad. : cos VFI, or s r; 

as as • • au ^t r • 

■ n ^i>-^ ;i: ■ . , 4. ; but J r: > > , ^ ' " aU therefore % zsi 
cos VFI i/ («-—«) v^ la* — u*) 

T, and 2 ==: fi^ ^ ^ = a x 1. y^ -J^.,.the meridional 
i»»' / ya — »u ^ a — u 

parts corresponding to the arch VL 

Again, by the nature of the parabola, HN z; 2a, and GV =: 
VH ; therefwre GN = a (a + *), and GF 3: a -4- ;i?; hence 
FN = GF =1 i GN^and P£ =: | GEt But GE= ^ {4*'+/} 

^JL ^(^y^j^ 4a*) ; therefore £P == J^ ,/ (»'+ 4«*)*. Now 

mitm T 

ifar len^ of the pandbolic arch VE is =: ^ |/ (j* + 40?) ^ 

12 
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iTSL = tt : : HNssaa : HE = y = . , > ' ' ^ > and Ais value 
of 5^ beii^ substituted in the-expresslon a X 1>- ^" '■" ■' ■ ? ' ■ 

it becomes «(X'UV7^T/tbynBie as the t&x^rewoti for the 

ineridional parts coryesponding to-the-orch VI : Iieni;ez == VE-^ 
Filly as wiHi to be (demonstrated. ^ 
Mr. Phulam answered this ques(iom9 

VU. QUESTION ^77, by Mr. CuNXirFi;, JR. M. Colk]^. 

Skqxpose ^o QZ. avoird. of silver made into a bj9wl« the inside 
i^f wbich is in the Term of a henii-spheroid, tbe depth equal to 
fhe diameter at the top i how man^ pint»K)f .wine will the bowl 
contain if it is i j-iooths of an inch thiclc tbroughbut ? 

St) E t7 T 1 N , ^iy Mr. Cu^ l nrrE , ^he !Proposer. 

tctMDBO fBg. 48,'pl. 5.) n^preseat ^>ettioii ttf tlie inter- 
nal part of the bowl, by a plane passinjg ihroujgh Ae axis <>fi, 
"Suppose'DF, at right angles to a tangent tat 35, meets OB in J* : 
in Fl> produced let DP be the thickness of the bowl ; then P 
will be a point m the curve, by whose revolution suborn the axis 
OB, the external "surface pf the bowl is formed. Draw DE, 
f Q peqpendicubr to OB. P«it OB z: «» OH =: i-«,0£ =: z^, 
OQ = *, QP=:^. By known properties of the ellipse, DE^ = 
4 (tf*-^.v*^,and FE=^; therefore J>F =; iv' H«*-- 3»*l. 
By means of the parallels DE, OF, 

JXF : DP : : EF : EQ = DP x EF ^ DF ^ Im^y (ij^ *— gt/*)i 
jvhence OQ = a? = OE + EQ = ir -h to ^ / da^-^^v*). 
Again, 



X 
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* ^ (4^*— 3^) 

(4a«— 3i;»;| T • 

Whence taking the fluents 



/ 



3 -- ' ^^3 

where L dvootes the hyperbolic logarithm (fia -f- v \/3) «i- 
(2a — t'v^ 3), and R denotes the length of a circular arc radius 1, 

and sine v\/^ -7* %a. When v =: a) the expression becomes 

where A denotes the length of a circular arc radius 1, and sine 
f </3» oir A denotes the length of an arc of 6o^. 

The forc^goingexjxcession being multiplied by ^ ^ 8*14159265 
will give the content of the whole external figure* and deduct* . 
ti|g from thence j^'/^the content of the internal space leaves 

p^\a^^ ^*'^^g XliX(7+4v<3)+^^+g^+^a'»A^3{ 

for tlie «oMem of the remainder, or the quantity of metal in the 
vewd. Now iV / 3 X h. 1. f7 + 4 y/ 3) = .380173, aad 
'^A\/-3 = *6046 nearly. J^y means of which the foregoing ce* 
neral expression for the quantity of metal in the vessel will be» 
come^X (•854$fl*6-4- 1 '380173 «6* + f i*)=s 500Z. of sil- 
Verr*s 8*2018339 cubic inches : whence %^j^a^h + 1*080173 
ai* + y 6* =: 2*6105338, and by taking ft =: m^, as in the ques* 
tion, the equation may be reduced toa*-f-a X .242249 = 
20*3470x46 from whence the value of a is found = 4*391268 * 
inchesj and the content of the vessel from thence will be found 
44*3379 cubic inches^ or little more than a pint and a half of 
wine* \ 

Second Solution, ft^ Zend. 

Jnet # ass the diameter at the top,, ::=! also. to. the depth 

^f theJXM^l ; c s;5*g =: twice the thickness, s.~ 3*14159265, 

and a =: 8*2012339 cubic inches =;s 50 oz« of silver of 
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•tandard fioencsi. Then (Hutto&'s Mensuration P. ^4} 
9X'» i 3: the content of the bowl, and (2ar+i:)(JH-0* ^ —— 
the content of the towl and iilvcrlogcthef t Hence {nx-^} x 
{x + ^)*X j^— aa?". ^ :;:4i,or(M:*+yjc«+4c'a?-H'-^ap')x 

*— = tf ; therefore «* + -^ Af + -^ =s , and by completing 

«2 5 5 5^» / r o 

the square, a? c= ^ ^ t / (122 - |j) =: 4449547 j hence 
UxK «— =: 46*1 96 cubic inches s: if pints nearly* 

VIII. QUESTION 978, by Hermoborus* 

Given the perspective projection (or representation) of a 
straight line, and of one point A therein, and the vanishing 
fpuii B (and its distance) of that straight line ; to find another 
point C therein, so that AC may bavje a given ^atip to the origi* 
nal thereof? 

Solution, by Her^mooorus, tke Proposer. 

Let D (fig. 49, pi. 2,) be the intersection of the original of 
AB, a»d let D be given ; fronv B draw BO* = the given dis*. 
tance and parallel thereto Da meeting OA joined in a. Let C 
ht the point required, and let QC joined meet Dd , produced if 
jBCcd be in c. Then it appears by Dr, B, Taylor's perspective, 
^1719) Prob. 3« that this Question is reduced to Loc.^6. Lib. 2. 
Sect. Rationis. 

N. B. II the ratio which AC is required to have to oc be 
th^ of m to ff» then it appears by the cor. to the said proh« of 

w. • ,. /-n - »« BD X Dd 
Taylor that Co "* ^K ' * "'' hj^ • 

JL Solution io this qu^tton ujo>s received from Mr. PhelanI 

IX.' QUESTION a79, Jy G. V. 

It is required to determine the nature of the curve which 
touches an infinite number of lines of a given kind, described 
upon a plaoe according to some determinate law^: for example, 
we may suppose the lines to be the parabolas described by a pro- 
jectile thrown from an engine, with a given velocity at every pos- 
sible eta'ation in a given vertical plane. - • 
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First Solution, i^ilfr.Low^Y. 

Xjt\.f{x^ y, a) = o, be the general equation of the giveja 
curvet ; the expression f (;r, >, fl) = o, denoting a given tunc- 
tion of the co*ordtnates« x, yi and an arbitrary quantity a^ which 
is constant for each curve, but varies from one curve to another. 
Then we have to find the nature of the curve that will touch all 
the curves that c^be formed from the general equationy (x, y , a) 
^^o 9 hy giving successively all possible values to.a., Now the 
{>oint of comact beipg common to both curves^ they will have 
the same co-ordinates x^ y, it that point, and thcT same equation 
between these co-ordinates, but with this diiTerence, that the ar- 
bitrary quantity a will be constant in the equation of the giveor 
curve, but variable in that of the tangential curve. Or, in the 
tangential curvcj a must be a function of x, {y being also a func«> 
tion of jr), so that the equation of the curve may be expressed 
in terms of the co-ordinates x and y, independent of the arbi* 
iraiy quantity a. Now since the curves have a common tangent^ 

the expression jf ^ for the subtangent must be the same when a . 

is constant as when it is variable^ or a function of x ; and it is 
clear that this can only be the case when the fluxion of the equa* 
AonfXx^y^ a) = o, taken relatively to a only, is equal to o^« 
The fluxion being taken on this supposition, we shall have the 
value of a in terms of x, and this value being substituted in the 
general equationy(Ar,y, a) = o, there will result an equation con- 
taining only X and y, and which will be the equation of the 
curve sought. . , 

In the example in the question, let AJ3B (fi^« 50, ph a,) be 
one of the parabolas described by the projectile when thrown 
with a velocity sufficient to carry it to the vertical height AS. 
Draw AB parallel to the horizon, and put AH ss x^ HD rr^, 
AS = A, and the angle of elevation BAG r: a. Then by 

stn CL jc* 

Simpson's fluxions, page 835, > = » -^^ — ^ ^^^^ , or 



• For iSuxsf{x,y, «) a: e, then («)*«: r- «-+>T5rss«, <ibtnig«»Mnt; 

* / 

» • • 

and (11)^ a-xi4«TJ'+Ti» 0, a being variable. Hence ii U obvious that 
y jt a 

m 

m 

ik valttts of *r » deduced &om these equationt, eanootposiibly be theiame unlei^ 
^ a be ae 0« See Woodiiouie^s Principles rf* Analytical CalcMlation^ pa|;e 98. 



sill # tt^ * 

y^x + -7 ^ =0, the general equation olthc curves dc- 

CQS4I 4ico»\z • ^ 

scribe^ by the pjojectilts, and which CQri:e«pqnd$ to the general 
t^uationy (je» jr, a) 5=; a. By taking jqccessively for a all the 
diSerenl angles of elevation, an infinue number of parabolas will 
l^e foxmedj and we have to determine the; nature of the curve 
tiiativill touch all these parabolas. Taking the fluxioo^ of tJbo 
above equation^ considering a only as^ variable^ 

• xa aa^ cm a sin a xnm a 

yi€ nave*" " ' 4 * w*- x ' .! ■' ;;^ o, or i ::; -. — ., ■ ■ . ^t * • 

cos *a 2n cos *a 2 A cos a 

ftence r: — , and co« a r: ■■ ■^ . ^ ^ 

co$ a « 44+0; 

Theie values being aubstituted in the general equation of the 

curves^ we have jy =::;: 2A — . — , or j^ n-i ^ — , an 

equation to a parabola, 4A being the parameter, & the vertejc, 
;ind A the focua.This agrees with the solution to question ig^^ 
where this problem is also resolved, but by an indirect method. 

For a ^cond example, let j?*4- (a — jc)* — oA 5=; o, be thp 
general equation of the curve, which is that of a circle vhosQ 
radius is v^a&, and the distance of the centre C from a given 
point A (fig*. 51* pi* &') in the axis :=^ a, x being x:;; AI>, 
and ^r= BD» Then by giving all possible values to a, an in* 
finite number of circles will be formed, and we have to find the 
nature of the curve that will touch all these circles*^ Taking* the 

l^xion, considering a only as variable, we have — axa+staa*-^ 

Ik ^^ 3JC 

sk zi^zz o, Qt a zsz — ; and this value being substituted for 4 

in the given equation, we have >* ^^ kx := o, an Mua* 

4 
tion to a parabola, 2 A being the parameter, and the distance of 

the vertex from A = !>&• ^ 

For a third example, let it be required to find the nature of the 
curve that shall tQUC^ all the Qormals that can be drawn to a 
given curve. 

Let the proposed curve be the pawhok AD (fig* 5a, pU i^,) 
whose axis is AH ajpd vertex A. Let the normal DI touch the 
curve at O, and draw HO and DP perpendicular to AH. Put 
^Pzn M,PD=:», ABrzra, the parameter of the parabola — > m^ 
BH = ;r, and HO =? y : then the subnormal PI zz |w, 
sind IH :=: AFl — AIsaa + A: — u-^{ni ; hence^ by similar 

trjangles, IH (a + a; -« -^) : HO(y) : : P I (?|; PU:=^^ ' 
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^ ^ ^ ^ "j^. But by the nature of the paribola, wr: ^(«»»)» 

f ffly £= 0. Take the fluxion of this equatiop, considering u ou\f 
iis variabi9, Ihra W6 have li v^(»»ii) + (c ^ 'x'-^w ) X 

—7-7 — ^ rr o, and by reduction u n ^ - . Thl^ v^ilui 

being substituted for u in the above equation, we h&ivcf 

. (a — 4 >^ I) v/ J ^ (tf + *--|) I r-il»X = « 

Of, (fl*-»-iP — 2) r:'?Z.,»y*; and when/i r: ^, x^^^my*/ 

^n equation to the seiplcubical parabola. 

Again let the given curve be a cycloid, and AEB (fijj. 53^ 
pi. 8,) the generating circle. " Let the lines be drawn as before, 
wd let DP meet the i^ircle in E. Join EB, and put AP n «, 
PD = V, arch HI - i, AB = c, 6H n x and HO ir^, 
Thsa by the natune al the curve, Dl ii parallel ii IB ; therefore,' 
by similar triangles, EP z= y' (^n — v*) : PB :;= a — » : ; 

DP = s^: the attbaormal PI - yC^« - ^) ^^^tTZlL^ " 

Also IH r= AI — AH = u + w %/ (^^)~ 4J — * : 03 =: 
y : : PI = z; v'^i^^^^ : PD = v; therefow! yi/tHJt •: 

(tt— ^-^ap) 4- vy — i— ,oriy iry + '(^« + x — u) ^ ■> ■^■■« 

But by the nature of the curve, t; =: x -Jr •(a«'-^ u*) ; there- 

fore « + v^ (ok — v') = y + (« + 1^ --1^ if) \ / -' ■ '^ ■-■ % Taking 
the fluxion of this equ^ion, z and u only being considered V9«- 
rtable, and putting for k its value ^ J\ _ '■' a\ » and dividing by 



— u 



puuirur lor e iis vaiue ^ 

2/^ we have 

and, by reducing, a — tf = ]4 — ^^ — «) |« ; hence uzza^^x. 
And this value of u being substituted in the above equation, 
it becomes 

>OL«IIX. PART I. &J 2 -{« 
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a + \/ C^x^ — •^*) =J^ +«x y ; hence 

2— V^(aa? — ;if*) = y, the eqiiation of the curve re- 
'({iiirecl, which is that of a cycloid equal in all respects to the 
given one, but placed in an inverted position- 

It is obvious that the curve required is the cvolute, and the 
lii[ie DO the radiusof curvature, of the given curve AD- 

If it were required to find the curve which is the caustic of 
reflection or refraction for any proposed curve, the process would 
De nearly the same as in the preceding example. The 2i8tlr 
question of the Repository^ (and indeed any other of the like 
kind when the nature of the curve is to be determined from cer- 
tain properties of the tangent*) may be resolved in a similar 
manner. Thus if AB zr w, (fig. to the solution to that question), 
AE == x^ ED .=r/, and the sum of the sides sr= ^ t tbeniy :rimi*, 

lar triangles, u — x :y :: u : AC«=: -^ — ; hence 

C( ^ .J — ^ — ^^^ a or tt' ~ M^ -I- uy ^^au + ^a: z; c. 

Talking the fltt9cion, supposing U only to vary, and dividing by 
tt ; then 21* *w j? + if = a, or u r: ' — -r^ t and' this value 

being substituted for u in the above equation, we have, after pro- 
per reducticp^ 2/ix zz (a^ x — ^)*, an equation to the parabola. 
it is obvious that this process is precisely the same as that for de- 
ducing the particular integral from the general one in the^solu- 
Jion to'thef qirestion on page 214. 

See also Lesson 17, ** Lessons sujr le C^Jcul des Functions," 
par ]Nt. ta prange* . . : 

r 

Secon p Solution, % Mr. Wa^llac?, JR. M. Calltgt. 

,^. It is pretty evident jtbat the curve whose nature is required 
must pass through tfie intersections of every two adjoining lines 
:4eiscribed as-stated in the qutstiqn,i supposing these lines indefi** 
nitely near to Ohc another. And this princfple has suggested the 
•following soltition. * 

. Let I" [x^ y^p) denote any exprp^slon which, besides constant 
quantities, involves twd^varidjle quantities x^ y\ and an indetcr^ 
minate quantity p. Then, supposing x and y to be the co-ordi- 
nates ,o.f ,a .curve, aiid p a quantity which may be called jts para-r 
fnticr^ h^caoise we ar^.to suppdse it analogous to the parameter of 



* Several examples of this kind may be found in Landen?s flesidual Analysis, 
X)bap» VI. where they arc resolved by a different method. 

a 
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a conic section, or to the radius of a circle, &c. tlie nature of the 
lines described, as mentioned ra the question, may be expressed 
generally b/ the equation 

the parameter p being supposed to have the same value foreveij 
point in any individual curve, but to have different values in diU 
ferent curves. 

Now let ACE (fig. 54; pi- 2») be any one of the lines, and let 
AB = Jti anJBC:^=y. Conceive its parameter p to chiange^ 
and become p + t\ and let Ace be the line which has p -h i toy 
its parameter; and^ supposing both lines AC£» Ace tfi have i , 
common abscisa if, let BC ==;>' be the new value of the ordi* 
nate, then the equation of the line ^ce will be, 1 

f{x,y\p + i)z=io. 

This expression by developement becomes 

where P, Q, &c. are put to denote briefly certain functions dc* 
riv6d fi^m the expression F {x, y^ p). Now if c' be the point ia 
which the two lines ACE, Ace intersect one another, it is evident 
that at this point y^i=>, and therefore F (*, y', p) = o. Hence 
it follows that if we suppose x and y to denote, not tho co-ordi- 
nates generally, but only the co-ordinates at c\ the intersection 
of the two curves, we shall have 

^df{K,y,f)^ i + Pi« + Q,» + &c. =:o.v 

or, dividing by «• 

^dF (x^ y, p\>^ ^ j,. ^ Q^^^ &c.= o ; 

and this must be true, whatever be the magnitude of u Suppose 
now i to be indefinitely little, then the lines ACE, Ace wUl ap* 
proach indefinitely near to one anpther, and as in this case c\ the 
intersection of the two lines, must be a point in the curve whose 
nature is required, as premised at the beginning of this solution, 
we may consider x and y as the co-ordinates of that curve. 

Remarking now that the terms Pi, Q/*, &c. all vanish, the re- 
lation of X and y will be evidently expressed by the equation 

(iL!^)=,. 

This jnvolves the indeterminate quantity p, but it may be ex- 
terminated by means of the equation 

F (x,y,p) = 0» 
and this don^, the result will be an equation expressing the rela- 
tion of X and,)', the co-ordinate^ of the curve which touches all 
the line* ACE, as required. " , ,1 

' ^ K-2 I^haU 
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^)j z: %p^x =: 



I shall novr apply the retolt of the preceding inYeftigation fo 
^ few particular examples. 

Example i. Fig. ^ j, pU 2. Let AE be a straight line given 
by position, and let an indefinite number of straight lines DC, 
&c. meet it in D, &c. so that perpendiculars DP« &c, drawn to 
dicm at their ifitersectioh With A£, shall f^ass through P^ ^ giveir 
j><9int: it h required to find the nature of the curve ACF that 
touches all these lines. . « 

Let C be the point of contact o( the curve and the straight 
Kne DC. Draw PA perpendicular to AE. Put PA rz a^ 
AB ==:: x^ BC=:^, and AD =r p. The triangles PAD, DBC 
ire manifestly similar, therefore PA : AD : : DB : BC, that 
is,tf I p :: * — p : y, therefore ay = J&a? — j^%icnd 

f{x,y,p)zzp^^px+ay:=:&^ 
hence taking the fluxions, supposing p alone variable', we have 

fd f {x,y, 

\ dp 

therefore j^ == | x, and this vdlue of p being substituted in the 
equation, it becomes Jjr*— ;-f**+ffy=:0} hence we get m* s: 
4«y, from which it appears that the curve is a psurabola having A 
Jar its vertex, AP for its axis, and 4AP for its principal para« 
meter. 

Example Si Suppose an indefinite number of straight lines 
Df a given lepgtb to terminate in two straight lines given by {po- 
sition at right angles to one another. Required the nature of a 
curve that shall toich all these lines. 

Fig. 569 pl« fi« Let AB and AC be the two straight lines given 
by position, and DE any one of the indefinite lines of a given 
length; suppose F the point of cpntact, draw PC- and FM per* 
pendicular to AC and AB. Put AH sr= jf, HE hr y, the line 
DE zz ai let the quantity which we have In the general investi* 
iption denoted by^ be in this caae the angle DEA. Tbd!i AD 
CSS a sin ^, and Qu^xidnp^ therdbre, the equation F i^^y^p) 
-zz. o, b here 

y-^tf sinj^ •+- flf tan p =: o; 
and faence^ taking the fluxions^ p being variable, asd w and y 
constant) 

ix 



— /z co%p + 



C08*y> 



=ro. 



Hence we find xzzza cos' p ; and as AG must be relkted to 
the angle D, exactly as AH is to the angle E, it follows that y=: 



(*-)'. 



and 1 



i sin*/? : therefore cos^j&r=:(^j^ and sin* p = 

{—) + (-^ )^, so that the equation of the 

Example 



n cos*/ + Hvi'p 
curve is x^ + 



/= 
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Ex« 3* L«t ul now Suppose ifaat the curve i$ required which 
ithali touch all the parabolas that can be described by a projectile 
thrown fit>m an^ngine with a given velocity in a given vertical 
plane. Let ACD (fig* 57* pu s.) be any one of these para* 
bolas, HK its axis, AD an ordinate to itt axis, A£ = a the 
the height due to the velocity o( projection. Let AB = x^ and 
BC r: y be the co-ordinates at C any point in the curve. hfS^ 
the parameter of the axis be /r, and considering AD as a functjoa. 
of the parameter^ let it be denoted by ^. ny the theory c€ 
projectiles HK t:i a-^^ \pj 'and by the nature of the parabola 
AH* = /^ X HK and AB X BB :;^ j» X BC ; hence we have 
tliese two eqfiatiom ; 

(i) f;r — *» 21 py^ (a) q^ = 4<^— ^f. 

Therefore, F {x, y* p) =z2 x^ + py-^qxim o, 
and« taking the fluxions, supposing p and q to he the onV 
variable quantities, 

V'" ^i^ ) -ry l[p -''' 

dievefo^e ^ tss:^ : Xow from the first equation we £»dl 

H — - 1—L5 ; and from, the second -^ n — Zl£ consequently 
so p ^P ^ ^ I 

^- . zi — ^H£, and hence ^ — qx zz tap — p*, or, substi^ 

P 9 

tuting for q* its value in the second equation, j^ap — p^ •. — qxzr: 

2ap — JD* ; hence we get qx =r 2flj&, and from thi«, and the first 



** 2ax 



equation, we find p iz -^^ q ss: - — •— - : these valuea of 

*i r 2a — y ^ uu'^y 

p and ^, being substituted in the second equation, and th^ 
common denominator rejected, it becomes 

4^« i^^ =: (8 a* — 4«y — ^') «* ; 
hence we get 4ay 7= 4^* -*- ** 'for the equation of the curve; 
from which it appears to be a parabola having its focus at A. the 
common imersection of all the parabolas ; its axis perpendicular 
to the horizon; and its principal parameter equal to 4^. 
Mr. Phelan sent an answer to this qu€sti(ffu 

' X. QUESTION a8o, by Afr. Cunliffe* 

.1 

Suppose one end of a string fastened to a point in the periphery 
of the base of a right cone whose convex surface is perfectly 
polished ; and suppose the string to be wound three times tight- 
ly about the cone, and the other end thereof brought to a poinc 
in the same right line with the vertex and the first point. Re- 
quired the dimensions of the cone, having given the length oi 

the firing and the distances of the two ends from the vertex. 

Solution 



\ 
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Solution^ ly Mr. Cunliffe, the Proposer. 

A.NALYSia. Let tTie sector ACA'' (fig. 58, pi. 2.) represent 
the expanded surface of the cape ; the points A, B the ends of 
the string;, and AD» D£» £B the place or situation of the 
string upott the surface of the cone. It is known, from the 
principles of mechanics, that when thcstring is at rest stretched 
. upon the smooth sides of the sectorjthen A ADA' r= A CDE, 
and Z. DEA zz CEB. In AD produced take DE' EB' re* 
spectively equal toDE, EB and join CE', C^\ Then in the 
triangles CDE^ CDE; DE' r: DE, by the (construction, and 
/L ADA' = /. CDE' - CDE, by the nature of the problem.; 
therefore the said triangles are equal in evei-v respect, conse- 
quently CE' = CE, Z. CE'r = DEA, and DCE' = DCE. 
Again in the triangles, CE'B', CEB,E'B'=;EB, CE'nCE and 
Z-CE'B' =: DEA by construction and what has been deduced j 
3tnd by the nature of the problem /L DEA 1= CEB, therefore 
the said triangles are equal in all respects ; xronsequently CB' = 
CBand A E'CB' =f Z. ECB ; thcretore Z.DCE' = z DCE -= 
jL E'CB', and consequently Z. ACB' = 3 Z: ACD. Whcace 
the following construction is derived. 

Form the triangle ACB' having the side AB' equal to the 
given length of the string, the side AC equal to the given slant 
side of the cone, and the side CB' equal to the less distance of. 
' the end of the string from the vertex* Then with the centre C 
and radius CA describe tht sector of a circle ACA' having 
/" AC A' rr -yZ ACB ; then the arc AA* which is given, is 
equal to the periphery of the cone's base, from whence the 
diameter itself wIU be readily found. 

It is manifest that the length of the string must not exceed the 
turn of the two distances of the ends from the vertex. 
' The solution would have been equally easy for any given num- 
ber of rounds of the string: For example few 5 rounds, the 
JL ACA must have been made equal to i-^th of a given angle, 

Mr. Pfaelan also sent an answer to ihis question. 

XL QUESTION 281, *yNuMERieus. 

To divide a given number 'into a proposed, number of unequal 
parts (not l^ss than 3), and also into the like number^ of other 
unequal parts, so that the sum of the squares of the latter parts 
shall be equal to the sum of the squares of the former. ' 

For example; Let 150 be divided into 18 unequal numbers, 
and also into 18 other unequal numbers, so that the sum of the 
squares of the the latter 18 numbers shall be equal to the sum of 
the squares of the former 18, 

Solution 
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Solution, by NuMERicu«,.ifAr Proposer. 

F 

I Lemma, Let «, a, b^ r, &c. denote any luinabers ; and Na 

' number to be determined : Then ifN hN — ^-|*N — i-*-M 
— r, &c. 3= « + w -4- a + « + ^ + « i r, &c. the sura of the 
squares will also be equal, ' ' 

Suppose each series to be continued to / terms; 
Then because N+N— a+N— -^4-N— c4-&c, = «+ii+«4-«+3+«-f c+ &c. 
wc have ^N — a — i — r, &c. zz tn + a k- b ^ c &c. and 

r4 = ■ — ■ — ; now it this be substituted for 



N in the equation N* + (N —a)* -^ (»— *rH-(N— r}*&c.=a*+ 
(»4- «)• + (« 4- i)* f- .« + c)*&c. and the expressions aciuallf 
squared, we get the resuU on one side of the equation exactly 
the same as the result on the other, the number of terms on. each 
side being alike; 

To apply this to iheproposed question, we have.» -♦- n •+- ii + 
« + 3 -f- n -^ c he. = 150 ; therefore let' 150 be divided into ji8 
(r: /) unequal parts, 

Supposc-4, 4i, 5, 5|, 6, 6J, 7, 7?, 8, -8F, 9, gj, 10, loj, 11, 
18, i&f , 13, (the sum of their squares being 1383) : 
then II =: 4, and a^ i, ir, &c. will be the differences of 4 and 
4|, 4 and ^, 4 and j' &c« successively, 
or 4. t, 1|, 2, 2\, 3, 3^, 4, 4I, 5, 5f, 6, 6|^ 7, 8, 8^,9, and 

= ifif and subtracting the dr£hrences |, 1, 1 j^ &c. from 12 ^ 
(orN) we have 

i2ii2iiifiif iofio^9*W8|.8i7f7i6i6i 5f 4i4i^ 
the values of N, N — a, N — b, &c. or 18 other numbers whose 
sum =: 1 jo,^nd the sum of their squares = 1383* 

Remark. If », n -f a, » 4- ^, 8cc. are an arithmetical serier^ 
It follows from the nature of such progressions, that the value of 
N will be equal to the greatest term in that series; and N, N — 4S 
N— ^, &c. will give the series it, n+a, n-^-b^ &c. but in a con- 
trary order: In that case however, when the number of terms 
are not less than 6, we may proceed according to the foHowipg . 
example, where k is required to divide the sum 1 + 2 + 3^F4 + 5 + 6 
into 6 other numbers^ so that the sum of their squares shall be =: \ 

Let the 6 numbers be taken in two setts where the diflPerences ' 

are unequal ; suppose 1, 2, 5, and 3, 4, 6 : Then n = 1, ^i^;!, 

3=4, a^d /rr3 (in the first sett); and Nr: =: j^\^ 

from this take the differences 1 and 4, and we have 4I, 3^ alid \ 

the 



' n ( 

the three nwRberg' who^e ram = i -f I + jt and nun of their 
iquarci = i' > fi' + 5'. In the second sett n = 3, 4 = 1,^ = 3, 

ax ^ "V 9 ~F~ 6 
^ — ^ ^5f, and 5 J, 47, 2y arc three num. 

hers whose sum = 3 + 4 4- €, and sum of their squares = 
3' 4- ^* + 6' : therefore ^\, 4I, 4I, 3J, af , ^ ar« 6 numbers 
answering the question. ' 

It is evident that questions of this kind admit of a great va* 
riety of solutions. But answers may be obtained in a manner 
■omewhai different from the above, by means of a magic square 
tenfaining. magic squares \ for it is a piopcrty of such squares 
that the sum of the squares of the numbers in an outward rank 
or column, is afways ecfual to the sum of the squares of tlie num^ 
iiefs in the opposite outward column ; and as this is a property 
I have not found in any author, I shatl subjoin a square 01 tb^ 
iind. 

The annexed iqUarc is a magic 
square conuining magic squares : 
for if the 4 outward ranks are taken 
away, there wilt remain a magic 
square of 36 cells; and when the 
4 outward ranks of that square are 
also omitted, a magic square of 16- 
cells is left. 

Now if we take ibe numbers in any three sides of the three 
squares for one sett of 18 numbers; and the numbers in the three 
opposite sides for another sett of 18 numbers, ^od divide 150 
into one sttt, and also intOanOther sett, proportional to thoM 
ilumbers, the two results will answer the question. 

A Solution was received fram Mr. PHKI.AK. 

XII. QUESTION 282, by L. N. M. C. 

If a hexagon be described about a circl^, or an ellipse, the 
three diagonals drawn through the opposite angular points of the 
f ^rc wilj intersect each other in the same point. Required the 
demonstration ? 

First Solutiok, ly the Proposer. 

Prop. i. Fig. 59, pi. 2. If foup tangents aA, lA, dD,eD, 
he drawn to a circle or conic section, and AD meet the curve in 
mand;r; then the lines fli,c</,,which join the points of contact, ■ 
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and the tangents to the curve at m and p^ when produced, inter* 
sect in the same point Q. 
^ Prop. ii« Fig. 60, pi. 2. If through any fk)int P within a 
circle or conic section, chords mp, nq^ or^ &c. be drawn^ the in* 
tecsections of the tangents «iQ,^Q ; «R, yR, oS^ rS, &c. will 
HbeJn the same straight line. Or if the tangents intersect in a 
straight line, the lines mp^ nq, or^ which join the point;i of con* 
tact will pa^s through the same point P. 

These propositions are so well known togeonietricians that any 
demonstration of them here is unnecessary. See Hamifton^i 
Conic Sections B* V. Prop. 5 and 8 ; and the Repository^' 
Quest. 186. ^ . 

Lat ABCDEF (fig. 61, pi. 2.) be the circumscribing hexagon, 
and a^ by c, d, e^f the points of contact; and let the diagonals 
AD,B£, CF, be drawn to meet the curve in the points m^p\n^ q; 
and o,r', then by Prop i« the chords ab^ ed^ dtnd the tangents at vi 
and />, when produced, meet in the same point Q; also the 
chords bc^fcj and the tangents at n and q^ when produced, meet 
in the same point R; and the chords cd^ df^ and the tangents at o 
and r, when produced meet in the same point S. , But when a 
hexagon as abcdefh inscribed in a circle, or conic section, the 
opposite sides wheH produced intersect in the same straight line ' 
(see Repository, quests 180, and Simson's Conic Sections B.V.); 
therefore the points Q, R, S. or the intersection of the tan- 
gents at the extremities of the chords mp^ nq^ ^r, are in a 
straight line ; therefore by Prop. 11. these chords intersect in the 
same point ; and consequently the diagonals. AD, BE, and CF 
intersect in the same point. * 

A demonstration of this elegant proposition is given by M. 
Carnot in a small work published in i8q6, entitled ^* Un Essai 
sur la Theorie des Transversales. But the discovery of the pro* 
perty he says is due to Brianchon. 

Second Solution, by Mr.V.imiK^^Carlow. 

Let n,^, r, d^e^ f (fig. 62, pi. 2.) be the points where the 
hexagon ABCDEF touches the circle, and let the diagonals FC,' 
AD, be drawn to intersect in P ; then we have to prove that the 
points B, P, E are in a straight line. Let the, lines joining the 
opposite points of contact be drawn so jhat the lines ad^ cf^ may 
intersect in H ; the Iihe& ad^ be in G ; and the lines be^ cf in ]KL ; 
then it is a well known property of the circle, that the points 
H, G and K are m the diagonals FC, AD, and BE respectively, - 
we have therefore only to prove that the points E, P, K are. in a 
straight line, for then the diagonal £B will necessarily pass 
through P. For let qn^ mo and Pp be drawn through P parallel 
to fc, ad^ and be respectively ; then by reason of the parallels, 
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jf : /F : : HP iHaiiam: af; but/F is = aV, therefore qj 
IS zz am. And in the same manner it may be shewn that 
pelt = do. Again, if the tangemsy"F,> CB be produced till 
they meet, they will be- equal, and, therefore, because ^ is 
parallel to/c, (ff will be r= nc. And, for the same reason, am 
vrill be =: doy therefore the parts am^ en, da, pe and fg are equal ; 
and since rE arid' /E are equals ^E t^E ii pe \ fq; therefore 
(because ^K andy K inteisect in* K, and /^P and q? in P) the 
points E, ri K are in a straight Hne. 

This method o£ demonstration will also ^pply to the ellipse, for 
It is easily shewn that the distances am, en, od, tp, txAJg are pro- 
portional to the diameters to which they are respectively paTallel, 
^atid the tangents «E,yE being also proportional to the diameters 
td which they ar^ parallel, et will be to/E as ep tofg, and con- 
sequently the points £, P, I^, B will be in a straight line. In- 
deed the demonstration for the eHipse may be easily inferred 
from that of the circle, by considering the ellipse as the section of 
a cylinder, or a cpne, of which the circle is the base. 

XIII. QUESTION 283, fyJlfnGuNLiFFE. 

To express the «th power of the arc of a circle in terms of 
its sine 3 radius being 1 ? 

\ : SotUTION, i^Mr. LOWRY. 

Let a denote any archf.aBd y its sine; suid put le for the series 
which is the expansion of a". 

Then since » n ^ " we have uzina ax ox because a zz — f- — ^ 

and a =-, we hiaive h = ■ - ., -^ ^ ^i , and --- — ^=1 ^, 

Assume now « = ^« + Ay "^^ 4- B^ •*+* Cy "+^ + &c. ^ 
then since, by the binomial theorem^ 

^[i-^y) ^ 2.4 " 2.4.6 ^ 

by multiplying these series we get 

!!^^^ny^+niA-{^i)y''-^'' +n(B-^iA+i:^)y^+^ 



V,X-f-) ' • — -- • V • — 2.4 

4«(C+|B + i:-3A + ^)y"+^+&c. 
, ^ 2.4 2.4^6/ 

Again taking the fluxion of the Expression for », anid dividing 
by y^ we have 



u 



I 



> 
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J = «y "-'+(«+ a) A/+* +{ii+4)B7*+»:f («+6)Cy''+* + &e. 
and since a ~f~~~L — -.=:y >_?_«« j- ''3 „»-f- ^-S-A «t i ft- 
by multiplying the two series we get 

And by equating tte co-efficients of the like powers pf jf, in the 



two series which express the values of —77 kt and -J^. in .i^fp 

der to make them identical, wc have 



* ^ 2.4.5 • ft-3 ' 
C = i(i±±^ +iJ:l4!LrLi) A+ ^^^-^^b) 

•* * a.4,6-7 2.4.5 Si-3 

D ^ * /iL8i5i7:*?+ ^-3't5(6/>— g) ^ | *'^'<^^~^ W{£!!:::jg^^ 
^^2.4.6.8.9 fi.4.6.7 fi«4»5 ^ 2.3 ' 

&c. &Cb Ate. 

Where the law of continuation is obvious. And these values 
of A, B, C, D, &c. being substituted in the series assumed 
for «, we sMl have tke series for the mh power of a ds required. 

XIV. QUESTION 284,% Mr. CONLiFFE. 

Fkid three nnnibers whose «um shall be a square, and the 
sum of their squares an eighth power ? 

SoltJTioN, hy Mr. Cunlifpe, ike Proposer. 

I shall begin 'with the solution of : the following problem, viz. 
To iiAd three; numbers whose ium shall be a square, and the sum 
of their sqiiards a biquadrate ? 




muiStjMth be squares. 

Put *' +2 Jty-H- ty* =: (ry — x)* =: f * y' — 2ra?y-h«« ; whence 
xny X (r*— a)4-4i'r-+ri); take yz:2(r4-ij ; thenar :=:r» — a; 
whence ;^ + Ay» = (r*^ ~ 2)'-*- «(r + i)* = a square. The last 
expression will be a square when r = — 3 ; but this value would 

1 2 give 
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Ifive one of the numbers negative ; wherefore in order to obtain 
positive numbers, take r zzv — 3, then r*— 2 =1;* — 6^/4-7, 
and r + 1 = t^ — 2 ; whence (r — 2)* + 8 (r + \) ■=. t;+— 
ia»*'4- 58©*— 1161; + 81 = a square = (v»— 6t^— 9)* =: t/*— 

224. 28 
120' + 181;* +'io8t; + 81 ; whence v =: — ^ = — ; r = t/ 

_ 3 =3 i3, ;. = r* - 2 = ^, and y = 2 (r + 1 ) = 3^ = 
180 



therefore we may take x = 119, andy = 180: whence 

the three numbers will be (119)*, 2 X 1 19 X i8o,and 2 x (i8o)*» 
For their- sum is (349)% and the sum of their squares (281)*. • 

Now let each of the said numbers be multiplied by (281)', and 
they will become (119)* X (281)*, 2 X 119 X 180 x (281)*, 
ana 2 X (180)* x (281)*, which are three numbers whose sum is 
a square, viz. (349)^ X (281)% and the sum of their squares 
(281 )«. d.E.J. 

XV. QUESTION 884, iyMECH AMICUS. 

If the ends of a perfectly flexible and inextensible string of a 

givenlength, be fastened at two given points on the surface of a 

'sphere, aiid a small heavy body Ire at' liberty to move freely along 

the string ; required the position of the body when it is at rest on 

tbesurfsicQ.pf ihe spheie? .. 

Sp J-UTIQN, iy M-BCHANicuSjM^ Pr(?^tf^<r. . 

Let A and B (fig. 6a, pi. 2.) be the given points on the surface 
of the sphere, ana C the position of the body when it is at rest. 
Then U is evident tfaat the spring will; form two arqhes of great 
circles AC, BC. Let a vertical plane be drawn through C to 
meet the surface of the sphere in thp great circle PIC, and let a 
plane be drawn through B to meet AC in D : th^n it is evident 
that the body will remain in the same position when the ends of 
the string ACD are fastened to the points A and B« as it would 
do if the ends of the string DBC were fastened to the point's 
D, B. But when the points D, B, to which the ends of the 
thread are fastened, are in a horizontal line; the arch. CI 
will evidently bisect the an^Ie DCB.when the body is at rest, 
and therefore the ang}^ ACB it bisected by the. vertical varcfa- CL 

To find the distances AC, BC, let P be the highest point of 
the sphere^ or the pole of' the horizontal cirole BJ9, and draw the 
arches AP, BP. Then the arch CI will pass through P, and the 
distwices PA, PB will be given. Put AC = *, BC =: r, /. 
ACI - BCI = 2, ^ API := tt, JL BPI = t;, AP = a, PB = h, 
AB zz c, and the length of the striiig =: /, Then by spberigrf 
.trigonometry w^ havf 



in the triangle AFC, sm PC zz ■ . " ■■ • 

** c#$ z cos a fiin ;c — sin a cos * coaii 

and in the triangle BPC, sin PC n ^". '^ "^ . r ' * > 

hence 

sin^jc — sin* a sin*y — sin*i , % 

cos z COS a sm x-sin^z cos x cos t^ cos z c6s h sin^-sin b co%yco%v 

Again in the triangle ACB, we hare cos AC Br: (coir-:^ 
cos X c«s^)-7-(sin x tiny). But since Z.ACB=2Z, cos ACB=: 

* , J .V r cos C -cos X cos V « 

fi cos'z — 1 , and theretore — — ; = = 2 cos'jk -^ i* 

sm 9C smy » 

Now by means of this^equatiosk and remarkiBg that sin u =; 

sin * . - . siny . i- - . j 

-n — sin z and tinv =• . < sm z, we may ehminatez, wano 9 

sm a sin p ^ 

from equation {a) ; and then from the resuldng equation, and th^ 
equation x + y zzz l^ we may determine x and y. ' 

XVI. QUESTION 286, hyJ.B. _ / 

Find the radius of a circle, such that the arch .correspondinj^ 
t* a given versed sine may be a minimum. 

Solution, iy Mr, Lowry# 
Let AB (fig. 64, pi. 2.) be the given versed sine, Q the centre 
of the circle when the arch BEP is a minimum, and draw OP, 
PB. -Let opcb be another sector of a circle similar to PEBO, 
and having i for the radius ; draw pa perpendicular to bc^ and 
put z = the arch PB, a =: AB, u zz the arch peb^^nd x = ah^ 

then by similar figures, ziui: a : x\ or z zz a X — , a mini- 

X 

mum. Taking the fluxion of the variable part of this expres* 
sion, viz. — , we have ux — tf x = o, or x = t^ x -r- . But ;r 

ir 1 — cos 11, and i zz u sinu; therefore,by stibstilution, — ;= 

sin tf, and x = it sin tt; or the versed sine ba Is equal to the arch 
peb^ multiplied by the 3ine ad ; therefore AB x rad. OB =r arch 
BEP X AP. 

The question may be otherwise resolved as follows. Let r zz 
the radius BO, and 1/:= AO, then^ by the property of the circle^ 

/rv ,^ , 

y . ^ av , which is to be a minimum, and consequently 

its fluxion^ taken on the supposition that r and v both vary, must 
be o» Therefore taking (he fluxion according to Uie method of '^ 



^epencing de ciirva xfi curvam^ wc have ^ 



vMr^—V) 



?\ — 



t »* ) 



rf^ r~o. But/ r — ■ , — / — ; . - ^. 

. V Z . TV ^'/ V £\ 

:- ■ ' ' ^ — - ; hence ■ ■ ■ , ^ =t — f \ y/''a_,,«^ r/ 

z=z o. A1«Q r =: a — t;, and \ :=. ^v\ therefore , .4 ~aT '*' 

/ » ^ a \ ' ^ ^^J or by reduction^ r(r + w) =:z v^(^* — ^ )« 

the tame as before. ^^ > ' 

. The satire result may be obtained by the following method. 

Put 9 ~ the angle PB A, n rr a semicircle, or the measure of 
iwo ri^t angles, radius =: 1., and y = PB): Then it appears 

y (« — *-2^) 
fromthe &»d Example^ on pa. 28 of this vol. that ji=; ^^^ ^ • 

andoecause y r: , we have z zz — i r^^ , a mmimtnn, <w 

^ cos 9 acQSip. 

— —- ^ it: a minimum* Therefore, talking fluxions, 

cos*(p cos*({>- ■ . / " 

or ( — n -f 2(p) (cos*(p)' — - 2(p cos*(p = o. 
But (CQS*$)* = -^ a^i sin <p cos JJ ; iherefoire . 

(«i— ^^)siri,«>cos?) — .eos»<p ;=^ Q^.or (n — ^^f j - .-^jj-^ -- jp^ 

' • atchRPi 

and sinoe^ni-ir 2ip==the measure of the angle BQf , =;: ^^^ p^ .* 

wehave'AB X PO ::=-arch BP x AP.asbefci^. • 

To finrf the ^rch whose versed sine is equal to the ajreh multi- 
plied by the sine, radius being 1 , it is easily found by a tew trials 
that thii arch is greater iKai^ 1^ and less tten ig*^ Hence hy' 
prpceeding as in the solution to .question 2^5, we have 

i-og* 133 - «"i2385r6 Log. 134 = 2*127104* 

17581226 17581226 

0*3657290 - ^ 0-36898^212 

. ^.0gvsml33 ^ , 9-86.4^73 Log^.sini3 4^ 9-856^341 

^ . 10^^2298565 , 10^2^59153 

L.vers. sini33* *io*2258255 L. vers. sin. i34* 19*2290845 

— 493*^. . : . 8^68a 

, ; 40310 

Sum 71^93 
71992 : 3i6r&2 r: 1^ : zfi^lnmiY* 
Hence i34*> — 26^^ — 133*33^! = angle BOP diz i/>fi 

ab 

therefore Uie versed sine ha = 1^689037, and BO se ^l^^ " -^^ 

the radius required. g 

Solutions were also received from Me/srs\ Harvey and Phelan. 



( 83 ) 

XVII. QUESTION «87, % MitcliANXC¥S» 

By what force must a body be attracted so that, iti a passinjf 
from one given point to another^ the Une of swiftea^ descent 
may be a ckck? 

-Solution, % Mr. Lowrt, , 

Suppose the bodyto have descended from A to F (fig.6j.x1L9.) 
and put A£ n ^, £F 1= y, arch AF = 2;, and the force soliciting 
the body in the direction of the ordinate EF z: (p. Then it is 
proved in Art. 576 of M'Laurin's Fluxions*^, that " th* Hnc 
of swiftest descent is of such a nature^ that the sine of the angle 
contained by it at any point F and F£, the ordinate perpendicular 
to the horizon^ is always as the velocity of the body that dei 
scends along it at F''. Now when the body descends from rest 
at A^ the velocity at F is 1= sf^f^y% and the sine of the angle that 

the carve makes with FE. at F = r ; therefore ^ r=i \f JSL. 

z z ^ a 

ar z* zz'i^—pr^ , where ^ is a constant quantity. 
' But a* =.v' + i"; therefore y^ + it =: A* rJL. 

or i* (a — ?/^/) = i* i^y) ; and therefore x zz.y y — r v t 

from which equation the nature of the curve may be determined 
when the force is given. But when the nature b£ the curve ui 
^iven, and it is required to find the law of the attracting farce^ at 
m the question; let £ = />/ be the fiuxionary equatioa of 



*» 



the given curve ; then -r = o, and p* = — ^-^^ . 
o / ^ ^ <i "T^ y^ 

therefore %f^y "^ —5-^ — \ and taking fluxions, and dividing l^y 2/, 

we have (p -r ; ^ . -{, — -^ for tlie force required* ' 

Ex. t. When the curve is a circle, as in the: question; 
let c be the centre, and r\he radius ; then, by the nature of tfce 

curve, i z: y - — ; therefore p ~ * - >y':s -^ — ., 



* A neat investigation of this property of the curve of quickest descent is given 
at pag^ 9 of Mr. Woodhouse's ** Treatise on Isaperixnetrical PxoblciuS| an4 tite 
'Calaihtft>f Variations," lately pubJishcd. 
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««^?.= p977 -^ ^r^^' ^ /"=?• *^' forc*^ required. 
Ex. 9. Let the given curve be a parabola whose parameter 

uSLbi then ixizyy^ and yz: |; therefore opp =-^f />^ + i=: 

^ 'T i and (p = ■ , . 7g\a f the force in this, case.- 

Ex. 3. When the given curve is a cycloid. Let r be the 
ladiuft of the generating circle; then, by the nature of the 

curve, x^ y ^ ^rzTy'* therefore p.:^J^^ ppz:~^2 

y '^^* ^:fZIif and <p = -, a constant quantity, 

WhentBe force, instead of acting in Ji parallel diVectien, 1$ 
directed to a fixed point, it appears from Art. 421, Simpson's 
Fluxions, that the line of swiftest descent is a circle when th^ 
attracting force is such, as to make the velocity proportional to 
the sqiiare of the distance of the body from the fixed point. 
Solutions were received by Messrs. Higman and Phelan. 

XVHI. QUESTION 288, iy Amicus. 
If two tangents be drawn from the same point to a given 
curve, it is required to find the position of a third tangent, so 
that the part thereof intercepted between thd tangents may be, a 
minimum. 

Solution, iy Mr. LowRY. 

Fig. 66, pi. 2. Xet AB, AC be two straight lines given by 
position, and let it be required to draw a tangent to a given 
curve wOw, so that the intercepted part PQ may be a minimum. 

Let poq be another tangent, touching the curve at o, a point 
indefinitely near to O, and meeting the other tangent in O^ 
^ With the radii O'P, O^Q and centre O', describe the little arcs 
Ta.Qb ; then pa is the mcrement of PC and qb the decrement 
of QO' ; therefore the increase or decrease of PQ, when re- 
moved to thp position p^, h==pa — gi. But when PQ is a 
minimum it neither increases nor decreases, therefore pa^ — gi 
must be =E o, or pa zz qb. 

Now because -the tangents PQ, jDf are indefinitely near to each 
other, the arcs Pa, Qb are indefinitely small, and therefore the 
little triapgles pdP, qbQ may be considered as rectilineal, and 
right angled at a and 6. Hence, by trigonometry, pa =: Fa --r 
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tan PpO^ tod ^6 s Qii -i- tan Q^6 ; therefore Ptf -f- tan 
PpCy = Qft -f^ tatt %6, or Pa : QH- • PO' • QOO : : taa 
PpO< : tan Qab. 

But iincc the point # is indefinitely near to O, tKe point O' will 
also be indefinitely near to O, and therefore PO ' and QO' will 
approach indefinitely near to an equsflity with PO and QO, and 
the angles O pP, O'jA {Qqb) with the angles OPA, OQA. 
Hence by substituting PO for PO', QO for QO^ OPA fof 
O^pPf and OQA for Q96, in the above analogy, we have 

PO : : QO ; : tan OPA : tan OQA. 
Tberefbie when the tangent PQ is a minimum, it is divided in 
the point of contact into segments which are proportional to the 
tangents of the angles that it makes with the given lines. 

Innumerabie other theorems, relating to tlie maxima et minimat 
may be discoirered in a similar manner. 

For example, (i). Let it be required to draw PQ so* that the 
area APQ (or the space PRSQ^ K and S being given points in 
AB and AC,) may be'a maximum of a i^inlmum. In this case 
the incremental triangle O'j^P is equal to the decremental triangle 
O'yQ. But these triangles are as the rectangles OPO^p, OQ.O^J 
therefore OP.O>=OQ.OY or OP*nOQ*Jbecau8e, ultimatdy 
0>=:0P and O^y = OQ) ; therefore OP :^ OQ. Therefore when 
Abe area PAQ, or the space PRSQ, is a maximum or a minimum, 
the tangent l^Q is bisected in the point of contact. 

(%). Let it be required to ' draw PCi so that the sum of the 
lines AP, AQ may be a maximum or a minimum. In this case 
the increment Pp is equal to the decrement Q9 : but Pp = Pa -s- 
sin O'pP, and Q9 = Q6 ^ sin Q,qh; therefore ?a ~ sia 
0>P=QA-f-si«Q96; 

or, ?a : QA (: : OT : O'Q): : sin O'pP : sin Qjft, 
that is, ukmately, OP : OQ :: sin OPA ; sin OQAf 

Therefore when the sum of the sides is a maximum or a 
mininium, tb^ tangeiit PQ is divided in the point of contact into 
segnients which are proportional to th<^ sipes of the angles which it 
.makes with the giyen lines. 

(3). Let it be required tp draw PQ so that the perimeter of the 
triangle APQ (or KP-hPQ+SQ) may1)e a maximum or a mini- 
mum» In this case the sum of the increments Pp, pa is equal 
to the sum of the decrements Qy, qh» But pa ==: Pa -7- tan 
PpO' = Pa . cot PpO', and Pp^z: Pa -J- sin P;>0'=:Pa • cosec 
PpO', therefore Pp -1^ pa =rra (cot + cosec) PpO'': Also 
9^ = Q^ -f- tan Qqb =xr Qh cot Q,qb, and Q^r — Q4 ^ sin 
Qyft n Q^ cosec (dqb ; therpfore Q^ 4- j^ =z Q6 (cot + cosec) 
Q,qb : therefore 

Pa (cot -4- cosec) VpCy zz Q6 (cot + cosec) Qqb, and 
Pa :Q.b (: : O'P : O'Q) : : (cot + cosec) Qqb: (cot + cosec) PpO^ 
that is, ultimately, OP:OQ:: (cot + cosec)OQS:(cot + cosec)OPR, 
VOL III* rXRT I* m' 
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tt IS obvipus that the peum^eter of th^ irjabgle APQ hn 
maximum when the curve is convex, ^nd 9 mininlum when it 
is concave towards A. Also llP + PQ '+ SQ i^^a maxrmuiti 
when the curye is convex to BS, and a mlninuflin ^faen it in 
co;.)cave to RS? 

JFrom what has been prpvel above we ^e led to the demon* 
stration of t^ foJJowing theorem, whi'ich is one of diose left uw. 
Henionstrated by Dr.Vy^ripg in his ^roprittates Mg^rcdcaruh 
Curmruml 

, Let a polygon PQRSIT, &c. (fig. 67, pi. ^0 .of- any number 
of sideni be iC^tribed about the oval %ure ABCDE,. and let the 
j^ides be divided in the points of cpn,tact, so tbait 

PB : OR : :. (cot 4- cose^> CQJ& : (cot •*• odsefc) APB 
, CQ: CR :: (cot*+ cosec) DR(3 : (cpt 4-€6sec) BQC 

iDR : DS : : (cot + cosec) 'E?f) : (cot + teoscc) CRD 
r ES : ET : : (cpt 4- cosec) ATE : (cot + togec) ESD 
. &,c» . . y &c. . 

Then the periind^r of the polygon PQRST, &c. is less ihkt 
Ihc perinieter of any oth^r polygon of the $m>ft numbicriof sideii 
ihajL can be desprihed about the\curve;,^n4 whose lid^s ai)^ divided 
Sa any other manner. 

, For suppose^ when the perimeter is a ntlnimiiiln, that 'one of 
the sides, as PQ, i;s divided in some other maooer in the point of 
contact B, ahdletyij' be drawn 50 that , 

tp : fiq':: {pot -j- cpsecj ^^C : {4?Qt <+ posec) Ajfi. 
Then, by whiait has been proy«d above, AP -rh pq + ,$C is kk^ 
than AP 4- PQ 4- QC ; thferefore the perimeter ctf the poly'goii 
T27^RST, &c is less tl^ the perimeter TP^RST,&c,(riie least 
ot all by hypothesis), which is absiird.. Therefore tihe perimeter 
cannot be a minimum -whon ]?Q. i$ divided s^rany 0tfaer manner 
than that specified in the proposition.: » Ifiwiay toe proVedin dte 
jsame ^yay }or any other side. 

Cqr. By fompoundir^gthe sfcdve proportions, ^c have 
'PB / CQ X pR X ES gw:. = BQ x €R 4-DS x ET fee. 
Therefore if a polygon PQRST &;c. of any nprnber of sides, 
he describe4 about Uije ov^) Agure iABCDE, ^0 thiat PB ^x CO X 
pR X E§ &c. =: HQ X CR K DS X |ET &ci Ihepisrimeter 
of this polygon is Tp&s than the pe^rimet^ of .any i^thct polygon 
of the same number of ^ides jthat can hp descrihcd aboQt the 
purve. Til is is anpther of JDr. Waring's Thc<H«ms. 

Byawrailar mo4e of investigation we ^nre led \s>i!be discovery 
of several analogous, propo^itioaif Relating to figu|iss4escfibied on 
the Siirfaqe of a f pheare. '. . 

(i.) Let AB, Ac (fig. 68, pi, 2,) be two great circles given by 
position, and niOn a'cfirve of any kin4«*givenby position on the 
forf ace pi a Sphere ; and let it W ie4[ui]!^ tp dx^w the; great fix? 
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cle tangent POQ, to that the mtercepttd arch PQ o^iy be th^ 
greatest or least possible. ^ n 

Let pog be aoothei^ great circle tangent indefinitely near ta 
PQ, and intersecting it in C. About the pole 6' describe tho 
small circles Pa, Q?; then da is the little increment of P0\ 
and 96 th^ little decrement •! O'Q ; therefore the whole varia- 
tion of FQ is = pa — ^6, which in the case of a max, or ai 
min. is = too, or parr ^6. Now the little elementary triangles 



Pfl : QA : : tan 0>P : Un Q7*. 
5\!^ in the spherical sectors PO^a, QO^A, we have 

therefore Pa : Qi : : sin OT : sin O'Q, 
and sin O'P : sin O^Q : : tan 0';^P : tan Qqh. 
Therefore, whim?tely (or when the points o^ O^ O coalesce,)- 
, sin OP : sin OO : : tan OPA : tan OQA. 

(2). Let it be required to draw PQ sp that the sum of tbi^ 
•ides AP, AQ may be a max. or a min. In this case tfaq 
increment Pff- isi equal to the decrement Qq. But ;iP ss 
Ta -7- sin Oy? and Qj =» Qi -7- sin Qqb ; therefore 

Pa -r j^ 0>F =iQT -7- sin Q96, or 
Pa : Qh : : sin O^r t sin Qqb. But it h^s been shewu above 
that Pa : Qb ; ^ sin O'P : sin O'Q, 
)b#pefpre sin Cyp : «» CQ : : si|i C^P : si^.Q^i ; 
that ist ultimately, sin OP : sin OQ : : sin OPA : sin OQA* 

(g). Let it be required to draw PQ so that the perimeter of 
the triangle APQ (or the sum of the arches RP, f Q and SQ) 
may bea maximum or a minimum* In this case ^P -{-pa is =s 
Q^ + y^, B4»t pP + fazszPa (cot + cosec) 0>P, an(l 
Qy m^ qh :=. Qb (cot + ^osec) Qqb ; therefore 
JVwQi («*0T: iiiiO'^Q) :: (cot + cosecjfqpT : (cot + €osec)Q9&^ 
^d, oltimately, 
tin OP : «n OQ : : (cot ^cosec) QplSi ; (cot+cpsfic) OQS. 

(4). Iiet it be required to draw PQ so that the area APQ^ 
or the *S|^ace ^SPQ^ may be a maximum or a minimum, m 
this case the little triangles pO^P, Q0'& are equal, and since 
fO^ and 90^ approach indefinitely near to an equality ^ith 
PQ^ and QO'^, those triangles may b^ considered as isosceles* 
and consequently when they are equal in area, the sides O'^P^ 
O'Q will be equal, or OP s= OQ ; hence thfe tangent PQ iift 
bisected ih O. 



aiw ■! ■<•■«■■ ^■^ai^mm^^^m^mmmmmmmmmr^mmmmttitmm 



f 8^ Vincc*« Trigonoinetff, istcdiuoni Art. a78. 

M S 



f 88 ) 

Proxn wktl has been demonstrated the truth of the followinj^ 
theorems i^ obvious. 

, 1 » Let a great circle polygon of any number of sides be described 
jibout a curve on the surface of a sphere, so that all the sides 
may be bisected in the points of comact. Then the area of this 
|)oIygon will be Jess than thelarea of any other polygon, of the 
same number of sides, that can be described about the curve, 
and whose sides are divided in any other manner at the points of 
contact. 

2.Letagreat circle polygon PQRST&c. of any number of 
sides be described about a curve on the surface of a sphere,, 
touching it in the points A9 B, Cf D, E, &c. and let the sides 
be divided at the points of contact so that 

sin PB : sin BQ :: (cot+cosec) COB : (cot+cosec) APB 
^ sm CQ : sin CR :: (cot+cosec) DRC : (cot+cosec) BQC ' 

sin DR : sin DS :: (cot + cosec) ESD : (cot + fcoseci CRD 

sin ES : sin ET :: (cot f cosec) ATE : (cot+cosec) ESD 
&c. &c. 

Then the perimeter of this polygon is less than the perimeter 
of any other polygon of the same number of sides that can be 
described about the curve, and^ whose sides are divided in any 
other manner at the points of- contact. 

In this case sin rB x sin CQ X sin DR X sin ^CS &c. = 
sin BQ X sin CR x siii DS x sin ET &c. 
^ The problem, in the question, may also be resolved as follows : 

Draw OE (fig. 66, pi. si,) parallel to AC, and put AE ~ x, 

ft 

£0 = y, £P 1= t; = — y 7 and c =: the cosine of PAQ; then, 
when PQ is a minimum, we have . * 

»:;c +t/::PO=:v^ (i;*+y*— 2fi/y) : PQ=^^|/ (»H-/— aci;/). 
Take the fluxion of this expression,suppoiing v to be constant,then 

Therefore, by reduction, v* {v — cy) = jry : (y ~ cy ) , 
or, >:ar::(y — ci/)y ;(4; — fy)v :: - ^ ; . ^' .' ,' 

But ^^— is the tangent of OPA, and ^ ^ the tangent of 

POE or OQA; therefore OP : 0Q(:: i; : ;tj:: tan OPA : 
tan OQA» as before. 
Again, when the area is^a maximum or a minimum, 
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a max. or a min. Take the fluxion^ sapposing v constant^ and 
we have 

-=^(jf+r)i+(Af+t;) -= 0^ or ^ — =: — Vti^o; therefore *+«rc= 
V V ft y 

8P9 -or 9r= tfy aft before. 
Again, when the sum of AP» PQ is amaxhnum or a minimum, 

we havxr A? + PQ = » + ar + ? . ^^ + *\ Take the tuxion, 

supposing i; constant, then i^y \ } + y -=:^, 

» + *' ^ .u ^ {» + *)y , i , 

or—- — =: — f; therefore^ — T:;r^=^ — V 7 = r/, oro'ssAry; 
»+y J' »H-y / ^* 

hence » : « : : y : i; : : sin OPA : sin POE { = OQ A). 

The problem may be resolved in the same manner when any. 

function whatever of the lines AP, AR, PQ is to be a maximum 

or a minimum. 

A solution to this question was ttcntftifrom Zeno. 

XIX. QUESTION 289, ftyS.L'H. 

Draw a straight line through a given point to meet .a given 
curve PZQ, in the points P and Q, so that either the line PQ,- 
the arch PZQ, or the area PZQP may be a minimum* 

« 

Solution, ^^Afr.LowRY. 

Fig. 69, p!. 2. Let O be the given point, PQ the required 
line, and let PB and QC be tangents to the curve at P and Q. 
Draw p/7 indefinitely near to PQ, and with the radii OP, OQ 
and centre O, describe the arcs Pa, Qft. Then, i( appears 
from the solution to the preceding question, that, when PQ is a 
minimum, the increment ^<s is equal to the decrement qh. And 
since ^ is indefinitely- near to PQ, the little triangles ;paP, ^Q6 
may be considered as rectilineal and right angled at a and bx 
therefore since pa ac Pa -r tan OpP and y6 =: Q6 -r* tan Qyi, 
we have 

Pa : QJ {: : OP : OQ): : tan OpP : tan Q96. 
But the angles 0;;P, Q9& (O9A) are ultimately equal to the 
angles OPB, OQC ; therefore 

OT : OQ u tan OPB : tan OQC. 

Again, when the arch PZQ is a minimum, the increment Pp 
is equal to the decrement Qf. But pP = Pa -r sin OpP and 
Qy =r Q6 -f^ sin Q96, therefore 

Pa : Qi (: : OP : OQ):: sin apP : sin Q^*, . 
that is, ultimately, OP : OQ :: sin OPB : sin OQC. 
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Again, ^hen tke area PZQP is a mmimurtj, the incrcihetitat 
triangle OPp is equal to the decremental triangle OQq ; arid it 
is shewn in the very same maniier a$ in the procediag sp^u^iojtt 
that this will be the ca%e when QP is :r to OQ, therefore whett 
the area is a minimum PQ is bisected in O^ 

Ftom what has been proved iti this ^ndtiftekit sakiUooi, the 
truth of the following general theorems is obvious* 

List i^ZQ and mOn <fig. 70, pi- 2^) h^ iwo eutve* given by 
position, and let the straight line PQ touch the curve mOn 
at O, and meet the other given cvirVe in P and Q, «nd kt th» 
angles which it makes with the. curve (or the tangents; at these 
points, be denoted by P and Q : Then 
J St. The lint PQ is a minimum when 

OP : OQ : : tan P : tan Q. 
ftd# The arch PZQ is a maxidium or/dnnini^am when 

OP:OQ ;; sinPrsiaQ, 
3d. The area PZQP is a maximum or a minimM» whtSk 

OP in equal to OQ. 
4th. The perimeter PZQP is a maximum or a minimum when 

OP : OQ : : (cot -h cosec) Q : (cot -h cosec;) P. 
These propositions are also true when the figures are described 
0R the surface of a sphere^: the tines of the arc^s being usediiiitead 
of Ae lines PO and QO, 

This solution, as far as it relates to the protilem in the qii08iiQa» 
is not materially different from one given by 15. L'Huilier, in his 
Principiorum Calciili Differentialis et Int^gralis Expositio Ele- 
mentaris, p.p. 269, 270. Ex. 6, 7, 8. His solution is as 
follows: 

1st. When the area FZQ is a,i»iijimnjm* (Fig. 7l» pit. « J 
Let XX', Yy be two right lines dijawn-^ ^at the two c^# 
responding areas XZX', YZY' may be equal. Then btcmf^ 
XZX^ =5= YZY'', *if the common s<;giE^nt Y^X^be j^kenanrafT 
there will remain XOY x: X^OY". With tjbe centre 0,a»i 
iwUi OY^ OX^ describe the arps Yy, Xfu^^ Then iieaMMt 
XOY»:X'OYV 

or XOY s XOY' sr 1 : j 

lim. XOY : lim. XOY' = 1:1 

but lim, XOY : lim. YO^c =r 1 ; 1 

lim. YOuc-: X'O/ aOP*:OQ* 

lim. X'0.y' : X'OY' zc i : 1 

theuefore liip. XOY : X'OY'' = OP* : C)Q«. ' 
Therefore when the area ia a 0i]|i]i|Ctvi9, OP is ==: QQ» 
f^d. When the line PQ is a miniwun, (Fig. 7s» pi, 2.) 
Let PT and QT'' be tangents to the; curve at P^nd Q, m^ 
let Y Y' =: XX^ Then bemuse XX^^ XY\ X^h = xV 
.and lim. Xff ; Y^: -^i : i . 
also lim. Xx :' Yfc =;f i : tan OPT 
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Vim. Yx : Xy= OP:0Q 
lira. Xy : Yy n: tan OQ'P: i 
Therefore Urn. Kx ; Yy' n OP tan OQT ; OQ tan OPT, 
Til^«fore when PQ is a minimom, 

OP : OQ ~ tan OPT ; tan OQT'. 
Ad. When tbe arch PZQ rs a minimum. (Fig. 71. pi- a.) 
JLet Ac arcs XZX', YZY be equal, then XY := X Y^ 
and Km. XY:XT'- tix 
^Itt) lim. XY ; Ya: -%: sin OPT 
iim. Yx : XV = OP : OQ 
lim. XV' : X^'- sin OQT' r 1. 
Thertfore Iim. XY r X'Y' = OP sin OQr : OQ sin OPT* 
-Therefore when the arch PZQ is a minimum, , 

OP : OQ J : sin OPT : Bin OQT , ^ 
Zeno also stnt a solution to this question. 

XX. PRIZE QUESTION 290, by Mr. Wallace, R. M. 

, College, 

If, the intersection of two straight lines which contain a given 
angle be upon a straight line given by position, and johe of them 
yass through a given point; what is thi^ nature of the curv^ tQ 
which the other line is a normal. 

First Solution, ly Mr.''WALtAQi,,tke'Proposer. 

This question is only a particular case of tbefoliowing general 
pfpblenu ^ . 

Tojftnda curve of suck a nature that the part qf the axis inm 
Uf^p4Hl l>etwe€n a given point and the Jtormalis equal iouny 
function p/th^ Angle vJiicn it makes with the normal, ' . 

I friiall give two diifercnt solutions of this problem, 

SkiLUiFiON F^R$T. Let PCQ(fig. 72, pi. 2,) be the curvi^ 
^boae iHHUriS is sought, AB its axis, in wnich A is the given 
point. 'I^t C£, C-^' be any two positions of the normal, ini> 
cl^ttely Bear to oneaaothep; draw £e perpendicular to C£; 
Put ^e axigle £ r= ^, the line A£ =: 4>» this symbol being put 
to denote some function of (p, and the normal £C z= v. Then 
EE< == i^, arid l£/e = dw. In the ri^t angled triangle ££V, 
PE' : 'E/e .: : i r cos £', that is, d^ i dv :: cos (p, therefore, 
jlv zn cos ^d^i'^nd v zzf cos (pd^. This equation expresses 
ihe relation between the normal and the angle it makes with the 
axis. 3ut wermay deduce from it an equation which $haU ex« 
press the retaticm oetyireen AD rs: or, ^nd DC ^szy^ rectangular 
co-ordinates of the ourye. For since yzzzv sin <p, and <b-^x;s, 
y cos <lfy therefore, 

xn^ — cos^ X /cosjprf^-; y*±rsin^ xfco%^i^i 
l^y extefmins^iog, yrfaen u is pOftsfMe^ f fromthese two e^<iation$i 
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an equation will be founds expressing the relation betweea 
ar and y. 

To apply the general solution to the particular question under 
consideration, let us suppose that in fig. 73, pi. 2, AB is the 
straight line given by position, H the given point, and HJ^C the 
given angle, EC being the normal to the curve PQ. DrawHA 
perpendicular to AB. put HA = 6, the given angle E s «, and 
assuming A as the given point, let AD=x, DCrrjy, and EC 
z=Vy as in the general solution ; then the angle HEArrot — (p, and 

AEzz--^ — ^ ; thercf. *rr . / ^^, , and </0= ■ . ^ - . > 

and cos (p (f $ r: -r- rr-^ -\- Now cos (p=: cos a cos f«— ^)+ 
; ^ ' sin •{« — (p) T ^ ^' 

sin a sin (a — f)^ therefore, ■. 

6 cos (pdp ^_[^ b cos a c os (« — ^) J^ ft sin aJf 

•sin^(«— ^) *"** *^^ stir'(a — ?).. am 1* — $)* . 

and, integrating, we get 

/' f 6 cos -45 » ^ , j^ 

cos (pa *= ; :rr — ^ sin x x log. tan i {« — $1 fC# 

this equation determines the normal v, corresponding to any 
point E in the axis, and if we substitute in it the values of rr, sin(at- — <p), 
and t^ ^ (»'^-T (p), wbich maybe de4uced from the two ei^uations 

^ cos (a — (p) 
y =; ?;^ sm ?, — r— 7 -~ — x zz v cos ip, . 

\^e ^hall have an equation expressing the i^elation between the 
"co-ordinates x and y. 

The expression for the normal may be considerably simplified 
by referring the curve to a diflfcrent axis : For draw He perpen* 
dicular to Cfi, and through e draw Ae/S. Then it is evident that 
the point H, A, e, E are m the circumference of a circle ; hence 
the angle B A|S is equal to EHe, which is the complcfment of a 
giv6h angle ; therefore t|ie angle B A3 is given > 'and the line Afi 
IS given hv position, and may be taken as an axis to the eurve* 

Now riA ; Es ::' sin HEA : cos HEs, that is b : lEe : t 

sin (« — (p) : €os a, tterefore Es= ^Jjf^-IT^)- ^^ us now 
»at v^ for the normal Cs referred to the axis A^, and p^ for the 




we get: 

ty' r= 6 sin «. x log tan (45° + | (p') 4-'C, 
an equation which is .more simple than the formeri Since it 
appears that the lin^ H« which is perpendicular toZC alirays 
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intersect it in A^, a line given by position, wtiich we have assum- 
ed as a new axis to the curve, it follows that whatever be the 
magnitude of the given angle a, we need only consider the case 
in which it is a right angle, every other one being reducible 
to this. 

Second Solution. We may also resolve the general 
problem by the theory of Evclutes and Involutes^ for we caa 
always determine by the direct method of fluxions, a curve to 
which the normal shall be a tangent, as is shewn in the solution 
of question_279. If therefore in any particular case a curve 
which touches all the normals be found, then, any curve which 
is the involute of that curve, that is, which is generated by the 
extremity of a thread evolved from it, will manifestly be a curve 
of the nature required. 

If we suppose that in the question we have just now resolved, 
the given angle is a right angle, to which case every other is 
reducible, then, the curve which touches the normal in every 
position is a parabola as has been shewn in the first example of 
the second solution of question 279. Therefore the curve whose 
nature is sought is in every case the involute of a parabola; 

Second Solution, 6y Afr. Lowry. 

Let P (fig. 74, pi. «,) be the given point, BA the straight 
line given by position, PGD the given angle, and FD the 
curve to which DG is a normal. Draw PC pei^endicular to 
DO, and PB to AB, and join BC ; then because of the right 
angles PBG, PCG, the points P, B, C, G are in the circum- 
ference of the same circle, and therefore the angle PBH is 
equal to the given angle F GC. Therefore the straight line HC, 
which passes through a given point B, and makes a given angle 
with a straight line PB given by position, is given by position ; 
andifPH be drawn perpendicular to HC, H will be a given 
point. Let .this point be taken for the origin of the abscissa HE, 
the line HC being considered as the axis of the curve ; and 

put X = HE» y = ED, a = HC, and i = PH ; then the 

• 

=: a — X, therefore 



subnormal EC is 



^, but EC is also 

X 



a—- a? 



yy 



Again, because the angle PCH is the com- 

plement of the angle ECD, the right-angled triangles ECD, PCH 
are similar ; therefore i ; a : : a — x : y, or by zz a{a — x);' 

and by completing the square, we have a = -+ ▼ (t — ^y^j * 

yy 

this value being substituted for a^ in the equation a — ^ ^ -j» 
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we have, after proper reduction, bx^ — xyi — yy^ = o, for the 
Buxionary equation of the curve. 

To integrate this equation, let it be put under the form 

A — a? 4 — y T^ = o, and let *? =i p\ then by substitution, 

X ^ X^ X 

b — xp — yp^ z= o, or;^ = -i— ^ : taking the fluxion, and put- 

ting for y its equal px, we have 
• * 

therefore x zz / . xp — -r. or if Pz: . . a »^^Q=T'; — V% 

P^^rf^ ^ P*^-p' P "^P P -^P 

. then X =: Vxp — Qp, which equation (being of the same form) 
may be integrated in the same manner as that on page 40 of this 
volume, or page 84, vol. 2. Then we shall have x in ternw of 
p^ or p in terms ot x, and then the relation of x and y may be 
determined by integrating the equation y =. xf(x)* But since 
these integrations are likely to lead to complicated expressions, 
let us try if a sim.pler result can be obtained by seeking the re- 
lation between the normal CD, and the angle that it makes with 
the axis C H. For this purpose let CD be denoted by 2, and the 
angle HCD by(p; then y =z z sin <p, EC = a cos 9, AC = 

b tan 9i a? =: ^ tan (p — z cos <p, ^ = i sin (p + 2 cos (p(p, and x = 
' — ?— — z cosip + zsinM ; therefore EC =: it cos $ = ^ = 

cos (p r • TT » ^ x 

r""vl pr-^ T- — : ^~^Jf orzsm*(p+2Cos(psin(p<p 

^OfTCosf — 2;cosy+zsm(p(p^ ^ r rr 

b^ 



'cos(p 



— ^i cos '(p + 2 cos 9 sin^ ; therefore z (sin*^4-cos*(p) zi 



bcp 



I -J 

, or (because sin *(p + gos *(p = 1), z zi — — : and taking: 
cos^' ^ ^ * ^ "^ ;» cos>(p ^ 

the fluent, we have z zz b X log. tan (45*^ + |(p) + c, for the 
equation of the curve sought. 

As another problem of this kind, let it be proposed to find 
the nature of the curve, that shall cut at right angles all the tan^ 
gents that can be drawn to a given curve. 

Let IB and BA (fig. 75, pi. 2,) be the co-ordinates of the 
given curve lA, and GE, ED those of the curve sought, and 
put GI = m, IB = fl, BA zz b, GE = x, ED = y, and the 
subtangent CB =: c (a function of a and b determinable from 
the equation oi the curve) ; then by similar triangles 
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i :c :: y : EC =: -r, but the subnormal EC is = —-, therefore 

'1 — ylox'^ — y ril 

b — x' ""' b — x\ f'' 

also X = m -^ a <^ — c .., (2) 

♦ 
and eliminating 6 and c from equation (1), by means of equa- 
tion (2) and the given equation of the curve, we shall have the 
fluxionary equation of the curve sought. 

Let, for example, the curve GIA be the common parabola, 
having its vertex at G, and parameter zr 2p ; then a = GB, 
b z= BAi and ^ = o. And by the property of the curve, 
a^ =1 4/^i, and CB zz c :=: \ a ; 

therefore 7-11 -?, and x :=. a ^ — i-azzl a ^ ; 

a a a * * a 

hence, by completing the square, 

therefore 2px =: y {x -}- */ (x* + 4/7)) ; and by reductiou 
px* — x}x — y}^ = o, the same equation as in the last problem. 
The curve DF is evidently the involute of the curve GIA ; 
therefore the curve required by the question is the involute of ' 
the common parabola, H being the vertex, and P the focus 
(fig. 74, pi. 2.) . 

Again, let the given curve be the semicubical parabola of 
which the equation is a' = |-J-p6*; then the subtangent EC 

is zz ^a, and therefore r- zz 4 \—; hence*z:?w + a — - </2^ 



— |fl=z=OT-l-ifl — |v/ ^; orifm = i/^, 

— , from whence we get a zr: ^x ; 

therefortf = 1 4/ 2£ = x^^z:-4, and-^ +^ ^-y\ and 
b V a V X X */x 2 "^ ' 

taking the fluent, we have ^ p ^ ^ x zizy, or px z= y', an 
equation to the common parabola. 

Innumerable problems of the same kind may be resolved in a 
similar manner, for lety (;if, y, a] zz o, be an equation to a straight 
line (or a curve), a being an arbitrary quantity, and let it be re- 
quired to find the nature of the curve to which this line is a 
normal. Then because the distance EC, or the subnormal, may 
be always expressed in terms of x,jf and a, we shall have a func- 

tion of [x, V, a) = ^, and if the arbitrary quantity a be elimJ- 
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nated (when It is possible) from this equition, hy means of the 
equationyfjr, ^> a] = o, we shall have the fluxionary equation 
of the curve sought. 

Mr. W. Wallace is requested to send to Mr. Glendin^ 
N 1 N G*$/0r the Medal for solving the Prize Question. . 



Having a little spare room we shall insert a solution to the i 
S45th question, which we have received from one of our cor- \ 
respondents^ and which is rather different from any of those in 
the last number. 

The question was '^ to find the fourth root of — a." 

Solution, ftjf Z. 

Let X be the root required. Then ** = — «• or x* + fl = o; 
and adding %x^ t/ axo both sides of the equation' so as to make 
the first side a complete square, we have ^ -H 2** tJ a -^^ n — 

fia:* y/ a, and extracting the root, *'-f^ \/ fl=:ip xa^ • 2; 

or a?^ ip xa\ \/ 2 =: — »/ a. Again, completing the square, 

af i xa^ y/ ^ -\- \ */ a-=z — "2 -/ /i, and extracting the root 

x + ai ^ I = ±ah x^'. or * = + «i ( ' ^ ^ ~ -). 
the root required. 
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NOTICES, 

I. Mathematical Works lately published* 

A Third volume of Dr, Hutton's Course of Mathematics, 
for the use of the Royal Military Academy. Thisvolume con- 
tains additions to some of the subjects treated of in the two 
former volumes ; also such other new branches as appear best 
adapted to promote scientific education. 

A Treatise on Isoperimetrical Problems and the Calculation of 
Variations. By Robert Woodhouse, A.M.'F.R.S. 

ThePrinciples of Fluxions. By William Dealtry, M.A» 
Professor of Mathematics in the East India College. 

The Philosophical Transactions of the Royal Society of 
London, for 1810. The Mathematical papers contained in this 
volume are, 1. Observations on Atmospherical Refraction, as it 
affects Astronomical Observations. By Mr. Groombridge. 
— 2. On the Annual Parallax of a Lyrae. By Dr, Brinkley. 
— 3. Supplement td the first and second pan of the paper of 
experiments, for investigating the cause of coloured concentric 
rings between object-glasses, and other appearances of a similar 
nature. By Dr. Herschell. 

An Account of the Trigonometrical Survey, carried on by 
order of the Master-General- of his Majesty's ordnance, in the 
years 1800, i, 2, 3, 4, 5, 6, 7, and 8. By Lieut. Col. MuoGE* 
oi the Royal Arttilery. F.R.S. and Capt. Tho. Colby, of 
the Royal Engineers. Vol. 3. 410. 2I. ss. ^ 

The Cambridge Problems, being a collection of tlie printed 
questions proposed to the candidates for the degree ot Bachelor 
of Arts at the general examinations, from the year 1801 to the 
year 1810 inclusive. By a Graduate of the University. 6s. 

Six Lectures on the Elements of Plane Trigonometry : with 
the m.ethod of computing Tables - of Natural and Logarithmic 
Sines, Cosines, Tangents, &c. By the Rev. B. Bridge, 
Professox of Mathematics in the East India College. 

An Introduction to the Theory and Practice of Mechanical, 
for the use of schools. By W. Mar rat. 8vo. 

The System of Mathematical Education at the Royal Naval 
College, Portsmouth. Part I. By James Inman, A. M. 
Professor, Royal Naval College. 8vo. 4s. 

The Elements ol Linear Perspective, designed for the use of 
Students in the University. By D. Cresswell, A.M. Fellow 
of Trinity College, Cambridge. 

New Principles of Linear Perspective, or the art of designing 
on a plane the representation of all sorts of objects, in a more 
general and simple method than has been hitherto done. By 
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l>r* Brook Taylor, L.L.D. and R.S.S. A new edition 
wtlh a portrait and life of the Author. 8vo. 14s. 

Lectures on the Elements of Algebra : designed for the Use 
of Students blF the Eaiit tntlia Coll^gt^i Second edition. By- 
Rev. B. Bridge, Professor of Mathematics in the Bast India 
College. 8vo. ys, 

A compendious and practical Treatise on ttie Construction, 
properties, and Analogies 6f the three Conic Sections; JBy tne 
Rev. fi. Bridge. 8vo. 5s. 

Elements of Geometrical Analysis, and Plane Trigonometry, 
with an appendix, notes, and illustrations. By John L.£.sli£| 
Professor of Mathematics in the University of Edinburgh.. 8vo, 
Secontl edition. 

A Treatise on the Equilibrium pf Arches, in which the theory 
16 demonstrated upon familiar and mathematical prii^ciples. Also 
the method of iRnding the drift and shoot of the arch. By Jos. 
GwiLT, Architect. 6s. 

II. Mathematical Works in ihe,Press» 

An Elcmtentary Investigation of the Powers and Properties 
l^f Numbers, with their Appiicaltion to the Theory of Arithmetic^ 
the Indeterminate and DiophantineAnAlysts» the Division of tiie 
Circfe, &ct By Mr. Barlow, of the Royal Military Aca- 
demy Woolwich. 

A General History of Mathematics, from the earliest ages to 
ihev close of the 18th cteniury, in three octavo Volunies* By 
Michael Fryer, Secretary to the Bristol Philosophical 
Sotiisty. 

An Eieinentary Tieaitiseon Afttronomy. By Rob ert Woo ii» 
HbuSE, A.M. F.RtSi 

IIL Foreign Bdoks iatehf imp^rt^. 

Traite Elementaire des Machines, pair HACHEtTE, 4to. 
|)late8, at 12s. '6d. 

Memoire silt la Projection des Cartes t3^ographique$,|par iV!», 
Henrt, 4to. il. IS. 

Tables Barometriques iPortatives, par Bio t, 8vo. 4s. 

Siatiques des Voutes, contenant I'Essai d'une nou^^elle 
Theorie de la poussee, parBERARD^ 4to. ]|C)lates, 15s. 

Connoissance des Terns ou des Mouvemens Celestes, for 
l8o9» 1810, 1811, and 1812, at 14$. each. 

Journal deTEcole Poly technique, 4to. No. 16, 14^.; ditto, 
Nq. 13* 148.; ditto. No. 14, il. is.; ditto^ No. 1^, 14s. 

Historic de TAstrohomie depuis 17IB1, jusqu*a iBii, jpour 

tervir de siiite a THistorie de rAstronomie de fi^A'y, .far M« 

Voiron, 4to. il. los, 

k 
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Tables Astronomiques publiees par le Ba^-^p 4^ ^opgitudet 
de France, 410. 1 89* 

Tb^se. de Mecanique, soute^ue le 9 ^ai, i8|i| Levant I^ 
Faculte des Sciences de Paris, suivie d]x PrpgramRi^ dp I4 TUesp 
d'Astronoraie, par Pierre-MaJ^iP Boyijipoi^, 4to. 55. 

Introduction 4 ia Philosophie des MathematjqueSy e( Tecbnie 

^c rAlgoritbmie, par M. Hoene de Wronski, 410. il. 8s. 

Math6matique8 Pares, Cours Complet, par Franc(£UR| 
s vol. 8vo. iL los. 

jy. JOURNAL DE L'ECOLE POLYTECHNIQUE. 

jI Brief Account of the Memoirs and other Articles relating to 
Mathematics contained in the Journal de L'Ecol^ 
PoLYTECHNiQUE, pullishcd by the Council of Instruction 
of that Establishment. 

The Polytechnic School, at first denominated the Central School 
.of public works, was instituted Jpy the French National Conveff- 
tion^ in the second year of the Republic (1794^ for the instruction 
of youth in the mathematical and physical sciences, pr^vioifs to 
their being admitted into the schools p{ application of public 
service. The constitution of the school b^^ beer^ repeatedly 
changed j it however ^ill exists, and evef since its e^tablisb- 
ment has been under the direction of the most distinguished 
. cultivators of science in France* The work entitled *' Tl^e 
Journal of the S^liool" has beep published at different intervals 
m cfihiers or members, and the i^ih has lately come to £n|^la|(^« 
They contain the decrees of the French government relative to 
the constitution of the school, tl^e pW^ of the different ^oprsfs 
of instruction, and memoirs by the professors/ and ip sofois ir^- 
l^tapces by the former eleves of the school pn various bf^^cl^s 
of pure and mixed Mathematics, Fortificatioq, the |irts of Pf- 
s^ga» Chemistry, the Belles Letter^^ ^c. As an eaum^^ion 
of those relating to mathematics cannot but be ioteref tin|^ to {be 
readers of the 3£pository» we proceed to givp thpar t^lef in 
their order* 

Cahier I, co;BmeQA:es with an article jemitle4 SlfifSptom^^ 
hy MoNGE, givij[]g an account of this branch of instructiop, 
ibe manner ot teaching it, and the oj>crations performed by i^e 
eUves. This is ibllowed by similar articles on /Civil i4^9^i« 
teaure, byiLA^iBi^AEOiEand 3ai^tarj>; on Forti^fatiQ^, b/ 
X>ob;&HHJ£4m; and op, Design, by Nj&y^ji;. Ne^ fp)lo¥VS 
ji Course of Ans^lysis applied to Mechanijcs^ ^y P^Lpif y^ 4^vi4ed 
j^to lessoof • }^essQn ^st gives general nptjions 9^ 'u^ii<^iJ^mi^^ 
wa)ysiSf I^esson ad treats of equatixH>s contai^j^g t\y^ yafji4)le 

O s 
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ablcs, and gives lan application to curve surfaces. Lesson 4tk 
treats of first difterences of functions, and gives an introduction 
to the method of tangents, with applications. Lesson 5th 
treats of first partial differences. Lesson 6th contains the nota- 
tion of differences of aH orders. After some^ articles relating to 
general physics, &c. the Cahier ct)nclndes with a memoir on the 
determination of shades in designs. This subject is discussed 
.under two heads OP questions :—j2«<e^^ i. To find the law of 
the variation of the apparent intensity of light upon any given 
surface. Quest. 2. In imitating the form of a body, by painting, 
and knowing the law of the variation of the apparent intensity of 
light at its surface, to observe strictly this law in the picture. 
The problem which is the object of this memoir was resolved 
jointly by several eUves of the school. 

Cahier II, contains; — 1. The continuation of Front's 
Lessons, viz. No. 7. Of the general relations of differences, in- 
dependent of any particular relations of the variables. No. 8. 
Formulae for calculating the differences of algebraic functions 
of a single variable. No. 9. Of the differences of transcend- 
ental functions of one variable. No. 10. gives demonstrations 
of the formulae for the differences of logarithmic and exponen- 
tial functions. No. 11. Demonstrations of the formulae for 
trigonometrical lines in terms of the arcs. No. 12. Continu- 
ation of the subject of lesson 9th. No. 1 3. Formulae of the 
differences of the functions of several variables, and an exposi- 
tion of some properties of series deduced from the preceding 
theory. — 2. An experimental and analytical essay on the laws 
of the dilatability of elastic fluids, and on the expansive force 
of the vapdurs of water and alcohol at different temperatures, 
by Prony. — 3. Two articles,' viz. 5^tfrt-(?/^;7?tV, in continuation 
of that in the first Cahier ; and analysis applied to geometry, 
bothby Mot^GE, — ^. Notice of an elementary course of ana- 
lysis, by La, Grange. 

Cahier III, contains: — 1. Continuation of Prony's 

Xiesson's of Analysis, viz. No. 14, Considerations on theprin* 

' ciples of the inverse method of differences. No. 15. Distinction 

between integrals and the sums of functions. Integration and 

• summation of the powers of one variable. Of the determination 

• and use of arbitrary constant quantities. No. 16. Integration 
and summation of functions composed of factors in arithmetical 
progression, with an application to series of figurate num- 
bers. No. 17. Application of the method of indeterminate co- 
efficients to the integration of rational fuhctions. No. 1 8. Sum- 
mation of products, one by one, two by two, &c. of a series 
of quantities increasing by equal intervals. No. 19. IntergaU 
and sums of different orders. No. 20. Reciprocal transforma- 

"i lions of imaginary transcendcntals into real transpcndentals, ThQ 
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general term o! double factors which produce imaginary quan- 
tities. Determinarion of the factors of x* + ^*' Cotesian 
theorem. Values ot the powers of a cosine or sine in terms of 

the sine and cosine of multiple arcs. Developement of x^ — r* 
into a logarithmic series. Trigonometrical researches, by Lam- 
bert. ' No. 21. Introduction to the iniegratiou of linear equa- 
tions of all orders. Application of Newton's differential me- 
thod to the determination of the constant quantities with the 
condition of satisfying a certain number of observations or given 
values. Method ol interpolation. Addition to No. 13. Dif- 
ferences of any order. , Of the product of an exponential quan- 
tity by a variable. No. 22. The complete integration of linear 
equations, when the second member is equal to o. General 
property of recurring series. 

Cahier IV. Continuation of Prony's Lessons, viz. 
No. 23. On recurring series considered as resulting from the 
developement of rational fractions. Agreement' of the theory 
which results from this consideration, with that deduced from 
the integral calculus. General properties of recurring series, 
Jfo. 24. On the decomposition of rational fractions into partial 
fractions. No* 25. Treats of the complete integration of a 
certain equation, and of the case of integrability of another, 
from which is deduced the complete integration of linear equa- 
tions, resolved in No. 22, when the second member instead of 
being zz o, is any function whatever of x the variable quantity. 
No. 26. Of differential equations in which no difference is sup- 
posed constant. On the change of a constant difference into 
another equal to any constant quantity. The integration of a 
certain assigned equation. No. 27. Considerations relating tot 
high differentials, and the multiplicity of integrals which may 
be deduced from them. No. 28. Of the arbitrary function! 
which ought to complete integrals, &c. No. 29. Of equation* 
to partial diflferences, &c. No. 30. Integration by partial dif- 
ferences of a certain equation. No. 31, Of a particular algo* 
jithm, founded on the analogy between the indices of differences 
and the exponents of powers. Fundamental theorems in the 
the method of differences. Transformation of formulae for 
differences into those for integrals of the same order. Relations 
between integrals and sums, &c. No. 32. On the transition 
from the method of differences to that ot the differential calculus, 
&c. A method of constructing graphically the quantities 

j-> Y** ^^* (when y is a function of j:}, and the differentials of 

different orders of th^ area of a curve. Method of interpolating, 
by additiop and subtraction only, any number of terms between 
^he ter)|)$ of a given numerical series. On the elimination pf 
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arbitrary functions by differencing. A general thoory of th# 
psculation of curve lines. On the characters which distingqisb 
maxima and minima in the case of any number of variables; 
Application of the method of tangents to the determination of 
the roots of equations. This lesson terminates the direct and 
inverse method of differences. 

Cahier V, contains: — t. An account of Prony's Course 
of Mechanics, given in the 5th ye^r of the Republic. 2. Me- 
moir on statics, containing the demonstration of the principle of 
virtual velocities, and the theory of moments, by FouRiER- 
3. An essay of numerical analysis on the ^ transformation of 
tractions, by La Grange*. 4. On the principle of virtual 
velocities, by La Grange. 5. On the determination of a 
plane which remains always parallel to itself in the motion of a 
system of bodies acting in any manner whatever on one another 
and free from all external action, by La Place, 6. De- 
scription and use of a dynamometer, an instrument for discover- 
ing and comparing the relative force of men, of horses, &c. 
also for estimating the resistance of machines and the moving 
powers to be applied to them, by Regnier. 7. On the prin- 
ciple of virtual velocities and the decomposition of circular 
motions, by Pron Y. 

Ca,h I ER VI, contains : — 1. An address by Prony to his 
scholars at the commencement of his course of analysis. 2. A 
discourse on the object of the theory of analytic functions, by 
La Grange. 3. A discourse relating to the teaching of de- 
scriptive geometry, by Gayvernon, 4. Solutions of some 
problems relative to spherical triangles, with a complete analysis 
of these triangles, by La Grange f- 5» Theory of the mo- 
tion about a' Iree axis of rotation, of a body of an invariable 
figure, urged by any power, by PronY; 6. On mechanics, 
by La Place. 7. On curves of double curvature, taken from 
tlie works of MpNGE. 
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Cahier IX, which is to contain the sequel of Prony's 
wcrrk, has not come to this country, and probably is not yet 
published. 

Cahier X, contains : — 1. Solutions of several problems in 
geometry,' by M. Brianchon. 2. Memoir on polygons and 



* 1 his essay has been given in the Mathematical Kepositpry, Vol. L Fart III • 

Page 24. 

t 1 his meinoir has been given in the Mathematical Repository, Vol. L 

Paic III. Page 1. 
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^lyhedfdm^ byPoiNsoT* The subjects treated in thU ttie* 
moir are referred to what is called the geometry 6f situation^ 

3. Note, on the application of the theory of particular soiu^ 
tions of differential equations to some questions relating to the 
art of the engineer. 

Cahier XI, contains: — 1. Memoir upon the curve iSurface^ 
all the normals of which are tangents to the same sphere, by 
MoNGE. 2. Memoir on the curve surface, the normals ta 
which are tangents to the surface of a cone with an arfoitrary^ 
base. 3. A detailed analysis of different questions relating td 
the motion of a body urged by any powers, by PronYw 

4. Memoir on the application of algebra to geometry, by Mon GB 
and Hachette, with a supplement by Hachette and 
PoissON, 5. Memoir on. the plurality of integrals in the 
calculus of differences, by Poisson. 6. Considerations on 
the integrals of equations to finite differences, by Biot» 

7. Memoir on elimination in algebraic equations, by Poisson, 

8. Memoir on the theory of the motion of projectiles in a re* 
iisting tnedium, by Moreau. 9. Memoilr on Gnomonickkt 
by Le Francois. 

Gahier XII, contains twenty lessons on the calculus of 
fnnctions, by La Grange. These, with the addition of tv^o^ 
have also been published in an octavo form, as a distinct 
work. 

Cahier XIII, contains:— 1# Memoir of the curve surface^ 
till the normals of which are tangents to the same developalle 
surface *, by Mon ge. s. Memoir on the curve surface which 
envelopes the space run by a sphere of a variable radius, niid 
f)f which the centre describes any curve of double curvature; 
by MoNGE. 3ir Memoir on particular solutions of diffet^ntial 
equations and of equations to differences, by Poisson. 4. Me- 
moir on equations to mixed differences, by Poisson. ^. Re- 
searches into some points of the theory ot derivative functions^ 
vhich lead to a new demonstration of T a Y LO r's series, and to the 
finite expression for the terms Which are neglected, when the 
iseries stops at any term, by Ampere. 6% On the composition 
of moments, and the composition of areas, by Poinsot. 
7. General theory of the equilibrium and of the motion of 
systems, by Poinsot. 8. Memoir on axes of synchronous 
suspension, by Biot. 9. General demonstration of the prin- 
ciple of virtual velocities, independent of the consideration of 
infinitely small quantities, by Ampere. 10. Formulae for 



* A developable surface^ is that which may be expanded upon a plane, 
^thout tearifig, or doplicature. See Essais de G^ometriCi No. 96^ hy La. 

Cb ni -V. 
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passing from a system of rectangular co-ordiffate^ to a systeiff 
of oblique co-ordinates, and to another system of rectangular 
co-ordinates* Properties of surfaces of the second degree re- 
ferred to their conjugate diameters. On the contact of conic 
surfaces of the second order, by Live r. ii. On curve sur- 
faces of the second degree, by Brj anchon. 

Cahi£R XIV, contains: — i. Memoir on opticks, by 
Malus, 2. Essay on the description of lines and surfaces of 
the second degree. 'On the determination of radii of curvature 
jand tangents to lines of curvature, bvDupiN. 3, Sequel of 
the memoir on optics, by Malus. 4. Extract from lessons 
given at the Polytechnic school on singular points, (that is, 
iDultiple points, conjugate points, &c.) of curves, by Poisson. 
5* Memoir on the oscillations of pendulums in a resisting me. 
dium, taking into account the extensibility of the thread, or rod 
of the pendulum, by Poisson. 6. Memoir on the advantages 
which result in the theory of curves from the consideration of 
osculating parabolas, with reflectionson the differential functions, 
the values of which do not change by the transtormation of the 
axes, by Ampere. 7. Memoir on the transformation of co- 
ordinatesy by Francois. 8. Memoir on the integration of 
partial differential equations, with a supplement, by Brisson« 
9. Memoir on. the possibility of substituting. the hydraulic ran* 
(belier hydraulique) far the old machine of Marly, byMoNT- 
golfier. 10. Memoir on the theory of sound, by Poisson. 
31. Two lessons on the calculus of functions, in addition to 
those in Cahier xii. by La Grange. 

Cahier XV, contains; — 1. Memoir on the secular inequa- 
lities of the mean motion of the planets, by Poisson. fi. Ex- 
planation of a particular difficulty which occurs in the calcu- 
lation of the attraction of sphejoids differing very little from a 
tphere, by La Grange. 3. Essay of the appUcation of ana- 
lysis to some questions of elementary geometry, by Mono e. 
4. Construction of the equation of vibrating cords, by MoNGE. 
(5. On the method of the greatest common divisor applied to 
elimination, by Bret. 6. Memoir on the motion of rotation 
pf the earth, by Poisson. 7» Memoir on the measure of the 
refracting power of opaque bodies, by Malus. 8. Memoir on 
different points of analysis, by La Place, viz. 1st. On the 
calculus of generating functions. 2d. On the definite integrals 
of equations to partial differences. 3d. On the reciprocal passage 
of real to imaginary results. 4th. On the integration of equa- 
tions to finite differences, not' linear. 5th. On the reduction 
of functions into tables. 9. Memoir on the variation of arbi- 
trary constant quantities in qucbiions concerning mechanics, by 
Poisson. lo- Addition to the memoir on pendulums, printed 
in the 14th Cahier, byJ^oissoN. 



ARTICLE III. 
Solutions t« Qjuestions proposed in Numler X. '^ 

I. QUESTION 291, iy Mr. German Buxtqn, London* 

To'Enitwo numbers whose difiefeqce is a square* and if any 
number (n) be added to each, or to their sum, they will make 
three other squares. 

iFiKsT Solution, iy Mr. Lowry, R. M. College. 

Let IP and j^ be the numbers sought; then by the question 
* — >» ST-i- n,y -{- «, and x + y 4- n are to be squares. Assume 
X + nzsi v\ and 7 + n zz w^; then jr =:** — », and y 
==^zo* — »« and, consequently, 

X — y zz. v*^w ^ 

and jf 4- ^ + « = V* + ty' — ^? 
We have therefore only to make »* — - z/o^ and jw* 4- «;*--• » 
into squares. Now »'. — w^ wlU evidently.be a square wheii 
'^ =^ ^* 4- j', and a; z: r' — j* ;, or when v and m,^e, eqpal to 
those quantities multiplied or divided by an^r nupiber, con* 
stant or indeterminate, positive or negative, . r and s beiiig any 
numbers whatever. Bm the assumption most coaveoient for 

our purpose will be t; rr ^ ■ • , anda/*=-- ?-; and these 

values being «ufastitnted in the second ^flressiOil,. h bftcom^ 

2ja ^ «^ which is to be^a square ; aa4i tbttr«f9rf, . (mul* 

tiplying by 4>^* V*), ar^ + 2j*— 4wi*^*« fnust be a square. 
It would be difficult, however, to resolve this expression iii its 
present form, but if we put r zz j 4 ^ it will be tfansformedi 
into 4^ 4-8*'^ ^ (%U^—J^^n)'S^-\- ^sO 4- a^, which is a 
complete biquadratic, having the co-elBcient of the first term a 
square, and therefore may l>e resolved fay known- flUetfaodd. For 
this pu^dse we must assume for its root, such d (unetioii 
of s, / and m, as wilt make aU the powers of ^ higher than the 
first, disapjpear frond the eqiialion, aiid then ^ may be determined 
in terms ot /, m and n. This ^ill be accomplished by taking 
2^* 4- &st+ (2/'— m*«) for.thero<H; then the square will be 

4J*4- 8^'/ 4 ( 1 2^—^my) 5* +^st^—4Jim^n+ (2/*— «*«)% 
which being equated with the above expression, there will 
result 2^ =: — 4^j^«*« + (2^* — m^ny ; from whence we get 

2<* + wV ^ ai* -t- »i*«* 

therefore we have 
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i 

X zz ( ) — «, and y -=r ( — 1 — n, 

\ 2ms J ' ^ \ 2ms J 

2/* -4- m*«* , 2«* + w*;i' 
where r zz ^. i and s = — -—5- t ; 

t and m being any numbers taken at pleasure. 

If We suppose mn/zii, then rzr and* =r — 1, 

and if w = 3, then ;r = 22 i|i, y =: 22, a:— j; =: (H)% ^ + « 

If » r: 4, a: n 22 H.;' = 21. -^ - y = (*)% « + « = (V")' 

If mbez: 2 and/ = 1, then r ~ — 5 and 5 =z — 5 j; 

ow on 

hence if « = 1, Uc =z= 5 4tt» > =i= 5|, ^ — y = (^)', x •{■ n 
— {H)\ y + n=. (*)% x+y^nz= (^^)*. 

If we put » := f * -4- 5*, and a; :=i r* — i*, the expression 
t/* 4- zz;' — « will be transformed into 2r* -i- 2^* — «, or 
4J*4- 8^'/ + i2jV + 8j/^ + 2/* — n, putting r = j \- t. 
And if 2J* + 2St + 2t^ be assumed for the root, we shall find 
that the terms containing ^, on both sides of the equation, will 
destroy each other, and there will remain only 2^* — 71=14/*, so 
that nothing can be determined from this assumption respecting 
the value di s*^ We art led however to a curious enough con- 
clusion, ,for since '2t^ -r- « — 4/*, — « is iz. 2/*; therefore it fol- 
lows that, if n be the double of any biquadrate number /*, and;c 
be taken ^ C*r*— ar/ + /')* + n, and y =2 (ar/ — /*)* + » ; 
ihen x — y, •* -r"^» y — « ^^^ x -{- y — n will be squares, when 
r and /• are any numbers whatever. 

If, for example, we suppose r =: 2 and / = 1, or n ::z 2/* = 2, 
then x == (2r* — 2r ;f if -+- 2 = 27, and y = (2r — j)' 
-Hi ==11.; 

Second Solution, iy Mr. Cvnliffe,!!. M. ColUge. 

Let tf* — . IT, and A' — « denote the two required numbers j 
it 18 obvious {that this notation answers two of the conditions, 
that is, ft being added to either will make a square. It then 
only remains to find such expressions for a and b^ as will make 
^2 -h i*-r » and ^* — i* squares. Put a* + A' — «z:(a + A— ^)*, 

which gives a = ^ Tj^fe^ ^ * ^ ^^^^' ^"' e^ — h^zz. (r4— nil)*, 

, ,. . *(r» + i)- r *(r*+i) 5*-2*H:«, 
and this gives a = — -— — ; therefore -J — = — r— 

bencei»-li^±^' = =^^:7^^ and completing the 
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square, &c. 

I < r-f i)»± v/(aV* — 4nr» + Gs^r^—inr +- *') „ 

whence it appears that in order to have & rational, «'r* — \nr'* + 
f>s*r*—4nr + ** must be a rational square. 



Put iV -- 4nr» + 6s'r* — 4nr + f* = (jr* — Zl'^ — i)« ; 

s 

whence r = ^_r^a. Writing sr^— — _ 5, in the place of 
the radical part in the above expression for k, we have i z= — x 

g t ^4 • using the latter expression for 6, 

_ h[f^ -4- i) 2^^ + ^ ns" + n* ^. ' 

tf = — — — = ■ r-^ . Ihereforc 

• i6^5p — «. and - ■ (4^» + «4y« ' "^ « 

are general expressions for the required numbers, in which «, 
may denote any given number, and ^ be taken at pleasure. 

Other general expre^ions for the numbers, might have been 
deduced from the foregoing conclusions, but those put down 
are sufficient* 

Third Solution, fty Mr.PzTEK'PHELAif^CariaWtlrc/and* 

Put a and a -|- x^ for the two numbers ; then a 4- », a +• « 

-\- ;r", and 2tf + « + a?* must be squares. Put a + n zr. w*; 

then a rz tw* — n; hence w^ + x\ and 2zv^ — n + *' must 

be squares. Assume w -{- p for the root of the first ; then 

x^ ^* Ix^ ^*)» 

»* + iwp'hp^zzzu^+x^ w == ■ ' i^ , and 2tt;' = ■- ■ ^aT" "; 
'^ '^ 2/& 2^ 

hence s — ^{-^ n+;i:=:a square. That is — x '-- h ^ 

2^* ^ 2^* 2)&» 2 ' 

— » 4" **» ^^, ^^^ equal — + -• — n must be a square, there- 
fore multiplying by 4^*, 2** 4. 2j&* — 4^*^ n^ust be a squs^e. 
Put X :=: p '\- s*, then we have 

2**+2/>*— 4/>*/i=:4/^*+8p»^ + (i2J* — 4»)/^* + 8/'j' + 2i*=:a 
lalional square. Put 2^* + 2^J + (2i* — «) for the root, 
and equate iti square to tl^e above expression, from whence 
we get (2^^ *— nf •— * J^psn zsz %s^\ hence p comes out 

Pa 
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H'^^^shiA' gi J fj^^jjj ^jjjg jjjg numbers ar^ easily found. 
Messrs. Cavill, Harvey tzni Watts, and Kyn answered it. 

II. QUESTION i^a, ^y Mr. Cunliffe, R. M. College, 

If a quadrantal arc of a circle^ radius i, is divided into any 
four parts, the sum of the products of the tangents of every two 
of these parts is equal to i + the continued product of all the 
four tangents. Required proof ? 

SOLOtiON, by Mr. Joseph Williams. 

Lcl; «, /3, y, ^, be the four parts and their respective iangenla 
A, B, C, D ; then since a -{- fi-ir y + i zsz 90% 

tau («+^)=tan (90°— (y— S))=cotCy+J) == — ^^^g ) : 

therefore, (by the formula for the tangent of the sum of two arcs, 

page 2 2 , of Mr. Woodhouse'sTrigonometry.) -— — == ; 

therefore AC + ad + 3 c 4- BO = i — ab — cd+ abxc-p,' 
and AC -f AB -H ad + ^ c + bd + c*d =: 1 — ab.cd. 

Solutions were also received from Messrs. Cavill, Eratosthenes, 

Kyn tf«df Phelan. 

III. QUESTION 293, by Mr. Dawes, Birmingham. 

In what latitude on the longest, day will the shadow of 4 
point of a gnompq, . describe a right-angled hyperbola upoa an 
horizontal plane. V : 

First Solution, Jy Mr. Phelan. 

. Let MZO (fig. 76, pi. 3,) be the hyperbola described in the 
required latitude pn th^ summer solstice; v the top of Htm 

fnomon or vertex of the cone formed by the intercepted rays, 
'iroduce the abscissa N z to meet the side tjv oi the cone in y, 
then will 2 Y be the transverse axis of the hyperbola. 

Let MO be the ordinate to the abscissa nz, and qo?m a 
circular section of the cone passing through m, o« Describe 
a circle through the points y, y, z, and draw vw parallel tp the 
diameter pq and let it meet the circumference in x* Then the 
triangles VYVir, qyvit are evidently similar, as are also the 
triangles vwz, npz t hence 

wy : wv : : NY : Na, and wz : wv ; : Nz : Np i - therefore 
WY X wz : wv* ; : MY x nz ; nq x np. But "by the prxH 
perty of th0 circle Nij X np =: mn XWOi~MK*} ^id My 





( 109 ) 

the property of ihe right-angled hyperbola ny x n z;=mn'; there- 
for wy X wz zz WY* ==: wv X wx; and consequently^ 
wv z= wx. But wv bisects the angle Yvz ; therefore the 
angle xvz is equal to the angle xvy or to its equal xzw, 
and the angle at x is common to the triangles zxw, zxv, there, 
fore they are similar, and vx : xz :: xz : wx sr: -Ivx; 
hence vx zz xz \/2. Now the angle wvy = the angle wvz 
is the sun's declination = 23* 38'', and the angle VWY is the 
co-latitude, then by trigonometry, xz : vx : : 1 : a/ 2 : : sin 
sa** 2%^ ; sin /L vzx zz jL vwy = 34° 17^ the' complenienl 
of the latitude. 

. Second Solution, by Mr, Cunliffe. 

I $hall first find the equation of the curve described by the 
shadow of the top ot a pole, upon an horizontal plane, and from 
thence deduce the answer to the question. 

Let HP (fig. 77, pi. 3,) represent a pole perpendicular to the 
horizont vn a portion of the curve described by the shadow of 
the top of the pole upon the hqrizoiual plane hvn: draw the 
meridional line HV meeting the curve in v. Let HN represent 
a position of the shadow ot the pole, and draw nm perpendi- 
cular tp HV f. also draw pn» 

Put HP=A, Huzzx and MN-y, then PN=:y'(A*+**+j/«J 
and HN :;: t/(A;* +y^)* ^Y ^^^ principles of trigonometry, the 
^ioe pf the sun's altitude will be expressed by A~a/(A*+ a*4-j^*), 
jand its cosine bv v/l-^^ + y*) -^ V^A* -}- jt*4- y*), radius 1 ; 
also tk^ 9ine qt the suns azimuth vhn will be expressed by 
y-r- 1/ (-**•+" y*)> and its cosine by ;c-7-y/(a:'*+-y). 

In the spherical triangle zps (fig. 78, pi. 3,) the side zp re- 

. presents the compjement of the latitude; the side ps the com- 

pleniei>t of the declination, or sun's polar distance, and the side 

z$ the complement of the sun's altitude. Then the angle pzs 

will represent the sun's azimuth. 

Put sin zp := c, cos ps zz d^ radius 1 ; and let the cosine of 
the altitude, azimuth, &c» be expressed as above. Then by 
,a well JcQown theorem 

sin ZP X sinzs X cos pzs -Hcos zP x coszs zz cos ps, 
.and this expression by the foregoing notation becomes 

that is ex + A -/(I -^c^)zzd x/ih^ + x'-hf), 

or rf*/r:«» (c^—iP) + 2chx ^(i—c^) +A* (i—c*— ^*). 
This equation expresses the jH'operty of a conic section, as 
is v.ery well known ; therefore a conic section is the curve de- 
*8cirH>eil by the shadqw of the top of a pole upon an horizontal 

'ptene; "'.'.. 

.. .Whfnjc, is greater thsn"(i, the curve wijl bean hyperbola, 

when c^ual tp a, it parabola ; and when less than d^ an ellipse. 
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When the co-cfEcicnts of y^ and *' on opposite sides of the 
equation are equal to each other, viz. c* — d • — d*, or c=:(?v^2, 
the cui ve will be an equilateral hyperbola ; these things are too 
well known to need proving here. 

Upon the longest day, when d = sin 23* 28' then c = sia 
of 34° 16' 29''^ the complement of the latitude 55* 43^ 31^^ 

Third Solution, by Mr. Lowky. 

Several writers have shewn that the curve described by the 
shadow of an object, upon the plane of the horizon, during the 
sun's apparent diurnal revolution is a conic section. This has 
generally been done by conceiving the rays intercepted by the 
highest point of the object to form a conic surface, the inter- 
section ot which with the plane of the horizon forms the curve 
required. The axes, parameter &c. are then determined from the 

Sroperties of the cone. See Simpson's Fluxions, page ^45, and 
lathematical Dissertations, page 155 In what follows I pro- 
pose to deduce the equation of the curve from the principles of 
trigonometry independent of the properties of the cone, and 
then resolve the particular case specified in the question. 

Let CH (fig. 79. pi 3.), drawn perpendicular to thehorizon, 
represent the gnomon, and let ca be its shadow when the sun 
is on the meridian, cp its shadow at some other time, and 
PAQ the curve required. Join ph, and ah, and draw pb 
•perpendicular to ca. Then will the angle pca be the azimuth, 
and the angle cph the altitude of the sun when the shadow of 
the point of the gnomon is at p. Put zrzpc, t/:rPH, A:=:Clf, 
(p = the angle pca and d zz the angle CPH ; then if we can de- 
termine the relation between 9 and d in terms of z and v^ and 
known quantities, so as to exterminate d and v from the equa- 
tion, we shall have the relation between z and ^. For this 
purpose^ conceive a spherical triangle to have for its angular 
points, the zenith, the pole and the sun's place ; then the side 
between the zenith and the sun will be the co-altitude, or dis- 
tance of the sun from the zenith ; the side between the zenith 
and pole will be the co-latitude; the side between the sun 
and pole the co-declination ; and the angle at the zenith the 
sun's azimuth. Put a z=z the co-altitude, b = the co-declina- 
tion, and c = the co-latitude ; then by the common rule for 
finding an angle from the sides, we have • 

cos b — cos c cos a ' . ^ ^, • .1. ^ 

: — — ; c= the cosme of the azimuth = cos f • 

sm c sm a 

But sin a = cos d =r 2~- 1^, and cos a = sin c=: A -f- v^ 

therefore substituting these values of sin a and cos a in the 

, V cos b h cos c ^ J • f 

above equation, we have — -. • ; = cos 9, ana it 

^ . * 2 sm c z sm ^ 
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we exterminate », by means of the equation v^ zz z^'^'h^^ we 
shall have the equation of the curve in terms of z and ^, It will 
be more convenient for our purpose, however, to have^ the 
equation in terms of the rectangular co-ordinates cb and pb or 
;tand^. Now cos (p =: jc -7- x, therefore by substitution and 
dividing by z, we have 

V cos b—'h cos CZZ.X sin f, or v cos 6— A cos c + a: sin c^ 
and squaring both sides, in order to exterminate i/, we get 

(a?*+y*+A*) cos Hzzk^ cos ^c^2hx cose sin c+jc" sin % 
or cos ^by^ + x^( cos*t-sinV) - ^hx cos r sin r 4- A' (cos*4-<:os*r) z= o, 
which is an equation to an ellipse, a hyperbola, or parabola, 
according as the co-ef&cient of x^ is positive, negative or nothing ; 
and a right-angled hyperbola when the co-efficients of y* and jc* are 
equal ; therefore the curve is an ellipse when the declination is 
greater than the co-latitude ; an hyperbola when it is less, and a 
parabola when it is equal to the co-latitude. In the rectangular 
hyperbola, cos* h = sin *c — cos "A, or sin c- zr cos A\/a, and 
therefore in the question, where cos izrsin 23* 28^, we have the 
logarithmic sine of czi^'j^o6^^\ ; hence c r= 34° i6^\ nearly ; 
and the latitude zz g^ 43^1- 

The axes may be determined from the equation, by finding 
the value of x when j' =; o, in which case we have 

^ gA cos c sin c , /cos *b — cos VN 

cos*^ — sm 7: Vcos 6 — sm cy 

and by completing the square, and extracting the root, 

h sin b cos b . h cos £ sin c , r t • . 

xz=z -, r— ^ + 57 :— 5-, the sum 01 which 

cos '6 — sin c . — cos ^b — sm ^c 

values ox X zz ji : — tt « evidently equal to the trans- 
cos b — sin '•0 ^ ^ 

verse axis, and the tiistance of the point c from the centre of the 

curve =: tz ^— r- ; hence by substituting this value for a: 

cos b — sin ^c '' ^ 

2A sin b 

we have the conjugate axis = r-r r— r-;- 

•< ** • ^{cos^o — sin c) 

IV. QUESTION 294, by G. V. 

Find three square numbers in arithmetical progression, the 
sum of the square roots of which shall be a cube. 

First Solution, by Mr. Lowky. 

Let a?*, j/% and 2* be the numbers required ; then by the 
nature of arithmetical progression, 2y* — x^zz€\ Put y — v::zx. 
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* s 

then / + syir— ti' z: z^. Assume/ + 2yi; — i/'* = {-i/ — y)* i 

thcn/+fly» — if*=z*=-jt^* "^y-^^s or ay—- t^r=~ v — 

— y, and by reduction y zr -, \ therefore a: :== y — i; — 

T^ ^ 2r — 2rs ^ 

2 U ^, and^rr: - v — y = ^-^ — — = ^. 

ar -— 2rj r ^ 2r* — strs 

These values of ;r, y and z are the roots of three squares in 
aritfameiical progression » whatever the values of r, j, and v may 
be ; and it is evident that they will be equally so if the common 
denominator «f' — itrs be rejected; we may therefore take 
X =s (2rs 4- J* — r*)t/> ^ = (r ^ + s^jv, and z r: (ari 4-r* — J*)i7 ; 
and the sum of the three roots is then iz (r* + j^rs + j*)p^ 
which is to be a cube. Now there are sevet al ways in which 
this last condition may be satisfied^ but the most obvious is, to 
mdkt.v tz (r* + j^rs + *')% and then we shall have 
PC = {2rs + 5* — r«) {r« ^ ^rs + s^Y; 
y = (r* + 5*) (r* + 4^# + ^'J*. 
and 2; s= (2rs + f*- s') (r» + ^rs -+- **)% 
where r and # may be taken at pleasure* 

If r = a and ^ ;= 1, then x =z 169, y zz 84^, z == 1183, and 
the three squares are 169*, 845* and ii83>9 which I believe are 
the leatst whole numbers that will answer the question. 

The same answertd otherwise. 

Putting as before, a*, y* and z*" for the numbers, we have 
sy* =? Jf* + 5;', or ^* — ao* =;= z* — jr*, and by resolving the ex- 
pression into factors (y — x){y ^ x)z=z (% — >) {z + y. 

Assume n[y — x) = m[z — jp), and miy + a?) = «(z +/) ; . 

then ny — nx zr. mz — ^y, and y z^ 



nz — mx 
mz'\-nx nz — mx 



Also my + mx zz nz ^ ny, and y = 

hence 

m + n m-^n 

or, (m — n) mz. + (w — n) nx z=z{m + n) nz — (m + n) mx ; 
and by reduction (ann + to* — **) x r: (2«7» + «* — m*)2, 
which equation will be satisfied by making'xzr 2nm + «* — m\ 
and z zz 2nm 4- m^ — «" ; and then y is z: w* -|- n*. These 
values of 07, ^ and z, are the roots of three squares in arithme- 
tical progression whatever numbers are taken for m and n ; and 
their sum is = ^* -f j^mn + n\ which is to be a cube. Sup- 
pose now that m* + 4mn 4- «* is the product of the two factors 
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m + an an J »iH- bn, then »z*-h ^mn + n^ zz m^ + [a-hb) mn 
•+" abn^^ and to rendt^r these expressions indentical we must 
have a + ft n 4 and ab zz i. Now it is evident that the ex- 
pression {m -4- an) [m + ftw), and consequently w* -1- ^mn 4- «% 
will be a cube when each of its factors is a cube ; let us there- 
fore assufpe m '\- an zi (r f <»j)',and ?w4-in =: (r -f ^5)', then 

«i + <a/i= r^ + 3r"tfi-|-3raV-t" <!'^•^^ ^^d if for a* and a^ we 
substitute their values ^a — i, and i^a — 4, drawn from the 
equations a + & = 4» and ab zz i^\>y extei minuting b^ we shail 
have 

w+a«=:{r'— 3ri* — 4x^) + C3rV+i2r^' + 15?*'^, 
and in like manner by cubing [r-^-bs)^ and substituting for 
i' and b^ their values found from the above equations, by exter- 
minating a, we get 

m-\-bn~ [r^ — 3ri* — 45^) f {^r^s-i- i2ri^+t^s^)b^ 

and It is evident that these two equations will be satisfied by 
making m zz r^ — 3ri' — 45', and n — y^s + i2rs^ -f- 155 • 
We have therefore 

X zz ^nm f «* — w% y = OT* 4- k*, and z zz 2mn + ?»' — n\ 
where m zz r^. -^ ^rj* — 45^ and ;i — 3r'^ + i2r^*4- ^5^^; 
r and s being any numbers whatever. 

The question may be resolved in a similar manner when the 
•um of the roots is to be an «th power, by putting m + an 

:= (r + asj^ and m -h ft« = (r 4- bs)^. 

Second Solution, by Mr. Cunliffe, 

It is well known that v(q^ — ^* 4- 2pq)^ v(p^ + y*) and 
v{p^ — y* H- 2Jt?y) express the roots of three squares in arithme- 
tical progression, and their sum is v{p^ -+- 4^7 + 9*), which 
putzna^, whence t; ir «'~ (/>* 4- 4/^9 + y*}. In order to 
have V an integer, put a = *(^* +4/'? 4- 9'), then « = 
«'-r-(p'+4/'^4-f') =: ^V*+4/'?^?*)- whence r(y*—/^»+e/^y) 
=i^(/^* ^4^9 4 ^T i^—p^'^m)'^ v[P^-^q")=^\p^+^q^q^) . 
(^•4-9*); and V (;|^_^« 4- 2/39) = j^,^» ^ ^^^ ^ ^*j ^ 
(9» — ^* -f 2^^), which are general expressions for the roots of 
three squares m arithmetical progression, the sum of the roots 
being a cube : in which expressions, /?, q and s may be taken at 
pleasure. 

£xr Take ^=2, 9 = 1 and $zz 1 ; then the roots ar^ i6gjij^^ 
and 1183. 

It may be remarked, that the sum of the roots ti{p^-\'4pq-\-q^'^ 
may be put equal to any itumber whatever ; therefore any num- 
ber whatever is capable of being divided into three parts, whose 
squares will constitute an arithmetical progression^ in an infinite 
variety of ways. 

VOL III. PART U Q 
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Third Solution, 'by Mr. Abraham Kyn. 

If a?', ^* and 2* are the numbers, then x \- y + z = a^* 
By the nature of arithmetical progression y^ — x^ = 2* — y^ ; 
therefore [y — x) (y-f-^) == (2 —y) (2 -f >). 

Suppose y \- xz=z m (z — y) and m(y — x)z=i z +y ; 
then from the first equation x :=: m (z ^ y) ^ y, and from the 

second x z=, ^ ; therefore m(2 — v) — y^— — . 

and z = I i-r J V ; theretore xzimz — my — y =: 5 v , 

and *+ y f z = Si^pp^=«'; therefore y=(^^,--ja^ 

If 7/z=3, and ^/zzii, jy =: -j^, .v = -3-V, 2 zr ^^ whose squares 
^^ ^ ^y^ and tVV have a common difference. 

Fourth Solution, hy Mr. Wallace, R. M. College^' 

, Let a:*, y' and 2*, be the three squares sought. By the 
question a' + 2' = 2y' ; therefore 2j/* — x^ziz^, a square. 

To reduce this expression to the known theory of indetermi- 
nate equations of the second degree,, let us assume y = jt^ + y\ 
X— x^'\-2y^, and then we have zy^ — x^ — x^^ — 2y*r=2'. 
Now as every expression of the form x^ + cy^ mzy be made a 
square by assuming a? r:: ^' ; — cy*, and y:=z2pq, (Euler's 
Algebra, Part II. Art. 182), in the present case we must assume 
x^ — p^ + 2^% y'^ 2/?^, and then we have 

a: =/ + 2^* + ^pq = {p -^ 27)* — 2/, 
y:=zp^ -^ 29* + zpq = (/> + qf + q\ 

and a?-+- y -h z := 3/?' +• 2?^ + 6/>y z: gf/? + y)« —9*. 

We must now make ^{p f qY — /, or putting /»^ =1/^4-9, 
« A'* — ^ ' a cube. Now there are two known methods by which 
every expression of the form ap^ •+ cq^ may be made a cubq. 
(See Eullr's Algebra, Part II. Chap. 12.) 
It will be a cube if we assume 

p =1 m(am^ -|- cn^), q = n(am^ H- c«*), 
m and n being any quantities whatever. 
It will also be a cube if we assume 

p = myam^ — 3^«*), g = n{s^m^ — cw"), 
and in either case ap^ + cq^ =r (flw* + c«')'. • 

Applying these formulae to the question under consideration, 
we may assume 

p^z=z W2(3»j'— w»), q =: n{^m^ — n^) » . (1) 

or we may assume 

/=:77ii3?»*+-3«')» ,gz=Ln(gm'-'Jrn^)f.,. (2) 
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and, deducing thence the values of Xt J and z, we shall have a 
solution of the problem. 
By employing the first set of formulae we get 

If we mean to have z. a positive integer, m must not be less 
than 3/1. 

Let us suppose miz ^, n := 1, then 

Ar = B'.i3*.7, v = 2'. 13*. 5, 2 = 2'. 13', 
but as these numbers are each multiplied by a cube, it is evident 
that by rejecting that factor we shall have a smaller set of num- 
bers which will equally satisfy the question, viz, 
xz:i3».7, y=t^\g, 2:=i3*anda;*-ii83%y*=843', z^-i6g\ 

We might determine other values of a?, y and z from the 
second set of expressions for p^ and q. It would seem however 
that they would be more complex than those given above. 

Solutions were also received from Messrs. Cavill, Eratosthenes, 
Harvey and Watts, Phelan and Scurr* 

V. QUESTION 295, hy Mr. W. Wallace. R. M. College.' 

Theorem. In any conic section if normals be drawn at 
the extremities of a chord passing through the focus so as to 
intersect one another, the sum of the squares of the parts of the 
normals between the curve and their intersection shall have a 
given ratio to the square of the chord. Required the demon- 
stration. 

First Solution, by Mr. Peter Phelan. 

Let the straight line pq (fig. 80, pi. 3 ), drawn through the 
focus M of an ellipse or hyperbola, meet the curve in p and q, 
and let normals be drawn to the curve at these points to in- 
tersect in o ; also draw the tangents PA, qa to intersect in a. 
Let ^ be the other focus and join so and sa. Also draw s ? 
and SQ ; then because the normals bisect the angles SPft and sqp, 
the line so will bisect the angle QSP; also because the line 
drawn from the point of intersection of any two tangents to 
either focus, bisects the angle contained by the lines drawn from 
the same focus to the points of contact, sa bisects the angle qsp ; 
therefore the points s, o and A are in the same straight line". 
Produce sp and SQ to v and n, till pv z: MP, and QN zz qm, 
and join VA, na and MA; then will SN n sv n the transverse 
axis, and it is well known (see solution to quest. 1 45) that the 
lines Av, AM, and an are equal to each olher, and perpendi- 

Q 2 



4 
* 



( "6 ) 

Cular to the lines sv, pq and sn respectively. Produce am to 
meet ow, drawn parallel to pq, in w, and draw ox perpendi- 
cular to pq; then, because of the right angles at p, w and Q, 
the points a, p, w, o and q are in a circle ;. therefore because 
the chords pq and wo are parallel, the angle wqp = the angle 
OPQ, and since ox := wm, the right-angled triangles WMQ 
and oxp are equal in every respect; therefore mq == px, 
and consequently pm =: qx : Hence, by the property of the 
circle, ox • am zr WM • MA = pm • mq. But op* +- OQ* 
±=QX* + px* -h 20X*=r ^Q* — 2QX • PX -t- 2 0X* ; and, by 
a well known property of the conic sections, qx • PX r: (pm • 
MQzzz) PQ * p, where j& nz ^ fourth part of the parameter 
(Emerson's Conies, B. 1, P. 68, and B. II. P. 65, Cor. 3); . 
therefore op* -f- OQ^nrPQ* — 2pq • p f box*. Draw oz 
perpendicular to SN, then becau.^e oq bisects the angle sqp, 
oz is r: ox, and therefore zn rr pq : hence by similar tri- 
angles sn : sz = sm 4: Pq : : an = am : oz nn: ox : t 

£OX 'AM =1= 2 (PM • mq) Zl 2PQ ' p I 20X% 

, r « SN X PQ — 2PQ*. ^ 

therefore 20x' = — — — ^ x 2pq • p 1= 2PQ • p 4 ^ — ^ 

SN ^ ^ ^ ^ su 

and OP* + oq' =: PQ* + ^—5 — ^, 

* — SN 

therefore oP* + oq* : pq* : : sn + 2p : SN, a given ratio. 
The upper sign being for the ellipse and the lower one for the 
hyperbola. When the curve is a parabola, the angle paq 
formed by the tangents is a right one, and consequently the 
angle QOP formed by the normals is also a right one ; therefore 
the sum of the squares of op and oq is in that case equal to the 
square of PQ. 

Second Solution, by Mr. Wallace, ike Proposer. 

Let CA (fig. 81. pi. 3.) be the semi-transverse axis, f the 
{0CUS9 Bi a chord passing through the focus, bd^ bd normals 
intersecting each other in h, and meeting the axis in D and d i 
Draw HE parallel to the axis meeting the chord in e. 

By a known property of the cmiic sections, CF ; CA (: : DF : 
jb) : : he : eb and c? : ca (: : dfF : f6) : : he : eZ^ (Emersdn's 
Conies, B. I. Prop. 11 Cor. 3; and B. II. Prop. 10. Cor. 4) ; 
therefore eb -= Ei, and 2BE* : 2 eh* : : CA» : cf% and conse- 
^juently 2Be* + 2eh* : 4BE* : : ca* 4- cf* : 2CAS that k 
(Elements of Geometry) bh\ + in* : Bi* : : ca* + cr* : stCAS 
therefore bh* + bn* has to b^* a given ratio. 

VI. QUESTION 296, iy Afr,.CuNLiFFE4 
Sujppose VifiR 9 curve in a vertical plane, and p a given 



point in lis axis ; to fin^l its nature so that the pressure of a given 
weight fw, attached to a string m P, fastened at p, and resting on 
the curve, may be every where the same. 

First Solutiok, by Mr. Cunliffe, ike Proposer. 

Draw the vertical line PV (fig. 82. pi. 3.) for the axis of the 
curve, V bemg the vertex or highest pomi thereof. In PV pro- 
duced take po to ov in the given ratio ot the weight m to its 
pressure against the curve. With the centre o, and radius oV» 
describe a circle which will be the required curve. For, sup- 
pose m to rep»'esent any pt>sition of the weight suspended by a 
string p«i, and testing against the curve; and draw the radius oxiv 
By a known proper y of the circle, the radius om is perpendicu- 
lar to ihe curve at m. I'herefore by the cohiposition of forces, ' 
the weight », its pressure against the curve at m, and the tension 
of the string pw, will be respectively as the lines po, om and 
POT, and in the several directions of those lines. That is the 
weight m^ is to its pressure against the curve at m^ in the con- 
stant ratio of PO to 07», and consequently the pressure of the 
weight 7» against the periphery of the circle, will be every 
where the same, whatever is the length of the suspending string 
Pm, within the proper limits. 

Remark, It is manifest that the length of the suspending 
string P»i, must be greater than PV and less than pv + aov. 

Second Solution, by Mr. Lowry. 

Let mo (fig. 82. pi. 3.) be a normal to the required curve flt 
i«, and let the vertical line mg represent the given 'weight or 
force ot gravity ; draw gp parallel to wP, then pm will represent 
the pressure of the weight against the curve, and which is, by 
the question, to be the same for every position of the string } 
and consequently must have a constant ratio to the given weight* 
Therefore pm must have to gm a constant ratio, or because of 
the similar triangles pmg and o/np, om must have to op a 
constant ratio. We nave therefore to find a curve vwr such, 
that the normal om jihall have a given ratio to the segment of 
intercepted between the normal and a given point in the axis. 
This is the same as question 288, vol. ii, and it might be a suf- 
ficient answer to the question to refer to the solutions there 
given, and where it is shewn, that either a straight line or a 
circle will answer the proposed conditions; but since the 
fluxional equation which occurs in the solution may be inte- 
grated differently and rather more elegantly than is there done, 
I shall again go through the whole of the solution. 

Let mz be drawn perpeijdicular to po, and put PE zr j?, 
%m — y^ and the ratio of wo : op =: 1 : «; then the ixormal 
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«o is = y •(, + ^X and the subnormal eo = ^ ; there- 
fore, by the question, 

or ^-+-'J= nyV{i + ^\ 
To integrate this equation put I = p, then it becomes 

and, taking the fluxions, we have 

* +P> +^>=«> ^^(^ + P^) + -;^fL^ = rby reducing 
the terms on the right hand side of the equation to a com- 
men denominator), to {I + p^ + y^ ) __^^ 3^^ 

} =fx, otx=z \, therefore 

P 



i-\-py + yp = (* + p^ J^yp) 



np 



V[i^p') 
or(i4-^y)-x(t--^5__)^,^^,.,,g.^^^ 

(« + /^y)- = o. and . - -^^-«E___ ^ ,. ^^^^ ^^^ ^^^^ ^^ 

these equations, * + 7)» = a. orn — «— ■* 

^ "^ — » l*^ oeing an 

arbitrary quantity), which being substituted forp in the original 

equation, we have a^nyv{r+ (^)> -^^ ^y reduc 

t^o/JlTnt = "' -^ ' ""^'^^ " - ^^-- 'o a circle 

From the second equation i — "^ _ 

^(i+p»j - o. we get;>=z 

IT^^tri' ^^''^'^ l-^'^g substituted in the original equation we 

V{«'-i) - "2' V(i + ^r^^ j. or* =r y v(„«_,), 
an equation to a straight line. 
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be = y'{n* — i), and any circle wmiK (whatever) be described 
to touch the line pws, and have its centre in the vertical line : 
Thin either the straight line or circle will answer the conditions 
of the question ; for the pressure o\ the weight, at any point, 
in either of them, will evidently be the same whatever the 
length of the string may be. 

Messrs. Eratosthenes, Harvey and Watts also answered it. 

VII. QUESTION 297, by G. V. 

Required the nature of a curve such that a tangent being 
drawn from any point in the curve to meet the axis, the distance 
of the point of contact from a given point in the axis shall have 
a given ratio to the segment of the axis between that point and 
the tangent. 

• 

First Solution, iy Mr. Lowry. 

Let p (fig. 83- pi. 3.) be the given point in the axis, and CA 
the curve required ; then by the question, if ct be a tangent to 
any point of the curve, cp has to tp a given ratio, suppose that 
of 1 to n. 

m 

Put PD zi ;i; and DC zz y, then the subtangent td =rs y -, • 
and TP z: y -; — x zz ^^ ~ ; therefore, since « X CP =: TP, 

y y 

Let both sides of this equation be divided by ^*, then we 

«hall have 21 ^(^ ^ 1) z=z ^^ ~/'^ = (-)\ therefore 
y \y^ y \y J 

n-zz f-Vx r ; and taking the fluents, «(log.j^-log.c) 

= Jog» (- + V'f 'T +• ^))» ^ being the value of ;^ when xzzo; 

y^ X fx^ 

and, passing from logarithms to numbers, — ==-- -f- ^^(75 + 1); 
hence?-— ^;c zz /(;«'+/). and [~') ""^^(~r") = /5 



c 

n+l J^ 



therefore x zz — ~* ^^^ equation of the curve. 
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v* c 
If « =: 1, then X z: 2 , or y* z=, c[2X + c), an equation 

to the common parabola, of which p is the focus and c the 
•emi-pdrameter. 

Second Solution, hy Messrs. Kyn an(2 Williams. 

Let AC (^^, 83V pL 3.) be the required curve, p the given 
point in the axis, and c any point in the curve. Lei a? = a, 
PD=:;c, CD z: y ; then, by tie qutsiion PT : PC. :; n : 1, 

dxv 
or PTzr« X PC. But td = -7—9 from the expression for the 

»ubtangent. 

dxy d;:y — xdy 

••. FT zz DT — DP = —■ — X = — — — -^. 

dy dy 

And PC - ^{x^ +/) .-. ^""^ 7 """^^ = n ^(x* + y*). 

Let X — zy ••. ^;if 3: //zy 4- 2^, 
••. by substitution dzy^ 4- zyay-^ zydy zi ndy v'{2'y*4-y*) 

.*. dzy^zznydy •(z* + 1) .*. ■ ^^ , ~ — » 

.•. h.L(r 4 /(il-**;):^^!^.!.^'^ h.L/+c". 
Let yz=zb when ;if =: o, and .'. z z= o, 

.-. h.l.rz f / 1 +2'))-h.I.?! ... 2 -I- ^(1 +;j*) =z -^^ 

b^ i^ 

j^ y 6» 5» 

^ «+l .211+2 ."41 km 



— y* .•• AT = 



If «=i, ;c= '^— ^ .-. y*= 2^;c + ** = (2* + V\h 

an equation to a parabola. Also in this case PC ;;= pt, a pro«f 
peity of the parabola, where p is the focus. 

Eratosthenes and Mr, Phelan also answered if* 

VIIL QUESTION 298, by Mr. Lowry, R. M. College. 

To determine a curve that shall cut an indefinite number of 
curves of the same given species, having a conupon axis, so that 
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all the tangents drawn to the given curves at the points of inter* 
section may tend io the same given point. 

First SoLtJTiox, by Mr. Wallace, R. M. CoUege. 

Let A (fig. 84. pi. 3.) be the given point, and pq any -one of 
the curves given by position to which ab is a tangent at b* 
Through a draw any straight line AC given by position : and draw 
BD perpendicular to AC ; and supposing the curves given in 
kind, as well as that which is required, to be referred to AC as 
an axis, let ad = x and db =^ be their common co*ordinates. 

Let us suppose that the nature of the curves given in kind is 
defined by the equation v =: o» where v is put for an expression 
of calculation, involving, besides the co-ordinates x and y, and 
constant quantities, a parameter p which is constant for any one 
of the curves, but which has diflerent values in different curves. 
The conditions of the problem shew that dx\ dy : : x ly^ but 

from the equation v =: o we have f ^J dx + ( J") ^ = o, 
therefore dx i dy :i — Ct^j • (t" )» *"^ hence * : y : : — 

( -J- I : f 2* j : Thus it appears that the nature of the curve re« 
quired is expressed by the two equations 

each of these contain the indeterminate quantity p^ but by elimi* 
nation we may obtain a single equation involving only the co* 
ordinates x, y and given quantities, which will be the equation 
of the curve whose nature is required. 

Ex. Let us suppose the curves ffiven in kind to be parabolas, 
each having its axis pf parallel to a line given by position, which 
line we may assume to be ac. From p, the vertex of any one 
of the paranoias, draw P£ perpendicular to AC. Let BD meet 
PF in c. Put A£ = a, £B =: it the parameter =p. Tbe|i by 
the nature of the figure p x pg =: bg*, that is, in symbols, 
p^x — tf) — (y -^ hy ; hence we have 

V = p(jr — a) — {y — i)* 



(£)=^' (^)=^«fy-*J- 



Therefore the nature of the curve which is the locus of B 
will be expressed by these two equations 

p(x—a) — {y—b)^=zo (1) 

px —2y[y — b) =0 {2) 

by which we may resolve three distinct problems. , 

First, we may suppose that the parabolas, besidea having their 
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a'x<*s paralM to AC, hir^ al^ ii eMilffi6ft vertesi fpfttin by posi- 
tion, then, to determine the naftttre oi the ctrrvc We havfe only 
to eliminate p (which is indeterminate) from these equ^oni, 
and we get for ihe equation of the curve 

whidi tihews k to be a hyprcrbola. The asymptotes sn'e mani. 
ftjftly patalfel to the co-ordinates, and the curve passes through 
Che given point a as well as thtough p the tommon vertex of the 
p^rabola^ : And if X and Y denote *tl>e co-ordinate<is of tlie centre 
of the hyperbola, it is easy to see that ^ n 4 2« ahd Y— — b. 

Secondly, we may suppose that the parabolas hav& all the 
•itoe paTameters, btrt that their vertices are at differetit points in 
i'line parallel to AC : or we may suppose thiat tlife uKhoiz given 
parkb6b slides along the line Pf given by positidi and parallel 
to At. Then in this case p is constant and a an iiidefinitt quan* 
tity. Now the equation ^a) is afkeady frfee 'frofli this quantity 
and gives us 

ipxzxzyiy^b) ' 
for the equation of the curve, from which it is easy to 'see thkl 
it is a parabola. 

Lastly, we may suppose the vertex of a given parabola to he 
carried in a litre perpendicular to the tine AC. In this case ^ it 
indeterminate and must be exterminated from the equations (i) 
and (a), which done we get 

an equation to a line of the third orHer. 

Second Solution, by Mr. Lowry, the Proposer. 

Suppose the given curves to be defined by the general equa- 
tion/ (a:, j^, a) uz Os where x and y are co-ordinates, and« an 
arbitrary quantity, which is supposed to be constant for all the 
points in the same curve, but to vary from curve to curve so as 
to form a series of curves differing insensibly from one another. 
Then, by the question, it is required to find acu^ve that shall 
cut all these curves in such a manner that a tangent dravtrn to any 
one of them at the point of intersection shall pass through a 
given point. Let ab be the axis of the given curve AC 
(fig. 85. pi. 3.) P the given point, and cc^ the curve required: 
Draw CD and PR perpehdioular and 7£ parallel to AB. 
Put^ = PR — ED, czz RA, ^ == AD andy=rDC ;then x :} : ;. 

P£ : CB : : c + x : y — ^, and therefore t=: ■ ■ ■■ ; > 

y y—b 

Also by taking the fluxion of the expre8siony(a?,^, a) consider- 
ing a as constant, and exterminating a from the equation Which 
Yestilti, by means of the equation y{2rj y, ajfrzo, we ihall 



/ 
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obtain -r = a function ol x and ^ =/(Ar, ;y), and shaH then 

have j, z=^J'{x , j^) for the eq^uation of the curve ia tert^i 

of a? and.y, independent of a as k ought to be. 

Example i. Let the given curves be a series of parabolas 

having their vertices at a, and formed • from the equation 

tf ;c — tf* = o (which corresponds with the general equation 

/{Xf yy a) 1= a), by taking successively all possible values ibr a ; 

X ajf 



then, taking the fluxion^ we have 4i= syj?* or .-^ an -^i 

but fl = — , therefore -r =: — =/{ Jr> i/)* and we have -i— — 7 = -^ 8 

or, by. reduction, jcy -^ 2bx •»— cj^ =: 0, which is an equi^tiqqi to 
the common hyperbola. i ^ 

To construct the curve, make Ai ~ AR = c, and on ii^, 
draWn perpendicular to ab, take if 31 2^, and dr^w m parallel 
to AB ; then will fk and fh be the asymptotes to the hyper- 
bola, and»v/26c.the semi-transverse axis. For if fH meet pc 
in s, then fs = x — c, and cs =:.y — 2b; therefore FC xcs=: 
(0?— c) (tj — ^b) n xy — 2bx^^ctf-{-2bc : but xy — 2^x— cy=o, 
and therefore FC X cs = 2^, as it ought to be. 

When 6 z: o, or the given point is in the axis of the parabola, 
the equation becomes x — c :=: q, and the straight line IK will 
then cut tlie curves in the manner required. 

Example 2. Let the curves be'a series of ellipses de^crib^ 

on the axis ab when the other axis varies. Put d =^ the qon« 

sunt axis ab, and a =z the variable one; 

then, by the property of the curve, a* {dx ^ 0?")^^ 4*jl*^r=^ 9f 

i 2d?u 

VaA taking the flvxion. ■< - ^.^^_^ - y 

therefore, siuce a* sss j ' $ , we have, by substituti^ii^ 

X 9dx — «*• J . f+4? ^dx — 2X* , 

^ . ,« ■ „. . .M . ^ and consequently -=— r = ^^t , q^ |y 

reduction, 

dcy -4- 26dx — * {2€+ d)xy +2bx^zz o, which is also an equa- 
tion to an hyperbola. . . 

When i r= o, or the given point if ia the axis of the curve, 
the equation becomes 

dcy^{2c^d)xy zzo^ OT dc — (2C+^)x = q, 

dc 
and X =:s — -7--^ ; therefore if a point i be lo^nd in the 43(11 49 

wclit that *c may bt to s+d^ a9 ai 10 11, and a line i& be 

R t 
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drawn perpendicular to ab, it will cut the ellipses in the manner 
required. 

fclx AMPLE 3. Instead of one of the axci being constant we 
may suppose both of them to Vary ; but then they must have 
such a relation that the one may be expressed in terms of the 
other. For example, let ihcm have the given ratio of 1 to n ; 
that is, let d zz an; 

then T n-T — ^~, and since a =:=-3 «, or 1 = t •• 

we have dz=: '^ , d^2X s --^ , and v zz , / - ^ ; 

a? X y n*tf — *' 

therefore — r =— r-r^— st and by reduction 

cn^y^-^cx^ -f «*xy — *' + aft«*^a? zz o, an equation to a line 
of the third order. When n = 1, or the curve is a circle, the 
equation becomes r^^ — cx^ — Xjj^- — x^ + 2l^x n o,. and 
. when 6=0, or the given point is in the axis, we , have 
e{y^ — ar») — Jg/* — s? zz o. For the construction of the curvc^ 
in this case, see Maclaurin's Algebra, pages 312 and 313. 

The question may be resolved in a similar manner when any 
property Vhatever of the tangent, subtangent, normal, line 

making a given angle with the curve, &c. is known, that will 

• 

enable us to find the value of r in terms of x, y^ and known 

. quantities. 

Suppose, (or example, that the tangent cr (fig. 86. pi. 3.) 
instead of passing through a given point, were required to be of 
a given length; then 

i : V^(i*+i*) •'-y • CRzi^ V^(**+i*) = a constant quantity r, 
theKfore / (*• -+ >•) = c' y\ and t •= £lflriJ!!) ; 

consequently we have ^ ^^^^ zzzf(x^ y^ for the equation 

of the curve. In the parabola, where 7-= — , we have 

y y 

iJ 2— ss: — 9 or 4Jif*-f'^' — c^ zz o, an equation to an 

ellipse, of which the axes are f c and sr, and centre is A. 

As another example, let it be required to find the nature of 
the curve, when the tangent is to touch a given circle. 

Jxt p be the centre of the given circle and ph (fig, 87. pi. 3.) 
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its radtust through p draw kp^: meeting the ordinate CD in K, 
and the tangent, ch in K, and draw PR perpcndrcular to the . 
axii AB. Put HP = r, PR = b, ar =c, pe rrrf, EC =: v, 
and KP = 2; then kh = \/{z* - r*), and by similar trianglca 

KH : HP :: K£ : ce = - J|^,^^^^^ therefore r*( 2 + t;)« 

— tt* (x« — r*j, and by completing the square, we have 
g L-- (rw -+- u i/(tt" + •I'* — r*)), therefore ke = «+• 

— 1 f '^ y y** ' — r and since -r = , wc 

have -r^^: r^ » —^2 =y (*> 3^) f ^^ puUmg 

for t; and u their values ;if f tf and j^ — iwe have 

; :^ /^2bi/^b''—r' -^ ^^*^f 

lor the general equation of the curve. The question may b« 
resolved in a similar manner when the tangent is required to 
touch any other given curve, "or when it is requiried to cut two 
straight lines given by position so, that the rectangle of the seg- 
ments between the points of intersection and given points in the 
lines may be equal to a given space. 

Messrs. Harvey and Watts sent an answer to tits question. 

IX. QUESTION 299, ly Hermodorus. 

Given the vanishing line its centre and distance o( an original 
plane and the projection of a straight line, and of a point in that 
plane; through that point to draw a straight line so that the angle 
made by the two straight lines shall be equal to that made by 
their originals. 

Solution, iy Hermodorus, tie Proposer. 

Fig. 88. pi. 3. Let the given vanishing line be hd, x its 
centre, XA perpendicular to hd equal to the given distance, 
ID the given indefinite projection of a straight line, and Gthc 
given point. 

Let FO meet hd in d and join ad, in Ax produced take 
XY = XA and join YD, suppose GF to be the line required 
making with fd the angle gfd which is to be e^ual to that it 
represents: produce gf to meet hd in h and join ah, then 
(by the principles of perspective) the angle had is equal to that 
represented by G'fd. Jom hy then the angle hyd = the angle 
HAD; therefore the angle hyd = the angle hfd, whence 
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Tf F, Ht D are in a circle, therefore the angle gby is equ^l tp 
the angle fdy* 

Construction. Find y as in the analysis and join .gy 
upon which describe the segment of a circle containing an angle 
equal to that contained by fd and yd : if it meets the line hd 
in two points either of them solves the problem, if it touches h0 
the point of contact is the only solution, if it neither touches nor 
cuts HD the problem is infpossible. If fd coincides with YD 
and c with y the problem is indeterminate. 

X. QUESTION 3QO, ty^Auicvs. 

To find curves that have the following propeny, viz. that 
if p be a given point in the straight line apb given by position 
and any straight line whatever* be drawn through p to meet the 
curve in two points, and tangents be drawn at these points to 
meet the line A£ in £ and f» the segments P£» PF shall always 
be equal. 

Solution, by A. B. 

Let the straight line drawn through p, (fig. 89, pi. 3,) meet 
the curve in m and n, and draw the ordinates mk, ns to the 
axis AB. Put PR =- X, and mr zz ^, then the subiangent er 

ydx^ J ydx , , 1. , • 

::z — ^7— , and pb = — pf z: — -^ 4- ;if (which must be a 

__ ydx — xdy 



y* 



= ^, therefore —^ =f[^)l whence I =7jF^ ^ 

' y J \y) 

F /«• j ; but this leads to no useful condusion. beciMise» whac- 

ever be the equation of the curve, by putting tf * ^ =r jr, that 
equation may be ttansformed into another equaion between 

V and Ut whence we may derive -^s F («) =r F fi ).• The 

y v^/ 

?,uestion must therefore be resolved by other considerations, 
it requires that the two following conditions be fulfilled : Firsl^ 

that for every valoe of « , or ti, which U always a potkiv* f «mi« 

tity 
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tity, there fhall be two values of i , since mn must cut the 
curve in two points. Secondly, that -, or -7—*, 

(which IS the value of pe) shall be of the same value with oppo- 
site signs, the two values of i. The first of these coodi- 

y 

• '• < ' " 

tions requires that we suppose- = u' + y'(u), u and u' 

being functions of «, which value, on account of the double sign, 

wiH give two values of - for every value of u\ but the 

second condition will not be fulfilled unless a constant quantitr 
be written in the place of u^ Hence the curves that satisfy the 
question must fulfil these two conditions. 

y — ^ ^ 

Where u. is any function of »• 

Ifweput USB 4-ca+Di*=: B4-ci-+-D^,thecurve 
mil be defined by tKis equation 



- = A + /(b + C- + D-;), 



which includes all the conic sections, and leaves the point p in- 
determinate or arbitrary. 

If u =z= B + c - 4- D — + E — 5, then 

y ^ y y^ 

t X x^ x^ 

-• = A + v^(B +c~+D^+E -7), which includes all the 
lines of the third order that satisfy the question. 

Solutions were also received from Messrs. Harvey and Watts 

and Mr. Phelan. 

XI. QUESTION 301, byH. 

Supposing a particle of matter at rest any where upon the 
iurface of a solid of revolution which revolves about its axis in 
a given time, and that the particle is attracted towards the 
centre with a force which is as some determinate function of 
j(festiista&ce from the centre : What ought to be the form of the 
•olid? 
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■ 

SOLUTIOX, by G. V. 

Let c (fig. 90, pi. 3,) be the centre of the solid, PC itg-axis 
of rotation^ paq a section of the solid by a plane passing through 
its axis» CQ a perpendicular to the axis meeting the section in Q, 
and A, A^ any two points in the section paq, indefinitely near 
to one another. Join CA, ck\ draw ab perpendicular to CP» 
and A^F^ A^o perpendicular to CA and.AB, respectively. 

Put CO zi fl, CB = Xy BA =: y, CA := r; then ad == -^ ijft 
and AF 3 — dr. 

Ijsxfr denote the function of r which is proportional to the 
force tending to the centre, and let g denote the absolute value 
of that force at q and c the measure of the centrifugal force at 
the same point : then the force at a tending to the centre will be 

fr 
g X 4-» and the centrifugal force acting in the direction ba 

will be ^•^. 
a 

The paiticle at A is kept in etjoilibrio by three forces, v\%. the 

fr cv 

force gAr acting in the direction AC, the force— acting in the 

direction B A, and the reaction of the solid. And by tde principles 
of statics any two of these ace to one another as the sines of 
the angles their directions make with that of the third : there* 
fore, observing that aa^f and aa^'d .are tKe angles which the 
lines AC, AB respectively make with a perpendicular to tb« 
curve at a, 

jT'T' : ^ •' : (sin aa^d : sin aa'f :: ad : aw : :) djf : Jr; 

and hence 

Let Fr be the primitive function of fr. that is,- let ^r =-,- ; 

then similar Iy;/i = -^; let the values of fr and /a be sub. 

stituted in the fluxional equation, and it becomes 

J dfa c J 

and hence, taking thie fluents, 

fr=z J^.f/+ Const. 

To determine the value of the constant quantity, let x s 0^ 
then, because in this case ^ = r z: ^ , the equation becomet 
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fa =: -^l^. i a^ + Const. 
2aaa g 

Let the value of the constant dq^Iuc^d from this eijuation be 
substituted in the former, and it becomes 

Fr = fa -r- . - («— i^ )• 

2aaa g ^ 

This expresses geoeraliy the nature of all solidi haviiig the pjra- 
perty required by the question. 

Let us now consider some particular cases, and first, let us. 
suppose that the force is the same at all distance? from the 
centre. Then fr zr r* = i, an^ Fr =: r, therefore fa zza, 

, dfa 1 „ 

and — TT- = — • Hence 
iiaaa na 

or, squaring, and putting «* + y* for f*. 

This equation shews the section of the solid to be a line of the 
fourth order. 

Next, let us suppose that the force tending tp the centre is 
dfarecily proportional to the distance ; here jr = r, and fr 

s f 1^^ pa = f d^, and ■ ^ ' "X = \^ Therefore, the equation of 

the curve is 

which, by pu^g ?* Hh 9^ ^ ^% W)^ ^ l^ ^W^^^i ^h 




Hence in this f ^e tl^ ,;$oUfl i^pf^f fa bf ap oblate spheroid 

.ifti^iogits jgr^tfir ^ifiira)^is ;=^ fi ajwJlc««er 5: y -^ , ft. 

Lastly, without assigning any particular law to the force 
tending to the ceotre, )et u# suppose th^t the .centrifugal force c 
is small in comparison to the iorce g; then, resuming the 

dfa £ I % A\ 

fin fr be now regarded as a function of r*, and expressed Jihus, 
^f^r'), IP Aat, si^Biiarly, ga s: (f{a*)t and it becomes 
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Now the second member of the equation is manifestly the ; 
two first terms of the developement of the function 

^ J a* - (a* — /) c » and these, when - is a small fraction, 

jgid consequently - (a* — y*) also a small quantity, will be 
nearly equal to the whole function, therefore, 

f (r') = ? {a* — ^ (a» — y') } nearly, 

and r* =: a* (a* — y') nearly. 

o 

Hence putting ;c* + y for r*, we get _ ■ _ ■ - ;c'z=a* — >'* ; but* 

^ = ■ ■ ^ , — r nearly, because by hypothesis c is small 
in respect of g ; therefore, 

The solid is therefore nearly an oblate spheroid whose greater 

axis is a and lesser axis -^ a ; and this will be true, what* 

ever be the law of the force tending to the centre. 

If the solid be supposed equal in magnitude to the earthy and 
to revolve in the same time, and have the force of gravity at its 
equator the same ; then^ : c : : 289 : i, therefore the ratio of 
its axes, or'2^ : 2^ — ^ will be that of 578 : S77* 

Mr. Phelan sent a solution to this question 

XII. QUESTION 302, by G. V. 

Theorem. The square of any prime number of the form 
411 + 1 is of the form «* + 256*. 

First Solutioin, by Mr. W. Wallace., 

I shall extend the propoRition, and demonstrate that the square 
of any prime number of the form 4^1 + 1 is either of the form 
$a* -I- 256*, or of the form fl* + 9 x Sfii'* 

Every prime number of the form 411 + 1 is the sum of tW(S 
squares ; this is one of Fermat's theorems, as is generally 
known; every such number will therefore be of the form 
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f^ At f% and its square of the form (^* + y*'*, an expre^^sion 
equivalent to 

It is shewn by Euler in his Algebra (Part 2. Art. 65.) that 
every square number is either of the form 9^', or oi the form 
3«i + 1. Now one or other of the two square numbers 
^', ^* is of the form gw*, or they are both of the form 3«i + i ; 
m the former case ^pq will be of the form 3^, and ill thq 
latter, p^ — if will be of the form 3^ ; so that in both cases 
(^» _ g«)* + (2/^y)* will be of the form a* + 9*«. 

Again, Euler also shews (Part 2. Art. 72.) that every square 
number has some one of these forms, 2^w% ^m + 1, ^iw-V 4. 
Now one or other of the two numbers is of the form 25»i* ; or 
else they are either both of the form 5»» + 1, or both of the 
form bm 4- 4, for one cannot be of the form 5?» + 1, and the 
other of the form epn + 4, because then, />* \ (f would be of 
the form ^{m \- wf + 1), that is of the form ^m'\ which does 
not agree with the hypothesis of J»*-l- 9*, or \n -k- 1, being a 




be of the form ^b ; so that in all possible pases, (p* — 9*)* + 
{fipqY will be of the form a* + «5&*. 

As it appears that the square of a prinoe number of the foriQ 
411 + } bas at the same time the two forms a* + gi', ^nd 
iC' + 2.^V' ; and as the numbers 9 and 2^ are prime to one ano« 
ther, it must necessarily have one of the two fornix ga* -i- «j^% 
a* + 9 X s^&*» as expressed in the general proposition* 

Examples* 
5*=9X + 25x1, a9*=9^7*+«5^4* 

i7*=:8*+9X25+i. 4»*=9><3*+»5X8* 

Corollary. The fourth power of any prime number of 
the form 411+1 is of the form a* 4- 900^% For it appears 
from the proposition that it must be of one of these two foraii 
(ja" — 253»)» + (30a*)*. (a*— 225**)* + (gofli)* both which 
are included in the form oT" 4- 900^^^ 

Second Solution^ 3;r'A.B. 

If ^ be a prime number of the form 4^ 4- 1 it will consist of 
two squares, on^ odd and one even; that is^=(8»)*+(ft^-f 1)*; 

iind ^* = I («»)• — \^%y + x)» {* + x6** (ay + i)*. 
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Now all even numbers come un4sr one or other of them 
forms, Viz* 

102 

loz 4- 2 

102 — 2 

loi 4- 4 

162 — 4 

^ And all odd numbers come under one or other of thcs6 
forms, viz, 

ioi^ + i 
tou — i 
jo/if — 3 
^ott -f 3 

The proposition is obvious when 2x = loz or 2y + | ±i ^u, 
pat these forms, viz, 

(ipz±4)» +(lo«I*8)* 

pionot be ^f>fime numbers because they 4re ditisible by « : the 
only remaining torms are these, viz* 

(ioz±^)»±(ioi^±3)ti 
tiozit4)«±(ibtt:t i)». 
But if 20? z= ioz±2and2y4- I £=s 1D« ± 3 ; ot if ^^ ==> 

i'inT^ V . ..^^^^-^^^* ^ 5 ^^ ^veiy case, (24?)*— Yiy-f 4)* 
Will be divftible by 5^ ind its square wifl be divi^ibfe l^ aj. 

Third Sp?.uTiON, ^y Julius. 

Every prime nuniber n pf the form 4W + 1. is the sum of 
rwo squares, that is. n = «?* + >»• (Barlow's Theory of Num. 
Oers, Artf ti^i) And consequently 

N' = {i* + jf*i (^* 4-.y») — (*^* — s«f -h (aa;y}% 

WQ hfeyc N^=: a?'* + ^*. 

B-ut when the rfum of two squares li ^qual to t square, dm 6{ 
^ thre^ IS diyisibie by ^5, or is of the fdnn Bia^ Ait**Q 
W the iboVeifttntionied xv'ork* o^ » « 

Now since n is a prime hUittbir it (Jtoittbt be divfiiMcBy ^ 
except in the single case of n = ^ • therefore it must be one of 
the other squares a?'* qr^^* th« h of 't!he form Bja*, consequently 

!*» = *"+ 2^a*, or i» + 25a*. ^ 



Kin. (QUESTION 303, hj Mr. Cunliffe. 

Suppose two projectiles thrown from the same place with 
equal vel&citied) in the «ame vertical plane; to determine the 
dn^le^ of elevation 90 as to include [he greatest space within the 
curves de»€ribed in their fliglu^ the horizontal range i>eing the 
came in both. 

First Solution, by Messrs. Harvey and Watts. 

Let AP, (fig. 91, pi. 3.) perpendicular to the horizontal line 
AH, represent the altitude da6 to the projectile velocity : upon 
Ji!> As a diameter descHbe a semi-circle, and draw bEQ parallel^ 
Xp, cutting the semi*cil*cle in e and Q ; join ae, aq and 
(draw Ef, QR parallel to ah meeting ap in f and r. 

Then it is Well known that two projectiles delivered in the 
aiiTectioh^ A£, 'AQ, with the velocities due to the altitude ap, 
will have the same horizontal range, viz. 4 ad : and the re- 
sistive hdghts 6t ^bscissse of the parabolic arcs described in 
tne fliglit will be equal to af and ar *. Hence f x 4AD x 
(a^. -^ af) r: -| Ao >c fr will express the space included by 
the two curves, which is to be a maximum by the question ; 
therefore ad>cfriz fe x fr is to be a maximum, that is, the 
rect^gk F£4^R inscribed in the ^emi-ciVcle A£(2p i* to be a 
maximum. 

Now, it is well known that a square is the greatest rectangle 
flteit cin be inscribed in a circle, therefore when the rectangle 
F^QIi h a ma:ximaiifi, it will be half a square inscribed in the 
Whole cirple, tbit is 2fE = E(i, or 2 arc ae r: 2 arc vq z±: arc 
td. Gonseqtieittly Z. aqd — jl dae == 42|^and z. daq it 

Second Solution, by Mr. John CaVill, Bdghton. 

It is well known that if two projectiles are delivered with 
equal velocities, and the angle of elevation of the one is the 
xotn^plcwient of the angle of elevation of the other, then these 
two projectiles #il} have equal horizontal ranges. Having 
made this remark the solutiori of the question tnay be as follows. 

Let tf, denote tbe velocity per second with which the two 
projectiles are delivered, and put g r: i6j^ feet. Also, let $c 
denote the sine of the angle of elevation of the lower projectile 
radius 1, then ^(i-r-x^) will express the sine of the elevation 
of the other. And by the doctrine of projectiles in a non- 



^^A ;« .:.^L, v-x.^:! ..^- .^^ .^_ - .. ■ ., 



>*teiiM 



^ Pm^y*! Ooune of Mathematiqi, vol. s, page 326, art. 325. 
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resistingmedium (rf*A'-4-^) v'(i — ^') will express the hori- 
zontal range of both projectiles, or the common double ordinate 
of the two parabolic arcs described by the projectiles. Again 
by the doctrine of projectiles, (d*-r 4^} (i — •^*) will express 
the altitude or abscissa of the greater arc ; and {^Pa?*-!- ^g) that 
of the less or lower; and therefore {d^ — 4^) (1 — 2X^) will 
express the difference of the two heights. 
And hence, by the known principles of mensuration, 

2 rf*v d* 

~X — r V(i— •*') X(l— 2a;*) :=:- — iX 4^/(1— a:*)x (1— 2X*} 

will express the area included between the two curves. 

Now let A, denote a circular arc radius i, and sine x; then 
from the known principles of trigonometry we shall have, sine 
4 A — 4;^ v^(i — x^) X (1 — 2x'^)y and by means of this the fore- 
going expression for the area included between the two curves 
becomes (^^-f- ^4g ) ^^^ 4^* which is to be a maximum by the 
question, therefore sin 4 A must be a maximum. 

Now when sin ,4 a is a maximum 4 a will be ah arc 0190% 
because the sine of 90'' is the greatest sine; therefore a is an 
arc of 2 2i° which is the elevation of the lower projectile, aod 
its complement Gj^"" is the elevation of the higher* 

Third Solution, by Messrs. Williams, and 

Eratosthenes. 

Let S, (p be the angles made by the directions of projection 
with the horizon ; then by the principles of projeciiles B - 90* 
— (p, or sin Ozz cos 9 ; and by the problem, the horizontal 
range multiplied* by the difference of altitude is a maximum. 
Let^ — 16 tV feet, and v — the velocity of projection; thea 
the horizontal range — (v* ^ 2g) sin 2 d, and the altitudes = 
C^' -r- 4g) sin ^Q and ^v^ ^ 4^) sin '<p, 

.-. {v'^'^Sg^) sin 28 {sin*e — sin «?)), 
or, sin 9 cos 9 (sin 'd — sin *(p) is a n^aximum ; 
.-. (ssin'Ocos^'d — sin*9)^9— ( cos ♦fi — 3008*6 sin*5) ii9=Q, 
or, 6 sin ^Q cos'9 — sin *d — cos ^Q iz o, 
••. sin 48 — sin *d z: — ^, . 
and sin B =z \/Ci -f y^ i) = '92394 = the sine of 67® 30' 
nearly, .*. (p = 90"-^ 6= 22* 30'. 

XIV. QUESTION 304, ty Edinburgensis, 

Find the fluxional equation of the curve of pursuit when tbc 
body pursued moves in any curve of a given nature. 

* s * 
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Solution, ^jk Ali^uis. 

Let I A (fig. 92- pi. 3.) be the given curve in which the pur- 
sued body moves with the uniform velocity ot, and.N B the requir- 
ed curve in which the pursuing body moves with the velocity n. 
Let A and b be any cotemporary positions ot the bodies, and a, t 
their position after an indefinitely short interval ; then Aa: hb :: 
m I n^ or Aa =z {m — n) b6. Let the curves be referred to the 
straight line ken, given by position, as an axis ; and the ab- 
scissas have their origin at the point n, Draw ak and be per- 
pendicular to KN, and produce ab to meet the axis in f. Put 
NE zr ;i:, be = y, NK =. iw, and AK=zv ; then Bbz=:^(x*+y*) 

and Aa = \/{^^ + ^')» or because the curve i a is of a given 
nature, v is a given function of w, therefore Aa may be denoted 

by zu '/[j>v))^ and we shall have w ^(f.w) = (m -i- n) X 

Now since the pursuing body makes always directly towards 

the other, the line ab joining the bodies, will be a tangent to the 

• • 

X X 

curve at b, and the subtangent E¥ zzzy-r :=:yp (putting -— p) ; 

also by similar triangles ef : eb :: fk : ak; or, in symbols, 
yp :y : : w — x -{- yp : v ; therefore v = {w — x) -f- /> 4- y; 
and substituting for v its value, in terms of w, and reducing the 
equation, we shall obtain, when it is possible, w in terms of 
x^y^ndp; or w zzf (x, y, p); hence f. to :=f{f[x, y, p)) ^nd 

n; = F (X, y, p) ; these values being substituted in the expression 

-f© ^(/, a;), we shall have. 

i {^. yf P) /f/f F(^, y. p))) = "J/lx* + /), for the fluxion- 

al equation of the curve sought, in terms of the rectangular 
co-ordinates and their fluxions, where either x or y may be 
supposed to flow uniformly. 

When Al is a straight line parallel to the axis kn,^ is =: r, 

a given line, and ty n (;» ~7i) j/(x^ -H^*); also » — r = 

(zu — '^) -r F + J'f therefore ty = f (^, y, jo), ty zz f (x,y, p) := 

• ■ 

{€ — y)p — jEy + *=(t — ^'j "7- (supposing ^ to be constant); 

hence 

(,_,,)|=^(i.+^.). or ^^/^^, ^=^^-g-^. the 

fiuxional equation of the curve in this case ; agreeing with 
that at page ji6 of Simpson's Fluxions, 

Xlie finxbnal equation, deduced from the above fonnula, 
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will, in most cases, be very complex, and we shall in general 
obtain a much simpler one by seeking the relation between other 
lines than the rectangular co-ordinates. 

Let us take the circle for a particular example. Let C (fig. 
93. P'- 3-) t>^ '^* centre, join CA, cb, and draw cp perpendicular 
to AB, Ap to ab, and bq to CB. Put ab =: x, AP = y, CA = r, 
CB = tt, and CP =f, then — i = AB — tf* = b* — ap. But, 
the tangent to the circle at A being perpendicular to Ac, and CP 
perpendicular to AB, the triangles Aa/>, acp will be similar, there- 

fore ap zz Aa X i^ , and since Aas: ^ X mvt ap :^ ^ X ^ 

and — A 3= si (1 -^ ^V Again, tbe^riaagl^ C«F, iqii ue 
«iipilar,therefoj:eBP(;c— y) : (?b(m):: Bq[zzci^ — cb zz—u) : 
5* = ^^, and consequently x = ^-^^ X (1— ^j. But 

(ay + y»\ aod ;r = 1:-— I* "^ ;trj' *^*^«» 

by reduction, ^^ = jcx — (xy)- ; or, sjnee p = /^r* — jf«),. 
' np 

"' - ^J^^ '1 =: xi ^ IxyY the .fla;cional eqwalioa fiouglu. 

Eratosthenes amxiftred tt. 

XV. QUESTION go^. Ay L. 

To find ffrom >eknicol|try principles) bow aj^ing.will^noye 
Upon a straight W)d revolving about one of its euds on an hori- 
zontal plaae, when, after the first percussive impulse, they are 
disturbed by no force but their mutual pressyr^ against each 

other* 

Solution, by Mr. Lowav. 

Let z 4eoote the distance of the ring from the ceptre, or the 
-point about which the end of the rod revolves, aker any inde. 
finite time / trprn:the commencement of the motion has elapsed; 
A and y the rectangular co-ordifiates, drawn from the ring, on 
the straight line from which the motion commences ; (p th^ ia€4« 
sure of the angle that the rod or radius vector x, makes with 
(Ihat line rcduined on the circumference irf a circle wfco^e ja4i^s 
is 1, «Khe velocity of the riwg in the direction of the^od, u the 
jmcutor vdocity «t'the distance r from the centre* and F4be 
force by which the ring is urged hy tjic action ^pf ^ jod ia a 
Jwtotion ptrpeiidiriribr to ftbe joadins vector : Thtttthis fi>rcsr 



may be resolved into tiro others, namely, p ^ci^ or P sin ft, 
accelerating the motion of the ring in a direction parallel to, 

and tendingtodiminish the ordinate a?, and p x - or p cos 

z ^* 

accelerating the mottoit in A direction parallel to, attd tending to 
augment the ordinate y ; therefore by the principles of dynamicl 






«9 



• • 



and 4* 



e 



p cos f . 



Let the 6rit of tbesv equationaf be multiplied By cot ^, an4 
the second by sin f ; theni by taking the difference, we get 



A' cos (p + y sin ^ _ 

— ■ ' ' A ' " — O, 

■nd, by adding thenr together, 

• • •• • 

^-^ K COS (p -I- y sin $ _ 

.But X zz 2 COS <p, andy i± z^n(p; therefore, taking second 
fluxions, ancT multiplying tlie first equatioit by cos (p *ad the 
second by sin (pv we get, by addition^ 

^'P9i.P ^ y sin (p — « f zi* 



•• 



or V- = -r-;-...*.....^(t) 



and, taking the difference. 



4 f» 






■ ^' 






cr p _ 

The first of these equations serves to determine the velocity 4>F 
the ring, and the second its pressure against the rod. For 

'T- ;= -? t= — , and t^ = -^ , therefore vv zz — «- , 

5 ' ■ J .i w ' firzt ... .^. , Vi- 

and t;* ~ c' -f 2 J^-Tr-^ ' '^ 

where t =: the value of v when « ±: »• ^ - 
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v' = c» + , 
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• • • • 

'■■ Again, .— rr = , and -i :r -r = — X r, 

therefore p iz — f2tf + «^)» 

Now let; b =z the angular velocity when z tz a^ ruzz=: the 
weight of the ring, to >^ m sr: the moment of inertia of the rod, 
or the sum of the products of each particle by the square of its 
distance from the centre of motion, which will be :=y of the square 
of the length of the rod, multiplied by its weight, when the 
thickness of the rod is not taken into the account ; then the 
angular velocity, when the ring is at Ithe distance z from the 

centre, ;vill be,=;= \ ^ - , ■ ; , or u = — r— 5. puttmg n = 
' • m ^ z i9t^z . ^ 

m + d', Thi5 value of u being substituted in the expressioH 
for the velocity, we have 

2nH^ f zi 

«nd, taking the correct fluent, 

9rvzs2 -/((:• + .-5 (1 — — jT^jjt the velocity with whick 
the ring approaches to, or recedes from the centre; 
Agam u = . ■■ A\\ f therefore zj c= . 1.4 # 

To determine the nature of the curve described by the rinf, 
igt have 

* =^/ - ;; = ^** ^ (rV + «i«) (HI + 2*) - ii'i*' 
where the fluent is always assignable by elliptic arcs or hf 
liogarithms. 

XVL QURSTION 1196, i}/ Mr. W. Wallace. 

If the intersection of two straight lines which coataixi a. given 
angle be on a line of any kind given by position, and one of 
0em pass through a given point, what is the aature of the curve 
t^ which the other k a tangent I 
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FmsT Solution, hy Mr. Wallace, the Proposer* 

In resolving this question I shall suppose the given angle a 
right angle^ for the sake of simplicity, and also because .eveiy 
other case may be reduced to this. For let a be a given pointy 
(fig« 94* pi* 3O MBN aline of any kind given by position, and 
AB« BC two lines which contain a given angle B, and one of 
which passes^ through the given point a. Draw ab' perpen- 
dicular to BC, also draw ap any line given by position, and ap' 
another line, so that the angles, bap, b^ap^ may be equal ; then 
the angle pap'^ will be equal to the angle B ab"", that is to a given 
angle; therefore AP'^wiu also be given by position : And since 
the angle b^ap^ is equal to the angle bap ; and b^a has to ba 
a given ratio, (for the triangle bab^ is given in species) it is 
manifest that the line m^b'n^ which is "Sit locus of the point b' 
will be similar to the line mbn which is the locus of 3 : so that 
when the latter is given, the former is ajso given, 

To proceed now with the solution of the problem ; let mbm 
be the given line (fig. 95. pi. 3*)9 a the given point, and ab, bq 
the two lines which are to meet in the line mbn, and form a 
right angle. Let ab^c be another position of the lines, inde^ ^ 
finitely near to the former ; then c the intersection of the lines 
BC» B^^c is maoifestly a point in the curve to which bc is a 
tangent* 

Take a straight line ax given in position, to which the curves 
maybe referred, as an axis. Draw cd, be perpend^icular to 
AX, and HBF perpendicular to GP; also, draw b^h perpendi* 
cular to FB, let b^'a meet bC in o and bf in Q, and draw the 
tangent b^bx meeting the axis m K. 

The triangles gbo, gb'h are similar; so also are the triangles 
b^bg, BRA, and the triangles bob^abc; and lastly, the tri- 
angles 5CF, B A£ ; hence, 

B^M : BO (: : b^G : gb) : : ba : AK, 
BO X b'O (: : AB : BC) : : be ; BF9 
therefore, compounding these ratios, 

b^H : 9^0 : : ba X BE ; AR X BF. 

, BE X BA X BO 

and BF =: , ♦ 

AR X B^H 

In like manner, from the ratios 

B^H : BO (: : B^G : Gb) : : BA : AX, 
30 ; B^o (; ; ab i bc) : : AE : CF, 
we obtain B^ii : b'o :: ba x ab : ar x CP| and 

AE X ba X B^O 

CF = 77Z • 

AR X B H 

Let us now put ab the abscii»a of mbn, the given curve 

T % 
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E=: f ; f B itf pT^Iimite =: ^; ab the variable radium 5= •, and 
AK, the segment of the axis between a and the tangent, =^- 
AUo, let AD the abscissa of the curve sought be Xf and dc its 
ordinate y ; then b'h =z ds, no = dv, these symbols being 
•ubsti^ated we get 

svdv rvdv 

TBerefore, from the position of the line§ we immediajtelj 
qbts^n these equation^, 

svdv f > 

* = ^-i^- ^'^' 

'»' = *+ 73r '••^''* 

The nature of the curve furnishes a third equation, by which, 

three of the four (juantities r, j, /, v may be expressed in terms 

of the remaining one, and this done, we have only to eliminate 

rfiat quantity from the above two equations, and the result will 

be the equation of the (curve whose nature is required. 

■ We may also express the nature of the curve independewttjr 

of V and t, by remarking that t;* - r* 4- A from which we get 

dr 
mdv =. rdr -f sds ; also thaSt / =: ^'"^ 'T^l bcnce by •ubsti- 

^ution we Tm\^ 

(r* — s*) ds •*-*• ^rsdr , . 

'^^ rds-sdf Z^^). . 

(r*— ^*)ir + 2rsds , . 

l^y tbpse,, and the equation of the given curve, Wp may elimi- 
nate r and j, and the resulting eqi!iatipa will express the nature 
of the curve tp which ec is a tangent, a& required by the 
question. 

. Ex. 1. Let the given line mbn (fig 96. pi. 3.) be a straight 
line. Let the axis ax cut it right angUs in N. Put an z=;^. 
In this case we have j — n b, r -zi an zzz c a constant quan- 
tity, therefore dr r=: o ; r' — 5* zz c* — s^\ rs :=z cs^ and by 
iubstitution in formulae (3) and (4) 



c^—s^ 



2S. 



Hence, eliminating s, we have^* n ^c [c — x), an equation to 
a parabola of whicb a is the focus, ax the axis, and 4c the 
parameter. 

Ex. 2. Let the given curve mbn be a circle (fig. 95. pi. 3.) 
whyte ecu Jit i^ ^^^.^nd radius MX. 'PiH A:?: :;='<> ;^ti:t:tf. 



«* "^-r- ^' =r t^. By: tKe nature of die eirck, r * + j « — 2^r-r- i^, 
bcQce ^.y i:^ Lrr._i — ^ jind by the third and fourth formulae 



'*j 



er 



« = — -jr-jr^ — . y = ir~ 

To simpliry the equation of the curve, it will be convenient 
in this case to change the beginning of the abscissae x from ▲ xo 
X ; to effect this we must put x^ zz e — x ; then we have 



, a^r h^s 



* —jrrTr' y~ y — er' 
from these equations we get 

•ubstiltuting now these values of r and s in the equation r* -f j* 
n: 2tfr — 6*, and reducing, we find 

for the equation of tlve curve, which shews it to be a conic 
•ection whose semi-axes are a and h, 

% 

Second Solution, % Mr. Lowry. 

Let HCG {fig. 97, pi. 3.) be the given curve, a the given 
poiQt^ s^nd KE the curve required, such, that the lines AC, ck 
being drawn to any point c in the curve to include a given 
angle, the line C£ shall be a tangent to the curve K£* Let the 
straight line ax, drawn through the given point, be taken tor 
t^e axis of the curves, and instead of the ordinates being at right 
jftngles to this axis let them make with it an angle equal to the 
given one; that is^ let the angles a bc, fde, made by the or* 
iiJinates C39 ^£9 be equal to the given angle aC£. 

Let A3, the abscissa of the given curve, be := u\ BC, its 
ordinate, — €/; ad, the abscissa of the required curve, =*; 
DB, its ordinate, zzzy ; and the cosine of the given angle zi «. 
Tb^n becau^ of the equal angles abc^ ace, the triangles acb^ 

ACF are similar; therefore ab : AC : : AC : af ;;z:-— • zz. 

AB 

^ 4- ?y* — %avu , tt' + z/* — ^avu . . 

#— ' — -^^ — , and FD r= x. Again, the 

tri^gles ABC, £DF are similar; therefore bc : AB :: df : i)X 
u w* -H w* "T- %avu — ux 

= - X DF = : T. zzv\ 

or M*+ 1/* — 2avu -^ ux — vy zzo., . .(i), 
'Wiiich i§ an equation to jthe straight line C]^i in terms of the 
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co-ordinates x and t^, and the arbitrary quantities u and v (givAi 
functions of one another), and corresponds to the general equa- 
tion /(x, y^ a) =. o, in the solution to question 279 ; thit 
question being only a particular example to the general problem 
^ which is there resolved ; therefore taking fluxions, considering 

« and V alone to vary, as directed in that solution » we shall have 
• 

T = ; — (2). 

Now from these equations, and that of the given curve, wc. 
can exterminate u and v^ and the result will be the equation of 
the curve required, in terms of x and y, independent of u or «/• 

When the given angle is a right one, the co-ordinates arci 
reciangular, and a r= o ; the above equations then become 

tt* -h V* — ux — vt/ =0 *•• (3) 
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and T=: ; (4) 

firom whence we get by elimination, 

X zz ^^ — : (S) 



uv — vu 

(a* V^]u + 2UVV ,r\ 

y - i r^ '^ (6) 

UV — vu 

For a particular example, let us suppose the given curve to 
be a circle, and the angle a right one. Through the given 
point A (fig. 98. pi. 3.) draw the diameter hog ; put r zz the 
radius OG, and a zz the distance of the given point from the 
centre : then, by the nature of the circle, r* n r*-^ (a — u)\ 
Now it is evident from the above formulae, that there are 
several ways in which u and v may be exterminated ; we may 
cither make use of equation (3) and that which expresses the 
nature of the given curve; or, of equations (5) and (6) and that 
of the given curve: in, the present case it will perhaps be as 
convenient to make use of equation (3). Since t;* r=r* — 
"(a — u )*, and V = v^(r* — (a — «)') ; if these values be sub- 
stituted in equation (3) it becomes 

r' — a^ — 2au — ux — y v'(r* (a — «)*) n o ; 

or, when cleared of the radical, and the terms properly arranged* 

Taking the fluxloii, supposing the arbitrary quantity u only to 

" (r* — a^)<2a — x-^ay^) , , . 

vary, we have u zz ; ^ r-^ • and substitute 

' (2fl — x)^ 4- y* 

ing this value of u, iti the above equation, we have, after proper 
-reduction, ry =(r' — a* + 2ax— a?*) fr* — a*), an equation to 
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an ellipie or hyperbola, according as the given point Is within 
- or without the circle : the point a being the focusj and the line; 
HG the transverse axis of the curve. 

Harvey and Watts of Plymouth answered this question. 

4 

Xyir. QUESTION 307, by Mr. Lowry. 

Let AEC» BFC and ef be three straight lines given by posi* 
tion : From the given points a , b let straight lines be inflected 
to any point i in ef, meeting AC in p, and BC in q, and let 
P t Q be joined. Required the nature of the curve to which p^ 
is always a tangent ? 

Solution, by Mr* Lowry. 

Draw AD and bh (fig. 99. pi, 3.) parallel to ef, meeting 6b 

,in and Ca in h , let o be one of the points of contact, and 

draw Ko parallel to cb. Put eh = a, ef = b, hb 2= c, ADzzd, 

f D =: e, CH 2= m, CD iz «, PH rz u, QD z: t/, HN =: X, and 

KO = /. Then, by similar triangles 

PH («) : hb(0 : : pe (u — a) : ei zz (c^u) (u — a),. 

iiB{v) : AD{d) :: q? (v — e) : ri =: (d ^v){9 — e)i 

therefore ±Lllfi + ^lllUl = ef zz 6, 

u V 

#nd by reduction (c + d — b)uv — cav — edu zz o, 

or, putting r zz carr\S + d — *) and j = e</ -J- (tr + d — b) 

su 
to simplify the expressions, then v c= '* 

Again, the triangles pno, PCg are similar, therefore 

PC [m — u) : CQ (« — V =:» ^-—j :: PK (*— w) : NO (y). 



su 



or, my — nx --uy -{-nuzz {u — x) " ^j^ ; 

ud, by reduction, 

rnx — rmy + ( my-^nx + ry — nr+ sx) u + {s+ y — n}u* = o, 

which is an equation to the straight line PQ in terms of the 
co-ordinates x and jf, and the arbitrary quantity u, and corre»* 
poinds to the general equation /(a?, j/, a) =1 o, alluded to In th< 
solution to the preceding question ; therefore to exterminate u^ 
take the fluxion, supposing that quantity only to vary, 

and there results »:=— ^ — — — --^ r-r , which being: 

substituted for u in the above equation we have 

4{rnof — rmy) {^ +y^n)-' {my '■^nx + ry-^nr+ *;(?)•=: 0t 
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for the Equation of (he curve souglit, ncifTjely, that of an ellipse 
inscribed in the quadrilateral APc^u/and touching the linea ac, 
BC at the points £- and f. 

llie question may also be resolved rather fiiflfercntJy, as 
follows : 

The several substitutions being retaihed, except u arid v which 

are not. wanted, the subtangent pn is z;: y -^t bt =: x — 9 -• , 

^_^ * X HP , *\ . / >< ^ i. 

= {nx — ny J— nr — sx ^ sylj -^{x ~ y^ — r), 

and by gimilar triangles 

fc (m — X + > -r 1 .' CQ : .* p I* (^ 7- j 2 N o (y) ^ therefore tub- 

Stituting for CQ its value, and multiplying extrenies aticl means^ 
we have, 

(m-^xi^y ^){x—y ? — r ) =r ( nx — nr^^v + (s-^y •? J 5v 

or, by reduction and a proper arrangement of the terms . 



X .^• 



(fii«--**-- wr+ra) — (my — nr — JX-(-«x+ry— 147) *. -j-y(— 1| + f 4.7) -5 =0, 

for the fluxional equation of the curve. 

To deduce the integral, which expressed the nature of the 
curve, from the fitmonal equatio^n^ in probkms of this kind; 
mathematicians generally take the fluxion, supposing either 
net y to be constant (this suppb'shfon bern^ always admrsstbte), 

by whidh means they obtain the value of -r in termhi of the* co- 
ordinates ; and this value being substituted in the original equa« 
tion, the resuJI is the integral sought. But this iiltegral 
may be found by a much easier process, for it is unneces^jF to 

consider afty of the quantities a? variable, except {-^^ an J the 

iluxion being taken on this supposition/ we immediately obtain 

4* 
th6 value of ?•, ^^hich being tfubstitut'ed as before, W6 have 

y 

the equation of the curve sougjht. 

Thus, in the above equation, if the fluxion be taken on the 

supposition that ( t- J only is variable, we have 
—(my-nr^sx -f nx + ry^2xy)(^ j + 2y(-n+s+y) %\^J =: O ; 
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y 2jy( — » -f j-f y) 

and substituting this value of ^ in the fluxional equation of the 
curve, we have 

[mx — a^* — mr + rx\ — ^-^ t — ? ^^^=o, 

which, by considering that my — «r — jo? -|- wx + ry — say is 
=^= (wy — »a? + ry — nr + ^sa?) — - 2J? (— « 4-5 4- /)t reducei 
immediately to 

4(r«x — r«y ) ( j +^ — n) — (my— «*+ ry — nr + ^;c)' 5= o, 
the same as before. 

In general, if the fluxional equation of the curve be of thp 

ibrm p +Qv«<^S7ii=o, where p, q and s are functions 

of the co-ordinates x and y^ and constant quantities ; then 

« (5)* + " 5 G)* ^^'"S = «» we have ?•= -^; 

and, by substitution, p — — + ~ = o ; 

or, 4PS — u' = o, the general equation of the curve. 

To apply this formula to a particular example, let A and B 
be given points, in the straight lines AC, db given by position ; 
required tne nature of the curve to which pq is a tangent when 
the rectangle ap • bq is a constant quantity c^. 

First, when the lines are parallel (fig* lop. pi. 3.)f let o be 9 
point of contact, and draw on parallel to ab, meeting bv2 in M. 

Put AN =:;f, ON = y, and ab = a ; then np = ;f r-, AP =: 

• ■ • * 

;r— yj, Ma= (« — >) J. andB(j = ar +(a — y) ji 

x\ x\ i 

hence ap • bq = (;ip— y j j (x+{fl-yj7-j = «'+(««-««y); 

+ (y* — tfy) ?i = <:' ; therefore P = a?* — c*, q = ao? — 2»y, 
S =: y* 1— ay, and, by the formula, 4 (**— • c*) (>•— ay) =? 
(a;r — 2xy)* ; or, by reduction, a?* =: ^ (ay — y*), which is 
an equation to an ellipse when the curve falls between the 
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given lines, an<l to an hyperbola when it falls without^ a and e 
being semi-conjugate diameters of the section. 

Secondly, when the lines are not parallel, but intersect, when 

pifX)duced, in c (fig. 99. pi. 3.). Put Ac = a, fcc r: J, AN =* 

• .- • ■ 

and NO =: 3^ ; then np = y r, ap 3: ;i? — ^ «r, C(j = jf + 

. ' • • • 

(a— x) ^ , and bq r: J — y •*- (a — x)^; hence ap • bq =: 

X X 

{X — y ?-\ (6 — 5 — (tf '— ;r) ^ j == tf*, or Jt* — /la? + {hx + 



• 2 
x^ 



therefore ? = .«*-— aar, a=:^x +4;^ — 2^55^— *c', s =:^' — 4y, 
and, by the formula, 4(0?' — ax){y^ — ^^)iz(iA:+aj/ — 2xy — c*)', 
or^ by reduction, (i* -f ajr — c*)* = /[xy (ah — ^'), which is 
an equation to an ellipse, or hyperbola, according as the curv» 
fall* within or without the angle acb. 

XVIII. QUESTION 308, by Mr.^. \V^allace. 

From two given points equally distant from the oentre of a 
given circle draw straight lines tO a point in the circumference 
so that the sum of the fourth powers of these lines may be a given 
quantity, 

Mr 

First So tunc n, hy Mr. John Cavill. 

Let A and .b (fig* ioi» pi* 3.) be the given points equally 

distant from the centre o of the given circle ecf^ and suppose 
the lines Ac, bc to be drawn to the point c as requireo, so 
that the sum of thiir fourth powers may be a constant quantity. 

Bisect the line ab iti d, and join od, meeting the circle in "" 
E and F ; also draw cp perpendicular to ab, and ci to DF ; then 
because the points a, b are equally distant from the centre o, 
the'Iifte od will be perpendicular to ab, or parallel to CP, and 
therefore dp =1 ci. 

Now A€^ r: be' + AD* 4- 2Ai> • DP, 

and BC^ zi DC* + ad' — 2ADr* DP ; 

tbferefore ac* 4- sc* r: 2(dc* + ad')* -f 8ad* * dp*; * 

But DC* "=> oc^ + OD* -f SOD • oi ;, therefore, if 20D • OX bc 
taken zz oc* + ob* + ad*, k will be a given point; and 
DC* 4 AD* zz 20D • ik'i therefore ac* 4- bc* —Sod* • XK*-f 
Sad** dp* r: a constant quantity, ~ (suppose td) Sod** $'•; 
.4xnisequefitly 

op* (IK*— 5*) = AD*Mc* J €r IK*— s* ; ic*.;; 4©* :.op** 
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Take kg and kh» on different sides of R^ cmH equal tojs; 
thcii IK* — s*z=Gi-iH, and by the property of tbe circle 
ic*=:ei-if; therefore, gi -^ ih : si* if :; ad*;op\ 
a givon ratio ; the problem is therefore reduced to a case of de* 
terminate section. See Lawson's 4th prob« 

Second Solution, by Aliquib* 

Let A and b (fig. loe. pi. 3,) be the giveii points, o the 
centre of the given circle, and c the point to which the lines 
AC, BC are to be drawn so that the sum of their fourth powers 
may be a given quantity. From let fall the perpendiculars ci>» 
C£ on the lines AO^ bo produced, and join CO. Then ac* = 
'AO«-|-oc*+ SAO*o]>, and BC*=: BO*H-oc*+ 2B0'0£ =r 
AO*-|* oc*Hr fiAO'OE (because ob = ao by hypothesis), or 
if a point p be found, in ao, so that aoa'OP may be rr ao*"#* 
oc% and or be taken = op, then ac» =: sao^pd, bc* aaS 
2AO'R£, and AC* -♦- bc* r= 4A0* x (PD* -h rb*) = a given 
quantity ; therefore PD*-h re^ is a given space zz 2ii». 

Now because of the right angles at d ,and s, the pointt 
o, D, c, £ are in a circle whose diameter is oc, the radius of 
the given circle ; and if 06 be drawn to bisect the given angle 
EOS, iPormed by the lines ao, bo produced, and meet the circle 
in G, the line £g will be given : also if gn be drawn perpen- 
dicular to OE, RN 'will be halt the sum and en half the differ- 
ence of re and pd, and therefore pd^ 4- RE* r: ben^ -f bnr* 
=^ beg' — BON* H- 2NR* r= BR*, and consequently nr'-- 
CN*=: R* — eg*. But NR^ = ON*-h .BRO'OH + Ko\ and 
because of the given angles, no* has to on* a given ratio, or 



m 



NG* = — ON*; therefore 



n 



m 



ON* — ^ — ON* + BRO'ON = R*— EG* — R0% 

n 

or, ON* + — RO- ON =Z (R* — EG* — RO*) ; 

n — m « — • m 

therefore the point N maybe found by Prob. 18. v. Simpson V 
Geometry, and the Construction will then be obvious. 

Thirp Solution, by Eratosthenes. 

Let A and b (fig. 103. pi. 3O be the given points, and k the 
required point; draw the diameter eog and the line kl per-, 
p^ndicular to ab, and ks perpendicular to £C ; also join ka* 
KB, KG and OK : Then, because the points a and b are equally 
distant from the centre, ag is := gb. Also (Euc. iB and igi ii.) 

. U 2 
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AK* = AG* -h GK' + 2 AG • CL and BK* =i AG* + GK* — 

SAG ' GL, therefore 

AK*+BK*=(AG*+G1:*4-2AG-GL)*4-(AG'+GK*— 2AG*GL)« 

=:2(AG*+GK*r + 8AG**GL»: 
But CK'=:oc*+OK,*+20G*os, and GL*i=sK"=OR» — OS*; thei-efore 

ak*+bk*z=2(ag*+og*+ok*+2og*os)*+8ag*x(ok*-os*) 

s=2(ag*+og*+0!C')*+8ag*'ok'+8oo(ac*+oc"+ok«)*os+8(og»-ag")*os* 

a constant quantity = v*, and as os rises only to the second 
dimension, the equation is easily constructed by the right line 
and circle. 

Fourth Solution, by Mr. Cunliffe. 

Let A and b (fig. 103. pi. 3.) be the given points, ekd the 
given circle, and ak, bk the required right lines, drawn to the 
point Kin the circumference: draw the diameter ed perpen- 
dicularto ab, the right line joining the given points; draw ks 
parallel to ab meeting £D m s ; also draw the radius ok. 
Put AoriBGina, OG=:^, OKmr, GL = KS:-x, and osiz;^ : Then 

ri5*+2aa?-+-2^j^, by putting j*r=:a*+i'4-r* ; 

AK*=: J*+2i*( 2ax + zby) + ^a^x^-h^atxy + ^b^y* ; 
B K*= i* + 2^*( 2*y— 2 ax ) + /^a'x'—iabxif + 4^ y ; 

«i*+8aV*+8j»^^^— 8a-;^* +8b^y\ which is to be equal to agiven 
quantity. Now as the highest power of the unknown quantity 
in this expression does not exceed the square, the problem may 
be constructed geometrically, that is by the intersection of a 
right line and circle. 

When b = o, or when the right line ab, joining the given 
points, passes through the centre of the given circle, the ex- 
pression for the sum of the fourth powers of the lines ak and 
BK becomes 2^* — Sa'y*, which is very simple. When a z= i, 
the said expression becomes 2j* -t- 8aV* -f Ss^bj/, which shews 
that in that case, the problem may be constructed by the inter- 
section of right lines. 

Me^5r^. Harvey tf«flf Watts, of Plymouth, anftveredit. 

XIX. QUESTION 309, /^ Amicus. 

A point and a straight line are given by position in the same 
vertical plane ; a heavy body, urged by the force of gravity, has 
to descend from the given point, in a circular arc, so as to arriye 
at the given line in the shortest tiine possible. What is tbe 
length of the arc? 
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Solution, 6y Amicus, the Proposer. 

Let p (fig. 104. pi. 3.) be the given point, de the straight 
line given by position, and pk the required arc, through which 
a heavy body will descend in less time than through any other 
circular arc having its centre on the same straight line and 
passing through the given point p. Suppose, for greater 
simplicity, that the centres are in the horizontal line pd^ 
and let pk be another arc similar to pr, meeting the line 
de^ parallel to dEj in k\ that Is \tt pk be the same part of 
the quadrant pb^ that pk is oF the quadrant pb; and pd 
the same part of the radius pa^ that pd is of the radius pa; 
then, if pk be the arc of quickest descent from p to de, 
pk will be the arc of quickest descent from p to de. Suppose 
now the length of the arc pi to be such, that a body would de- 
scend through it in the given time / ; and that skn is the syn^ 
chronous curve to all the circles that have their centres on the 
horizontal line pd^ and pass through p ; or the curve that cuts 
them all in such a manner, that the time of descent from the 
given point to the curve is the same in each circle. Then be- 
cause ^Ar is the arc of quickest descent to the line dc^ it is evi- 
dent that every point in the synchronous curve except i, will 
fall above the line de^ therefore de will be a tangent to the curve 
at k. Draw the vertical lines Ac, pe^ and put x — /cc, y = pc^ 
z = the arc pk^ h zn the space that a body would descend ver- 
tically in the given time /, and g z=z 32 -g- feet. Then if 
the nature of the synchronous curve be expressed ty the 

equation^ (jir, y, A)=:o, we shall have-r =: F {x, y, k); but 

— -r is = the tangent of the given angle ped^ = a ; therefore 

V <*» y» A) = — a^ and from this equation, and that of the 
synchronous curve, we can determine the values of x and y in 
terms of the given quantities k and a, and also the lengths of 
the arc pk and the line pd; then it will be as, pd : pd :: arc 
pk : arc pk. 

The only diflSculty now remaining, 15, to find the equation 
of the synchronous curve : This has been done by several 
authors, as Euler, Bossut, &c, in a manner not much different 
from the following : By the laws of descending bodies the time 

of descent in the arc pk is = /— n . , and by the nature of 

the circle i j= /. -■ r.t therefore 



♦' 
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>. 



and differencing dc curva curvam^ vi+r / fx f r- ) ] = ©• 
therefore — -r-^ 5. 4- - v^A— r -77-2 — -r* = o> 



♦ 



rx — xr r 



^+^ V^(Ajc)=:o V -(0 



To exterminate r and its fluxicwi, we have, by the property 

V* + ** 
oi the circle, 2ry — / = ;c* ; therefore r = ^-— — , r r=r 

//+^ty^(^^_^^)^ ,y^^ and these values being sub- 
stituted in equation (1) it becomes 

(yi— A:>)Cy'+A«)— ^*-— x')j^— 2yjrx) ^/(^scj^io (2), 

whence -r = ^71 zT. .^, ^ ^ f(x, y,h)-—a. 

Now to integrate equation (2), let it be divided by;y* an^ 
put under this form, viz. 

0' 0-' -+- *') - ^^^y ■/(**> =? "' ^^ p"' 

c \yf !i>/(cv — tr) c-' 

/yl±£)'= {p.)\ ^^hx) = • (^^(««-c»)). and by sub. 

\ ^ . c c . 

stitution ./ • ,, X V-(?)*'x i/(^v'{c.-c*;)=o, 

2v^{cr; — c') c ^ c / ■" \ c V ^' » 

or — r 7 5= < ■ ■ "^ , and dividing ay v^, 

2{cv — c^P yi 






2(c»— cV y^ 
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The fluent of ^ isassigtiable-i^y archfif of the conic 

sections, and the fluent of - ^ 30 i« = -^ ft>"^«;""* ; there- 

^ . ^ ^ '■ 

fore if the fluent of the first expression be denoted by v^, we 
sfaali have 

the equation of the synchronous curve. 

The calculation being made for v, according to the ordinary 
methods, the ctirve may easily be constructed and the values of 
X and ^ determined as required. The problem may be resolved 
in a similar manner when D£ is a curve, given in kind and 
position, instead of. a straight line. 

Messrs. Harvey and Watts, and the Rev. Mr. Scurr answered it^ 

XX. PRIZE QUESTION 310, by Mr. W. Wallace. 

Find such integer values of x^ ^, z as shall render the three 
expressions ;ic« + ax^ + j^'. ^* + a* xz V «% y* + a'^^2 + V 
squares, 0, a\ af^ being given numbers. 

First Solution, hy a Lady, 

Assume x t= ai^ + ^nn^ Qt x "n an^ — 29111, » 
y = «!* — »•, 
z zz'a^^n* + 2mn. 
Then, by substituting these values in the first and last of the 
given expressions, we find / 

x^ + axy + y* = (w* + amn + «*)• • . . ... . ,..(a) ^ 

ya + tf'>2 + z* = (»* 4- « '«« + »^)*.. (b). 

This transiormati<3u(i' renders two of the giveq expfessiont 
squares, and it enly remains to make the third expression 
;c" + a'xz + z^ 9. square. 
Let us put 

an + im = r, a''« + 2W = j ;..••.♦.. . .(1). 
Then x = nr^ and z =: »i, and 

x^ -+- <^';»2 + «» = 7A* (r* + aVi + j*}. 
Assume now 

r = p* — 9% * = ay + 2p9 ; », . .{2) 

and we have 

r* + tfV* + i* = (/^^ + apq + 9T; 
and consequently 

X* + a';if« + z* = n' (/>*+ a'pj+ q^f •••(€). 
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These three formulae, (a), (b), (c) exhibit transformed values 
©f the given expressions, which are squares, as required by the 
question ; and it now only remains that we find the values of 
the. quantities m and n in terms oi p and q. 
^ By comparing equations (i) and (2), we have 

V an + 2W z= />* — ^', 

From these equations, which are of the first degree in respect 
of m and w, we easily find, by known methods, 



»« = 2(a>-% al { ^ ""^' ''' ^"f^ "^ ^'"'' + "'"'^ \ 



'9 



n iz 



_i_-.5a{«' ± 1) ?' + m T 2^* J- 

But as the values ofa:,i/ and z, assumed at the beginning of this 
solution, are all of the second degree, and homogeneous in respect 
of m and h, it is easy to see that any quantity by which both 
m and n are multiplied may be rejected, and still the transformed 
expressions for the quantities in the question will be squares ; 
therefore; rejecting the common denominator ^[af^ T d), we 
have more simply, as follows: 

If we assume x zz. arC" + awn, then 

But if we assume x — an^ — amn, then, 
m — laa + d')f 4- 2apq — a^y, > , .^ 

«:=2(a' .-!)/» +ipq + 2p\ J-'^^ 

From these, and the other two assumed formulae, viz. 
y zz m" — «', 2 = «^^«* + 2»2nj 

tl^ y^lies of X, yznd z may always be expressed in terms of the 
two indeterminate quantities p and q, which may have any" 
numerical values whatever. 

If we suppose that tf z=za' =z a'\ the formulae (3) will not 
apply, because they would give x and z each == o. In this 
particular case we must have recourse to formulae {4) by which 
we find ' 

m-a[(a + 2)^*-(/^ — ?r} .X..(5) 

n-2\[a-^r,2)f + (P + y)'} ' 3 

and these, values of m and n give satisfactory values of a?, y 

and 2;. 

Ex. 1. ' Let the expressions to be made squares be 

a;«_^y^y, ;t» — ^2 + 2% 3/* — >2 + 2*. 

Here a = a' - a^' = — i , therefore, by the formulae (5), 
- ' w =: (/» — ?)* — ?' ;' ^^ n = 2(j& tf-. y)* ^ 6q\ 
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Tdkep = 3, J == 1, then tw zz j, « =: 26, and 
x:r: — »*— 2wi»=— 832, y^m^-n^:=^-66f9 2=-»*+2«»;2«-529 
these values are negative, but it is evident that the conditionf 
pf the question will be equally satisfied if we change the sign 
and make 

^ z: 832, y zz 667, z == 520. 

Accordingly we haye 

*• — xy +/ = 763S 

x^ — xz + z*z=i 728% 

y* — y2 + 2* = 6oj\ 
Ex. 2, Let the expressions to be made squares be 

X* + 3*y 4- y\ x" 4- s^-z + z', y^+ ay« -f- «% 
In this case, by the formulae (5), 

Takep:;=4, j' = 3, then wzr:;;:i32, 11 ==116; but thek 
values of m and n have g common factor 4, therefore we have 
in smaller numbers, m = ^3, n := 29 : and 

X = 609, y 2= 248. z =3 4437. 

0?* + 3a:y+y = 941% 

;p^ + 3XZ -h 2* = 5307*, 

y* + 3^2 + ;?'=: 4801'. 

Ex. 3* Let the expressions to be made squares be 

x^ Arxy At >' • ^^ + '^xz + 2', /* + jyz + 5f». 

In this case, « =:i, tf''=:3, of^zz-j^ therefore, by the formulaefg), 

Let^ = 2, 9=1, then, n^zz 14, ;f =: 8; but as these values 
have a common factor 2, we may take ;n=7, ^=4 ; hence 

a?=:n* + 2mn=72,y=:?^*.— n'=33, zzzjn^+^mnsziSi^ 

a^d leaving out the common factor 3> 

AC =: 24,- y = 11, 2 = 36, . 

^' + xy +/ =z 31% 

«• + 3x2 + 2* = 88% 

y" + 7yz + z^ =z «7'. 

The Lady who has so ingeniously answered this question will 
receive the prize medal^ b^ applying to Mr. Glendinning, 
No. 2j> Hatton Garden, 

Second Solution, by Mr. Lowry. 

By the question, the three formulas x^+axy+y^^ x*+a^xz+z\ 
and y^ + a^^z + z* are to be squares ; therefore if the first and 

VOli III. rART u X 
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second be diVided by «». and the third by y', we shall bav* 

JBt6 squares. Assume i qp ^. ^r t^e 'oo* °^ *** *'***• *"^ 
J q: ^ for tbc root of the second ; then, from the first 

«.umptionweget|=ii^^\ and from the second £ ^ 

aad il^c third formula bccomci 

This expression is rather complex, but it may be simplified 
by TjiaHing t^ — «* = we* — ^*. ^Wch we ve evidently per. 
jnitted to do. Now the most obvious way to do this, is, to 

niakeo=:arwf4«=:«;^b«»wiU^be^-2r^r^' '"'^ ^^* 
expression tp be madeasquare=,+a ___+^-— -|. 

Assump tteTOofe=-~ -- ^^ > then wc «haH have 

- 4. ^" .^ :^-^ •^ — ( — =^^^ — h «^ ty reduction 

£«'>+ iri) X ((T^n dr s^m)zz(an±. 2m) (r*— ^'), which equation 
Hvill be satisfied by making a'n ±2m =zr^ — s\ and an 4: 2m 

- ^V + 9r$. Or, if * — 7 Val% Im ) ^^^^^^^^^""^^^^ 

root, we shall have [a^'t^-^tte) [an ± 2m) -[a'n d: 2m)((f* — ^';, 
which will be satisfied" by making a'n ± znt zzal'i^ + fi/<r, and 
tfn ;h 2;» = <J* - ^*- PHt fz=z.r^ — i' or a'^r* + 2tt, and 
~ af's^ + ars or €* — /% r and #, or t and /, being any 
numbers whatever ; then from the equations dn ±. 2m =: /> and 
.|i» * »»* ^ y» we gej, by 4&limination^ 

M = —7- — ^, or ' v T . * , and /^ ::= S-— ^ , or ^, ' . ■ . . 
Now since.i/-:;^ n^, andj^ z= '?* a^ '* ^ ^ \ iyt.* — wV * -a 
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n(an ± fim\ and z = n («'n ± ^m) : then siibfttituting fo? ih 
and n the above values, we get, after propef reduction, 
;c ==: (fl * — 4) J* — (fitf^t' ? 8))^ + (a* — 4)^% 
y = 4(a' ^ a) (pq + 9»)i - ^ •; (Ifjl 

Since the quantities *, y and z are alike concerned in thie 
expre8^SiOt» which are to b« made squares* we may eyide^y 
make the following transfortfiations» which will lead to ot^<^ 
sets of answers. ,. ., .. 

Let /^ =r f* — 5' or dt^ + ute, and q d^a's? r\-2rsox^ —'^'ji 
thcfh we have the equations a^9t it %m = ^^ aoi a» da tf» = ^ I 
and xirn (an d; 2m), jrrw*— *** 2=11 (d"« d^'i«r). Whenc* 

z=4(a"qr«)(f»*H:^y)- ... 

Alsoifjfr^r* — J* orfl<*-f 2^e, ^nd 9=:A^*«4'Sr^or ^*-»-i% 
wfc shall hatt a'ftti: 2mz:ip, and # 'it ± fti»z::y; ;p::;;?«.(^'n ±1i*»)f 
y::r^n (a'n±2fn), zr:»»*— n*; whence . . .- 

tt = 4[a' :^ a') [p' :f: pqh 

yz=:zi(d^'a')(p^:^q% ' ^ (j) 

z == U'*— 4)y«— (afl'V :p %)pq + f^''* — 4)^*. 
Any of which sets of formulae may be used that wiUbring oiit 
values of x,y and z that are all positive or all negative. 

Ex, 1. Suppose tf:r=«, 4'=i, and mf^^:^^; ^nd^ l&e- 
r = 3 and J z= 1 ; then, by formula (i),/> = 8, y r: 9 ; ^=45, 
yti36 and z—^2% and we have A:*+«xy+y*=77% AP^+.oezifc** 

r= 67' and y* + 3^2 + 2* = 76*- 

Ex. 2. Suppose a = 4, a z: 5 atid a"' = '6 ; and take r =: 4 
and 5=1; then* by formula (i),^=:i5, 9 — 14* irrrgSt^n^S, 
and 2—60 J t>r, dividing by the common factor 4, «3:;24^ 1^^:14 
andz=i5; whence x*+4J>f^+^>* =46% ** + S«2 + jk*=51*, and 

Ex. 3. Suppose 4 r: — 2, a' = — 1. a^ = — 3, and take 
r=:2 and^ini ; then, by formula (1), ^==3, q^i^ x — g,y-% 
and« = 24: htnct x^—2Xy^- y^z::i\x^ — xz+ z^— 21% and 

y* — 3y^ + z* = 8*. 

Or if we take f = 3 and ^ n 1 ; then, by formula (2), /^ :^ 8. 
q — s^^^ — ^^* y - — 85^ and z =.— 96 ; or, changing the 
sign,. jp.:=: 60, > = 35^ and z :;= 96, which are another set of 
numbers that will answer, for a?* — 2Xy + /= 25', ;c* — ' xz'+iS* 

Again, by tating r~2 and^^i, we ^et, from formula (3), 
jt>=:3, and 9=6 ; or (dividing by the common factor 0), p:=i, 
and/=:2; Whdtice iv =: 8, j/==i6, and ;rrr3, which vaSttes wMl 

X 2 ^ 
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rfsd aft«wcr. FOr a?» ~ 2;ry +/ = 8*, a?* — xz + ig» =r 7* and 

Ex. 4* Let am, a^ 1=3 and a'''r:7, andtake/mi and^=r2 ; 
tl^en, by formula {3), ^=^7, gzis, *= j2 X24, >=:i2X 11, and 
^±12X^6, or dividing by 12, ^3:5^4, yrrii and zzzg6; hence 

•' Ek..^. Suppose tf=:a'zr^t''^n: — 1. In this case, where the 
given numbers are equal, any of the formulas will answer, pro- 
vided the lower or positive sign be used* Hence uking r=3 
and ^==2, we have, by formula (1), /'^fi and 9:r:2rj — i'zz8; 
«=— 832, j/=:— 667, andc=:-*-52d, which values maybe 
changed from iliegative to positive; then ;ic*— A?^ + y*— 763*, 
x^ — A«4-z*;=7a8% and j^* — ;^z4-^*~6o7*. . , 

Ex. 6. Let azia=:a'^zzgf and take r^2 ands— 1 ; then, by 
formula (1), ^=3, q^^g* ;c = 6><$, y=36x 120, and2z=: 
36 X 40 ; therefore, omitting the common factor 36, we have 
xzszg^ y=:i2o and «=i=40. HcnCe a?*+5a:^M-^'= 141* ; 
;t**f"5;tr + 2*=r59*a?nd^*+5j^z + z' — 200*. 
. This solution^ it must be observed, is much restricted by 
supposing i/=m and 2i=n, and innumerable values of x, y and z 
may exist that will answer the conditions of the question, which 
* arc not included in the preceding formulae. There are however 
several ways 4n which the question may be resolved more 
generally. If, instead of taking ,v 'zz m, and m *= w, we make 
v^u^z^m^-^Ti^f by means of the arbitrary factors f attd * , as in the 

ablution to question 204, we shall have v z^.-- m -1 ^ «, 

^ ^^' 2rf 2rs ' 

and ii r=: ^ m+ — ^ — n ; or, v^pmr^-qn^ and uzzqm 

• y* ■+• s^ r*— — s* 

+ pn^ puttmff ^ zz and flf= ; then ulau + 21/) 

f * *^ ° «^. 2f s ' 2rs 

rr (aj"+2]&y) m*+2 (/)•+ q*^ apq) mn^- («/>•+. 2pq) «». Now* 

, . .. ■ . . ;. nia'n + 2m) . n* /a'n + 2wi\* 
when t; — ^1^ isizm"-r«*, i4-a' r--ir -v f ■ ■ ■ -) , 

must be a square. Let its root be assumed ±=: 1 — — . 

-i -■■ V ; then, by reduction we get uldu+2v](a^zvT+9^wU) 

=i»(a'«+2»i)(<r*-a;*/'), which equatidn will be satisfied by making 
n[a'n'\'2m)z=:^i^t*^2te, and a;«(flm-ai/)=e*— tw/*. Hence 
we have the two equations n[a'n -4- 2ot) =2= a '©;/• 4- a/c, and 
a;(a/+ 2/^9)w*-h2 ^(/^•+9*+ajoj') mn + o;(tfj&'+2j5g ^n*r:e*— »•/•• 
to determine the value of m and n. Now if we proceed to 
tUmioate these quantities by the ordinary rules, we come to an 
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cquatioft of the fourth degree, but as this will not answef the, 
purpose, we must assume such a relation between two of the 
indeterminate quantities as will enable us, if possible, to find 
I9S and n by a simple equation. If we take /=:;2, then wi|| 

a'n-\-2m be zr a"nw^2e^ or c == n + m ; therefore 

=:w (ay* + zpq) ni*4- 2tc(p* + y*4- ajrjy) mn-ir TV [dp^'^'^pq)tf^'^ 
and making zy(a9'+2;&y) m*zzm*, in order that the equation^ih^^ 

be divisible by n, we have a;= — , and by reduction 

aq' + sipq ' 

V4W* 4a; •^4 w J \ w w ' 

Therefore to satisfy this equation we may take 

\w to ^ zv . . . 

n = -( )& +V -^-^P^) 1-^ » where /> rz — • — , g =— — 

wV ' ' ty '^ 2rs ^ 2rs 
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and to = — r-- =-7-4 — .TV-; r*:^ ix* ^ and j being 

any numbers whatever. Then the general values of x^ y and z 
will be as follow, viz. . / 

x= «* — «*, 

z = n {an + 2m}. 
When the second terms are wanting, or the co-efEcients 

s, a\ a are each = o, we have to = — ^ ,mz=z — (l + 4P*y*) 

and n::^ i^qpip^'^q^) \ or, substituting ior p and q their proper 
values and omitting the factors that are common to each ex- 

pression, m^ — {f^+s^), n=z2{r'^ — ^j*) and a;zr — ^— ; whence 

;t=:2r*i*(w* — «'), y 1=— (m*' — i6rV) and «2=r 4^7272 r*^*. 

2 

For example, if r* rz 2 and j=z= 1, ihtn mz=z — 5, ntnS; 
«=4 (25-36) =—44 ; ^=3 (25-64) = ^117 ? and z = 4X-3oX 2=-a4o: 
hence, changing the sign,' j: = 44, ^^ rn 1 ly and z = 240 ; 
jt^ +3/' = 125% A* + 2* = 244* and/ -{- z^ zz 267*. 

The question may also be resolved very generally as follows : 
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•it 

If in the general expression - wepUt r n » [a'n V ^m) arul j — w'-fr*^ 

ire shall have i ^^' ^ V ' .'^ - v +"»'i V ' ' \ " "1 1 t<^ ^n^^e im<3r 
« square: therefore multiplying by ^V (<<« -f ay)', 

be a square* By making the necessary multiplications, and 
arranging the terms according to the powers of i/, this ex- 
pression becomes r*w* 4- za"rsuv^ \- (4** + aa'^rs ~ 2r*)tt*r^* 
-I- (^i»tf -^ jffl^V^)a'«r f {r* — (fa*n + tfV)«^ or r*tJ» ^•^g(tsut^ 
J|-«tt'i/*+/SK^v f^a*» putting for the present a=4j*+i2a'V^-^2r% 
=: 4i»«t -^%d'fs-i ^nd S ri r « —^ <ia'V^ + a^j^ 

Now to make this expression a square, let it be aisumed 

lhen» by comparing the co*efHcients of the homologous terms, 
in order that the three first terms may destroy one another, we 
have 2afrsU -£=: ^rp, au^ z=:^* + sf?, ^u^v + iu^ szt ^pqv + q*i 

whence p =: a^^m^ q = — Wf'^ = (« — a^^V) — , and v = 

^u^ — ^pq "^ 4f*/3-^ 4r^''^5(*^fl^''*j*) • 

Therefore we may take t;=:(a — a^^^s*Y — 4^*5, and u=^r*0 — 
^ra'^s{a — a"'V), and if we substitute for a^ j8 and J th€ir* values 
in terlm of r and j, we shall have, after propter teductioit, 

V = (4— fl^'»)** + 2aa"rs—[j^^a^)r', 
u zz j^r{ar — a*s) ; 
and the general v^ues of Xt y and z will then be as follow, viz. 

where r=n(aa' + 2»i), and jrzTw* — «*:*wandl» beipg any inde* 
terminate numbers taken at pleasure* 

In the particular case of a =2: a^ iz a" zz — 1, besides the an* 
swers contained in the above formulae, we may deduce other 
sets. For r is then z=n(8f7i — n)^a.zz/^s^'\-rs — 2r% ^r: 8r5-^45*, 
and S z: *r' — rj + j* zz, in this case, to (n* — nm-\- w*)* ; 
henee if we put rfnn**— wwi-<- *% the el^piression to be made a 
square will be r^v^ — zrsuv^ -J" «w*^* -*- /8tf 't; + ^u*, where both, 
the first and last terms are squares. We may therefore assume 
the root = rv^*^pvu+^du^^ then the square is zz r^v^ — 2rpuv^ 
-j-(^' i 2td)u*v^1^i2pdu^v+(Pu* ; and making jgw'z: + 2pdu*. 
we have — . zrsuv^ 4- au^v* zz »— %rpuv^ + (p* + trd) tt'v*. 



Inerefore p iz -^r , and v es W*r«*--*f — *y a^ mJ*, ra 

^^^^J^^g) ; Hea<:e wemay tijke 1/^:4^ («q:2r^)-/3*, ^ 

and u zz j^rd[*tsd ± /3) ; thep, substituting for « and ^3 ^eir 
proper values, we hav« 

Agaiii» instead of equating the co-efficients of the first power 
of V, wp may equate those of the third ; then we shall have, 
^rs = 2rjp, or s — p^ 

.and «»V + ^^^iJ ;z: (p^ ;t 2r<i)uV :f jijaisfe'i/ ; 

whence g; = .,-j ^ ' ■ ■ zz . ^-^ . ./ . r; . ; therefore we mat 

p :i;i%t(i — « jf^dt;2ra — a ''^ 

|;ake vzzfi dt 2i(?» and uzzs^ztz 2r^ — « ; then, by substitution, 

E3C. Tak^ ^~3 ^"d «;=8» t^en r:=:rt{2w — n)=:8, si^nC 
i^n^z:zg, d::::n^ — nm^m^:^Tx f -25(r+tf— 2^)r:5O=:^5X0i,tt 
=r(2r — ^i + 2dj — 3^*::= 125 = 25x5; hence, omitting the com- 
jnon lactor 25, wp have i'jz;2, »n<} wn^, *=:5(t;"-^»*js= 
—105, j^;3:itw(2»'— »);s:-r^25, and z ?z r(i^**^(i*) ;;;;:— ^ 168 j there^ 
/ore changing the sign, a? = 105, ^=^25 and 2 = 168^ and 
**— ^^ +>' = 95*, a?*— iT^ + s» i^: 1 47* and /--i/z +z*=i57** 

The problem may be resolved in a similar manner, when an 
arbitiar^ cp-efficient \% pxe5;f:ed to the last term of each oi 
the formulas in the question, or when it is required that 
ap'+aof^H- ^y% jf"+4'a^«-h^'«* and y^+a^'^^z-^-^^z* shall be 
Aftuares. For making thjp is^me substitution as before, we 

have J - ^^i^^^ £=2l£!L^.^and£=: 

--i ^^-5 Tr-sr- But smce we cannot in f^eneral 

u{^u st ax') («^ -^ * » ) ^ 

jnakfi J/* -^hu^ zzv^ — b'rC'\ at le^n Jo % w?iy tha^ will answer 

Qur purpose, we shall b^gin with the pariicular case when.Jzi:^'; 

9$i^ here if we ma](:c v zzm and ?* s; ^, v^ -f— ^^' will be 

i^—bn\^^ ^^"'^ ^^ » ^nd we sbaU have to make 
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J ^ I,// . ..^,*^,^. ,, + i'' ( — rr--7;- ) into a square. Let iu 
an :i: 2m \Qn + 2mJ ^ ^ 

- - e /tf « ^ 2in\ , - _ 

poptbe i^ssmnea s * -^ rl < * » v"" ^ ' J> "^®"» we nave, as be- 

^^ ^ / \an ^ 2/«/ 
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fore, an ± swi zr a''t^ 4- 2/e, and a« db 2f» = tf * -^ i''/* I 

whence w = ■■ ' . ^ , « = ^ liT \ a:=: m^^bn^^y:=inian:iz 

2[a^: ay a' ^ a 

a;»), and jz zz « (a^w ^ awz). 

Or," ATn: (a'* — 46)7* — (afla'q: 8^'/?jr + (^"—4%% 

y = Mof + (j) (/>9 + j»), (4) 

This formula serves to resolve the problem when ic^-\^axy^by^^ 
X^-Vdxz^r b'^ and y^^-(if'i)z-\-V^z!^ are required to be squares. 

And making similar transformations to those which were 
made in the first part of the solution, we shall obt^tin formuliB 
that will answer in other cases. Thus let p — a'i^ + 2/^, 

and qzne^ — Vt^^ then a'*n±L^7nzzp^ ani:2m^zzq, xzzn{an±2m\9 
y — rri*' — b'n'^^zzz.n[a'^n'^9.m)\ whence , 

y = (a'''—^^b)f—(2aa''+8b)pq+(a^ — ib)p\ (5) 

This formula serves to resolve the problem when x*+ axy 
+ Jj/% x^ + a'xz + b'z^ and i/^ -+- a"i/z + *2' are required to 
i>e squares. 

Again, put/^n Jif'-fs/^, and ^=i<?' — 'bt* ; then tf'n jfswnp, 

i«''n + 2?«r:y ; j:zrw(a''» -j- 2w), ^ = «(ti"w;[t 2w), zrzwj*-r-6'n* ; 
whence 

Xr=:4(^»'4:«")(P* TJ»?). 

V=:4(^T^")fW+A (S) 

This formula may be us^d when x^ -f axy -f Jy*, a* + a'xz 
+ i'i" and 3/* -f a'''^^; + ^'^^ are required to be squares. 

In the particular case when b zr=z b' :=z b'^, any of the 
formulae may be made use of, observing, as before, that the 
posiiive sign must always be used when the co-efficients of the 
second terms are equ^l to each other. 

Ex. I. Suppose the co-efficients of the second termsto be 
each z=z r, and those of the third = — 1 ; then taking /zz 2 
and ez=z 1, we have p = t^ + 2et = 8 and q =: t* + ^* = 5 : 
whence x ~ 685, y — 520, z = 832 ; x* -i- xj/ — y* zi 745*, 
jf*-f xz — 2*1=580*, and^*+ JV2 — «*=;=: 104', - 

Ex. 2. Suppose the co-efficients of the second terms to be 
each z=: 2, and those of the third = — 1 ; then taking / ci:: 2 
and ^ z:— 1, we have jt?n2/* + 2et zz 4, and q iz e*+ t* zz g: 
whcncp a? zz.4f, y z: 90 and « = 72, x* + say — ^*c=:3i% 
x* + 2XZ — *=:i26% and;^* + 2j£ — z* =49% 
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Ex. 3. Suppose the third terms are wanting* and that the cp« 

efficients of the sooond terms are each = 1 ; then taking ^ = a 

and r= i, we have j& iz 8 and q =z I; whence x z=z{p — ^)* 

= 49* y — 7» and z zz 5j6, X* <\^xy = 77^, ^' f mz = 175*, 

andy»-hya Z2 2i6>. » 

In making f*— 6a* zz wi'— ^'«*, if we take vzzWy then ft t; 

is = h'n^^ or u zzn Y r; and this suggests pother case of the 

problem to which the preceding formulas are applicable, viz. 

when T- « a square, or zp d\ for then u zz dn^p zz a'n ± 2»i, 

q:zid(an 3fc 2m) and the values pi x^ y, and 2 will be the same as 
Defore. But to proceed more generally in the case when two 
of the co-efficients are equal, or li zzb\ ii'wc make »* — bu^ 
zzm^ — btt^ then t/* — m'^zzb(u* — w*), and by resolving these 
expressions into their factors, and introducing the arbitrary 
quantities r and s, we have f'iv + m) = jJ (w -f «) and ^(i/— w) 

' w \ 1. ^ (r* + hs^} n — 2rsm , 
= r{« — n) : whence t; ;= * — ^_ , ^ , and u 

= TTZTb? ' °' P""'"« ' =^ r» — 1^» ^ = 

-5 T-i' vzzi qn — pm and i» = pn-^qmi therefore 

(au + 2©) == {«/>» + %bpq)n* — c(fl/»9 + /^* + W^* + («?»• + «/*?) »«- J 

and we have as before n{a'n 4- aw) = (^"^^^ + «^^ and 
w(ap^ + 2lpq)n^— uw{apq +p* + ftj^^l^M + iPlflg^f &pq)m^zz 

V-i''a;V ; therefore taking tzzn.vit have ^rr ^ n + m 

and tf* -^ i"i»V = }(a'* — afl'^'w + {«'^« _ 4/J) »,«) «» + 
(a#-^"a;)m» + m*=w{ap*-^^bpq)n^ — 2w(apq -\-p^+bq*)mn+ 
w(aq^ + 2pq)m^* Hence making a/(ay'+ 2pq) m^zzm^^ we have 

w s:= — 5 , and, reducing the equation as before, 

then « s; w* — hn^, % zz nia'n + am), and 

or (o^ + a5/^^)a* -^ 2[apq + ^' + 6g')w»n + («?* + ^Pi) »»*'" 
VOL, III. rARV I. Y 
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When the second terms are wanting, or a =r a' = a'' = o, ar 
is=^. m=^{y+ihpY).n-4Pq(p* + lq^),x=m'~in\ 

y zi 2dqm* , and z zz 2mn^ or multiplying by zpq^ x = 

2pq{m* — in*), 2/ = ^p'^c^nC' — in*, and z = ^mnpq. 

These formulae will not however, in. all cases, lead to the 
smallest numbers, on account of the restricted valuts of p and q ; 
but, from what has been done above, we may easily derive 
Others that will give smaller values. 

For supposing x z=: m* — bn^ and z z=: 2mn, as before, if 
we put «* + iy*= c* and x^ + bz^ zz d^ =: (m* + bn*) 5 then 
4:* - c« —r by* zz rf*^ — iz'-y or c» -^ cP =z b(y*-^z^) ; whence 
making r{c + </) =z sb(y + z) and s[c — d) zz riy'^z)^ y zz 

5 j—^ zz qz'-pdzzzqmn — p{7nr-\- brr) ; therefore 
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to make I + i" t" into a square, we have, as before, 2mn:^ 

^te, zv{2qmn) — zvp{m^ -f ln'')zz e* — y^w^i^ = ?»' — V'xd^v^^ 

putting n zzt and t zzm\ and if we make — wpm^ zz »i*, then 

1 2(7 i^^ \ 

to zz — •-, -Itw — (6 -\ — J- Iff, or 2pqmzz[bp^ -+ i'O^ ; there- 
p p P 

fore, writing for p and g their proper values, we may take 

m = bp" -+- 6^" = 46r*^» + i"(^' — *0V 
« =z= 2/>5' = 4r^(r'-+- i^^). 

Then A:z=(m*— in*)(r" — ii"), ;^~2;«n(r*+^/) — 2rj(j»»+in»), 
and z = 2nzn(r*— i/). 

Ex. 1. Suppose 6rzy = 2, then winSrV + 2(r*— 25*)*= 
2(r* + 4^*), and n zz '2r3(r* -h 2^^), and taking rzi2, 5=11, we 
have 7» zz 40 and nzi 48, or dividing by 8, mzz^ and n rz 6; 
then xzL{vf^ ^2n^)(r^. — 2^'')zr47X2, yzz2mn[r*+2S^)'^2rsx 
fwi* + 2n*j — 14 X2, 2iz2?n7z(r* — 25"^)=: 60x2; hence we may 
takea:z:47,;^zii4and;?zz6o: Then a?^+?y*zz5i*, a*4-22*:=97* 
andy4-2«*z=86». 

Ex.2. Let 6- Pzz — 2, thenmz:— 2(r*+8rV + 4J*) and 
n — 4^ j(r* — 2j') ; and taking r zz 2 and ^ zz 1 , we have x = 
(/»■ + 27t* {r*f25*) Z3 177 X 6yyzz2mn(r^ — 25*) — 2r^(ro* — 2«') 
zz 748, z zr 2OTn (r* + 2J*) zz 52 x 6 : Hence, dividing by 2, 

af-531, ^ = 374» and zzzj^6; a:*— 2/^:47% a*~2z*zz483% 
^nd/— ?z*zz3oa?. 
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Ex.3. Suppose the co*efficients of the last terms are each 
=: 1, then, in this case, m = j^r^s* + {r^—s*)* =:(r* + j*)* and 
w=:4ri(r'-+-j') ; therefore, dividing by the comm«n factor r*+i% 
fn may be taken =: r* + s* and n sen ^rs ; then 
X = (r« —^*) (r*— J4r»j* + j*), 
> =r firjfgr*— iorV4- 3J*)» 

And these are general values of x, y and 2 that will make 

•** + J'*! ■*' + 2* and y * + 2' into squares. If rzsz 2 and szszit 
then ^-3(16 — 56+i)z:3X39=:ii7,;^ = 4(48 — 4o+8J = 
4 X 1 1 rz 44 and 2 =r 16 (16 — 1) = 16 X. 15 =: 240, the same 

numbers that were found before^ and which I believe are the 
least that will answer the question. Their discovery has 
been attributed to Euler, but very improperly, for they are 
giveft in Dr. Saunderson's Algebra, which was written several 
years before Euler's. Saunderson died in 17399 and Euler's 
Algebra was not composed till after the year 1766, (See Dn 
Hutton's Dictionary, article Euler). Saunderson's solution of 
the question is indeed a very ingenious one, and the result 
remarkably simple ; it is this : If c denote the hypothenuse 
and a and b the legs of a rational right-angled triangle^ then the 
numbers will be expressed by ^abc, a x (4^* — c^) and h x (4a*-c*j. 
For examiple,, the numbers 3^ 4 an^ 3 constitute a right-angled 
triangle, hence taking ^1^3, 6 — 4 and c = 5, 

4aie=:240, ax(4^*--^')=ii7 a"<i *>^(4^* — ^*) — 44- 
Ex. 4. Suppose the co-efficients of the last terms are each. 
=r^i, then jwr:— (r*+6rVH-«*), «=:4rj(r»— ^»] ; *iz=(w*-h 
ii«)(r*+ i'), ;^=:2?w»(r*-- /) — 2n(/»*- n"), 2- a»i»(r*+j*). 
and takiag r = 3 and 5=1, we have w = — 136, and « 11:96, 
or dividing by 8, w =: — 17 and a = 12 : whence x =1 2165, 
3^=1:2067 and 2 = 2040; ar*-y*=644*, ac* — 2*=:725*, and 

^ 2' IT 333*. And from this answer we may immediately 

deduce another, for we may evidently uke y =725 and 2=644, 
X remaining as before, then jp»— / =: 2040% *' — 2* = 2067*,. 

^ — 2*s=i 333** 

But instead of dwelling on these particular cases, let us try 
to resolve the problem generally, when the co-efficients of the 
last terms are perfectly arbitrary; for this purpose put r 
«(a^»-+-2w) and ^=:m'— 6V; then we have 

1 J- 2-Jir ^i!Ll \-%lz[ ) to make into a squaw; 

therefore sH\au + 2^/+ a^Vi(fla*+ ^vu\v''-h%^)\h\\v^-hu')^. 

Y 2 
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+(6'V* -^ Aa^'brs + aVju* mu« b« a square. Now we cannot 
make thi's expression a square unless the first or last term be a 
square, therefore either 6" or b^^r^-^aaf^brs 4-4V niu«t be 
a square. Now in the last eJtj^ression f and s are not arbitrary- 
quantities themselves^ but functions of the arbitrary quantities 
fit and fij we must therefore substitute these fuhctions in place 
off and .^, and then determine the relation that mutt subsist be« 
tf^reen fn and n, so as to make^^^'r* — Aa^^hrs + aV a square. 
P&ttihg i/i{a'n^um) for r, and wj* — i''/i* for s in this expression^ 
it lifeebmes ii'm* i- 2tfa"A»7»^ + (4*"— 2*V -^ fla'tf"6)ii«»i» 

^ 2^''Jnm^ + aw'ot* + ^n^m + S>i* ; therefor^ assuming am* 
— ^m+i6 for the root, and proceeding as before, "Wt ^ 

^ = 4W+WV(.-a^n-) - ""* substituting for .^ ^ 
and J their proper values, 

ii "^ 4tfi(^fa77T2^*^^ 

Therefore we may tike for m and n any two numbers having 
\ht ratio of the mi'merator of this fraction to the denominator ; 
then Vr^ — acfbrs -^ d'b^ will be a square, and its root a»t» 

^^ tc rf. It remains now only to make Vr^v^ + ^d'rsut^ 4- 

2a ' ^ ' 

(4«*+afl'>5---2*'V*)M«t>*+ (4r'tf— 2a"iry)tt3'i; + rf^a\ or *''rV^+ 
ia'V^ttt;^ 4- m^v^ + ^M'i> + d'w*, into a square. Let the root 
T)e assumed = pv^ + qv)i + d«*, then the square is = ^** + 
^PqvH + (y* + ipd) tf^u" -i^ zqdvu^ -f i/»i^*, and by comparing 

the faomolclgous co-efficients, we have a zz —.^ n — *"^^ 

•^= ^--iV ^ (4d^« — ^r--64i-rei^ - 5 whence 
we may take t;=i6a.^Vjd*— 4g(r(4i/*a_^«)»and Mzr(4d»a— /3*)« 
--^ 64*'^^% « being == 4^« + aa''rs — arr* and /3 = 41^ — 
2fl''^rj J then the general values of x, y and z will be as 
follow, viz. 

a: = (an* — b'n^) (v^- — 3^tt»), 

jr = (m* — * V) (fill* + 2»«X 

2 = (aV + 2a7i»} (»* — bu^). 
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Additional Solutions to two of the preceding Questions^ which 
zoere received too late to le inserted in their proper places, 

VIII. Question sj^. Third Solution, by Mr. &• J. Disuneagh^ 

Trinity College, Cambridge^ 

Let AT (fig, 105, pi. 3.) = the given distance from the 
origin of the the co-ordinates of the given curves c^p •*• NT 

r=^ .•. AT zz NT — AN or^t ^:=:pi in the given curves^ 

Now if y zzy(x^ a) be the general equation to the given curves, 
X and ^ denoting the c(»rresponding rectangular co-ordinaleBt 
ftad A being constant for each curve but variable from one to 

another. !Frdm this equation find a value of ^-^;r interns 

of 4r and a and eliminate a from this result by means of the 
equation y :z:zf [x, a)* Put the result tsizp\ this evidently 
gives am ^«»ation exinressing the relation of x and y in the new 
curve, involving the constant quantity p* . 

Example i. Suppose the curves are ellipses whose major 
and minor axes are both variable but preserve a constant ratio. 

Case 1 . When the tangent cuts the ^His on the same side of 
the centre as a, as in fig. 1069 pi. 3. 

The equation to the ellipse is y* = -5 {zax: — x*) and let 

yi _ ^*y* _ 2tfX— a?* ^ ^x 2axs ^ ^ ^^ . . ax 

* * / "" a — X ~ a — X * ' y ***" a— atf "^ a — x* 

Now n^u^ zz^ax^^x^ ••. a zz — ^— »% by substitution we have 
^ 2a? ' 

^ a— -a^Vfi* /\2a? y wTif—x 

.-. mYp — px^ = ;»y^ + x» .-. mY(p — oe) -x^[p + x). 

.*. 1/ =± — V ^- which is the equation to the new<:urve. 

^ m ^ p — X ^ 

Now when ^^ = o, ^ = ± o .•• the curve passes through a : 
and if X iz ^, ^ = ± 00 .•. taking at' zz at, and drawing ltl' 
perpeniVicular to at> it is an asymptote to the curve, and the 
curve extends in two similar infinite branches on each side of 
the axis. 
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Case 2. If the tangent at falls beyond the other extremity M 
of the axis, as in fig. 107, ph 3, 

We here find in the same way AT z: (.', x <i c) and 

by the same process as in the former case we get 

Now when a? n o,^ = it o .•• the Curve passes through A | 
and \i X ■=: p, y ^ ^ Q .*. the curve intersects, its axis on each 
side at t and is •'. an oval of the ft)rm in fig, 107, and no part 
lies beyond t, ♦'. \i xi> p^y U impossible. 
, Case ^. When the tangent is at the vertex of ,thje ellipses. 
Then ^ is infinite and either of the above equations give, by 

substitution, in this case v z= ds ~ and *•• the locus is a right line 

^ m ^ . ■ 

A>K as in fig. 168, pi. 3. The truth oi this case is evident from 
the common principles of geometry. 

Cor. If the curves were circles, then a zr ft or wi = 1 .*. the 
deductions are true in this case. 

Example 2. If the curves are hyperbolas (fig. 109, pL 3). 
Adopting the same iiotation, y* =~a [x^ "i" %^x) ; and by 

the same process, the equation to the new curve is y =: 

x / 00 "f~ o 
-J- — ^ — , which equation is impossible if ar be <; ^ .% no 

part of the curve lies nearer to a than t/ (at* being taken zz at )• 
Wow if ;if zi ^, y = ± 00 .•, ltl' is an asymptote. Vi x^z 2p^ 

^rz: ± -^ \/2 ••• the point p is determined, making ANnstAT', 

and if a? be taken any value j> 2p, y continues to increase and the 
curve has another infinite brancn Fi, The minimum value of t/ is 

less than 2p and greater than '— . The curve K.'?'i'oh the other 

side of the axis is similar. 

Example 3. li the given curves be the cissoid of Diodes 
(fig. 110, pi. 3). 

x^ 

Let APS be any cissoid whose equation is ^* r: — — — , Then 

AT =: AK — t N c=: X — -2s. ; and by a process precisely the 
same as in the other case, wc get^ z: ± ;r y ^^ . Here 
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X cannot he Z^ p and .•, no part of the curve lies nearer to a -^ 
than T. Now il x=zp^ j/ =:: d: oo, and /. i.tl' is an asymptote. 
If X = 2^, y^=±, 2 ^ .'• take an z= 2at and pn rzi AT .•. P 
a point in the. curve is determined. 

Again ii ;if z: 3 /', y = ±. o, and ••• both branches of the 
curve are terminated at r if ar = 3AT ; and if x > 3^, ,y is im- 
possible and ;*• no part of the curve lies beyond r. 

In the same way a variety of other cases may be deduced : 
the simplest are when the ordinates of the cui ves are proportional 
to each for each given value of x, as in parabolas, or ellipse and 
hyperbola whose major axis is constant. In this case the locus . 
required becomes a right line, as we also know from the common 
books of conic sections. 

X. Question 300. Second Solution, fy Mr. Noble, R.AI, College* 

Lemma. If £C (fig. iii, pi. 3.) touch any curve in c and 
meet any straight line ab, given in position, in £, and in ab» 

be assumed any given point p^ and pc be joined, then, putting 

• 

PC =: r and the angle cpje =<p ; I say EP =: : — r^ — : • 

o ^ ' lrsin(p; 

Demonstration. On £P let fall the perpendicular CG and put 
CG r=t/, GP=:aP: then EOzr — <T-and EPr:;r — V-zz; - ^T"-^- ; 

y y y 

But X = r cos 9 and y = r sin (p ; substitute these expressions 
and their fluxions for x, jf, x,/, and reject superfluous termi. 






then EP will come out equal to ,- . -r 

^ [r sm vpj 

Resolution rf^ the Problem. Every thing remaining let PC 
produced on the parts of p meet the curve again in d and put 
fUzzi: then by the question 

r^p ■._ g>+^r . 

(r sin 9)' (f sin((p+^))' 

now (9 + »)*=? and sin {p-k-v) =, — sin 9: therefore rejecting 

the con^jQon factor 9 and multiplying across, 

r*(fsin(p)* =:f*(rsin(p)' ; 

that is, r*f sin (p + r'fp cos $ rz ? r sin (p + g*r(p Cos (p, and trans- 
posing^ &c. 

ff'} — ^r) sin 9 =9 (fV — r*f) cos^ : whence 

• • • 
r'g — g'r _ <p cos^ ^ 

fV — r'f *" tin? ' 
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• • • • 

zz — - — ^'-.-- — -^; whence taking fluents, 

I. (f— r) — 1. f — 1. r= 1. (sinip) — 1. c* 

*• — — — — __ I, " ■ 
fr c 

and passing from logarithms to numbers, 

p — r sin(p 



• 



jr c 

r 



Now f)=r +r, whence-^ zz -s- = — (^ ) • So that passing 

I .1 sin© .1 , 1 . 
on to integrals we get — - n ^ + r-; wher« -r is any 

function of ^ that does not change while ^ increases to f + sr : 
multiplying by ■— 2rC\J/, 

204^ = >^r sin<p -^ 2tr, 

which is a general equation to all the conic sections (including 
the circle) upon the supposition of \J/ heing an ordinary cor- 
rection ; jFor putting J' ior its equal r sin^, and i/(JK*+>*) for r, 
we have 

2C^ sss >i/> — 2C /(«• + /), 

transposinff and squaring 

4CV — 4C4'> + v^y = 4c''a?» + 4cy , that is 

which is to an ellipse if ^C > 4^9 and to a circle if c hc infinitdy 
greater than >)/, for the equation is then reduced to ,»*+y'«-4'*^0. 
It is to an hyperbola if 2C <! v^ and to a parabola if 2C = 4^* 



/ 



VhlM. -^tot- M ?^. 7StBM. 




« 
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ARTICLE IV. 

Solutions to Questions proposed in Number XI. 

I. .QUESTION 311, *y Mr. John Hynes, Duhlin^^. 

To divide a eiven square number «*, into two such parts 
that the sum ol their squares and the sum of their cubes may 
both be rational squares. 

First Solution, ^j^ a Lady. 

Let X be one part, then «• — x will be the other ; hence 
{n" — xf + a?* and r«« — ;c)' + a:S orn* — 2a** + a«« and 
n(n — 3a*A: + 3a?*) must be squares. But it is evident that 
the latter would be a square if n"^ — 3n^x + ^x^ was a square. 
Let «♦ _ 37,2^ + g;t» z= n* — 2«7^a: + ^*;k" and »♦ — 2»V 4- 
2Af* iz «♦ — 2ii'^;if + ^«^«, then — 3n' + 3A? =z — 2»'^ + p*x 
and — . 2«*H- 2x1=1 — 2»'^ + y'jc ; from these equations we 

obtain X = a ^' -^fP and ;c = ^^' " "f ^, therefore putting 
these values of x equal to each other, and dividing by n\ we 
^^^^ Q _>^2 = _^ f * In order to determine p and q in 
rational numbers, let us assume 3—2^ = 2 — 2f , then 3 — />• 
~ 2 — ^ , from the former equation we find j> = — ?, which 

substituted in the latter equation give: 2 j* = 3 ^ '^^ 4^ + 4^*, 

4 

w|ienee we have y =: ^ and this gives p, or^Lilf? — 5 ^ jy 

4 2 \ ^ 4 ' 

substituting these values of p and q in the equations a? = 

^* (3 — 2jp) «* (2 — 2^) 8w* 

'i./,^ ■ ^r ^ = -4 n^ ^e ge^ a: :r 51, hence n^^x 

3 — F 2 — ? 23 

= ~ — • Thus it appears that the numbers sought are — and 

^' 

Let n =: 10, then x = and «* — x zz i^55^ hcncq 

VOL. III. PART I. z 
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(„* - .)• + *« = *J22222 = (igSV and K - *)' 

_, 3887000000 _ 1 69000000 _ / 13000 Y 
"" 12167 52Q - "^v 23 -^^ 

Let « = «. then * = a? and «• — * = ^. hence (n'-a?)« 

o * 



+ ** = (^y and («*-*)'+.» = (4). 

Second Solutiok, hy Mr. Cunliffe, R. M. College. 
fpt -^^ and --^^ denote the two parts, then by the 

Again, by the q^icstion - ^^^^^3 - (;r + J/)' 

^ ^ ^° - X (;t*— .jry+>*) =:*sq«iare; therefore ^"—^j'+jf* 

sr: a square*- 

Wherefore the question is reduced to the finding of such ra- 
tional values of x and y as shall make «* + / and x^ — xy ^y 
both rational squares. 

Put X = r* — / and 3^ = 2f^, then *' +/ = (r* — J*) + 
4rV = (r* -i- i^)% which being a square there only remains to 
make x^-x^^ry' = {^* + O' _ «r.(r'- i») = r^- Sr'. 
-4- firV + «r/ •+• X* a square : assume r* — %s + J for us 
root, that is. put r*-- fir'^ + 2r^5* + an' + / = (f^_ri+J»)« 
~ r* — 2r'5 4- gr V — ^rs} + J* : whence r =: 4J, op = r« — J* 

** ^ * w*a? 15»* , »*y _ 8n* 

— - ^ f.2 «, — ore — 8j* _. iz — =! — andx — '^^— n — - two 

parts that will answer. 

Other numbers that will answer may be found as follows : 
putr=:4i — t;. thcnr«4-i« = i^*— 8jr; + i7xS r» — j* = 
tfs -^ %sv 4- ifiA arj = 2 J (4 J — ») ; whence the general ex* 
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pres$ion (r* -f s^y — ar^ (r* — ^), to be made a square^ be- 

cpmes t^ — 14/1;' + 74i*i;* — ijSi'v + 169J*. Take t/* t| — ^ 

j» —13^* for its root, that is, put t^— 14*1/^ + 741'^*— 1781'^ 

if 1695* = (zi* + 52^1/ — t3i»)* = x/^ 4.iZ?ji;5+ §|1jV — 
^ 13 ^ ' 13 169 

ft6j*i/* — 178^^1/4- 1691* : whence v = ^^ , r = 4^ — » =; 

aE12f. J!!!. = 8<)8gW, and iiX = »o»i8l|2!!!, other 
1560 ap-f-jf 18201609 Jif+^ 18801609 

two parts that will answen 

TnikD Solution, iy Mr. Lowry, R. M. College^ 

Let X and y represent the parts required, then x^ + y* and 
*' + y' must be squares, or since a:' + y'= (;c 4- y){x^+y* — xy) 
zz n\x^ + y' — -^^It we have only to make x^ + y* and x* + 
y* -5- *y into squares. Now x zzn* — jp, and this value being 
substituted for x we have 

and X* ^y^-^xy = n* — ^n^y + jy'. 

To make the first a square, assume the reot = n' — --7^ then 

fir f' 

«♦ «— a»'7 4- 2^« zr »* ^*> + -iyf and by reduction {r^mm 

9j*)^ = «(ri — j*)««; therefore, to make »♦— 2ii*jr+y a 
square, we may take n* zz r^ — 2 j*, and y zz 2rs — 2s\ 
Again, to make the second expression a square, assume the 

- — y, then by a similar process f — ^ .jy 

= (2rf — 3^*a;)«^ therefore «*— 3n'y + 3y^ will be a square if 

9i2 iz : a and y = 2^/ — ^t^w* We have, therefore, by 

equating the values of «• and y, 

and ari '— aj* zz $^/ ■— 3^'?^, to find the rela* 
tion of r and s. To do this, suppose J =: /, thec) the equations 
become w{r^ — fij^ z: «• — 3J*2»* 

and 2r--rfif = ae — 3^a/; 

z a 



root zz 71* 



From the first, e^ zz a>(r2 — 2j') + ^s*w\ 

9nd from the second, 4^* = 4r*'+' 4(3^ — 2)rs + (^zv — 2)V ; 

therefore 4ty(r' — 2J*)4-i2iWr:4r*-f"4(3tt' — 2)rj-f-(3rt;— 2)V ; * 

and making 4tz/r" = 4r% in order that the equation may be 

divisible by j, we have zv:=:t; whence 

-r-8j + t2s — 4r + J 

9nd 4r = 3i ; therefore-wc may tfike r = 3 and 

, 2[rs — s^W 8 J 2 15 » 

^ = 4 ; then y 3 ^-i--; 5 — = — n^ and Af =: n — y = -^» 

^' ^ r'— ar 23 ^3 

and these parts vfM fulfil all the conditions of the question ; for 
their sum is zz n*, the sum of their squares = (-^^*J and the 



sum of their cubes = f -^ ) x «•# 



«3 

JXw question was al^o answered by Messrs. Adams, Eratos- 
thenes, and Hynes. 

II. QUESTION 312, 6y Mr. Phelan^, Cari^^p, 

Jlequired the least integer-yalue of ;t that will make 103^:^+1 
;a rational square ? 

First Solution, ty Mr. Cunliffe, 



4/193 =:ip+~^ 



1 + 1 

2 + 1 



1 + 1 



9 + * 



t + t 



\ 1 + 1 



2 + 1 



i+£ 
6 + 1 



20, &c. 
and tbe series of fractions converging to the value of y^i03, 
formed from the preceding continued fraction are 
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1 1 


2 


t 


1 


9 


1 


t 


s^ 


10 6i 


71 


203 


£74 


477 


4567 


5044 


9611 


i' T' 


7' 


30' 


27' 


47' 


450' 


497 ' 


947 ' 


^ 


6 


2 


10 











2406 6 33877 227528 

2391 * 3338 * 22419 • 

In La Grange's additions to Euler's Algebra it is shewn, that 
the integer values of x, which will make 103^;*+ 1 a rational 
square, will be found amongst the denominators of the principal 
fractions converging to the value of v^xog, and that the index 
or number written above the fraction will be 20, (twice the 
greatest integer contained in \/^xoq) the last in the period of the 
continued fraction. 

The first fraction of the kind which occurs is — ^ — , and 

22419 

vpon trial the denominator will be found tp succeed 5 the nu- 
merator 227528 being the root of I03;c'' + 1, when x = 22419. 
And in like manner the next succeeding period of the principal 
converging fractions will give another answer. 

Second Solution, by Mr. John Baines; Jun. 

Mathematical Master ^ at Mr. Reynard's Mathematical School^ 

' Reading. 

Put i/fiog^* + 1) zz a, and, neglecting + 1, as inconsi- 
derable, we have 4 — aV 103, .•.^n: A/103, and^> io<ii. 

X X 

Put az=: iQx + i, then 3^^' — 2o^Ar zz i"^ — 1, and x z=z 

lob + 1/(103^' — 3) ^ iP^_+iyio3 , , X X 

_ -_ ^ < _-J (nearly), .-. ^ = 

JO — XJ33^ and ^ > 6 <J 7. Put ;t = 6* + c, then 13^ — 

t6k-2c^+ 1, and 6 = 8^+^^(^03^'^+^3) ^^c + cy^ 103 

13 >3 

••.*: = —f and->i <2- Put^ zz c + d, thtn 6c^"^ 

c 13 c • » 

iocd zz 13^ - I, and c z: ^^ + ^^i^o^d'^6) sM/^io^ 

f'- -^^^ 6~ ' and J > 2 <q 3. Put c z:z 2d + e, then gi* 

^tide = 6e^ + I. and d = 7'^ ^Cto3^^+ 9) ^ Jjjt^^^^ioj^ 
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- 4S/^= 9/' - .. and . = «£iV(££3£z:ii)^ «/+/^»og ^ 
... 1:- i:ilVli23, and ^ > i < 2, Put ^ zzf-J^g^ then 2/* 

, /_9±.^li£3 ,„d^>9<io. Put/= 9^4-*, then 

J 1^*— i8^A = ah* — 1, and g = 2 l—O .' -— 

qA + h v^io3 .^ ^ ^ 9 + /»o?, andf > i<! «. Put^ = 

A+», then sk^-^hi = lot* + I, and h = «+V(i22il±9) 

= £i±ivll£3. ... i = £_Lv^, andi>i<2. Put 
9 • » 9 • t 

h=:t +/, then 6t' — 14^ = 9/.' -»i, and » = ^ -.^-^ ' ■ 

^ zLhiv^^ .-. i = ^ + ^'^K and i > 2 < 3. Pat 
o 7 ^ 7 

i=2ii-y{,ihen i37*-ioi^=6i«+i, andjr: ^^"^^<|^8^'+M ^ 
^ ,^>t-Hi v/103 ; j^ ^ 5 + ^103 ^d / > , <i ,, p„, 

>=i f /, then 3^' — i6i/=i3/ * - i, and i= 8^+^(i03^ — ^} 

8/ + //103 i 8 + v^i03 jt.^^ ^ 

zz i 2, .-. -7 iz ' ^ — ^, and 7 > 6 <! 7, Put 

3 ' 3 ' 

i = 6/ + /«, then /^ — ao/»» = 3^1* + 1, and / := 10m ^ 

\/^(io^m^ + 1). Wherefore, having arrived at an equation 
similar to the original one, we may suppose m zz o^ and /s=: if 
then 

c;+^=.i=:20 f^g=ies:^gy 6^H-c:^x=:224i9, the No. rcq. 
i+j=iA=z2j ' <4/=*^=947 10* +3=^=227528 

Messrs. Adams, Dishneagh, and Hynes answered it. 
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III. QUESTION 313, by Mr. Georgb Harvey, Jun. 

Plymouth* 

Froni*a given right cone to cut such a parabolic section, that the 
solid generated by t^e revolution thereof, either about its axis, or 
its greatest ordinate may be the greatest possible. 

First Solution, iy Mr. Cunliffe. 

Let ACB (fig. 112, pi. 4.) be the cone and ehf a parabolic 
section thereof. And first, to determine the section so that the 
solid generated by the revolution thereof about its axis gh may 
be the greatest possible. Put n =2 *'7854,then it is well known 

G H 

that 411 X GF* X — = 2f} X GF* X GH expresses the content 

of the conoid generated by the revolution of the parabola about 
its axis GH. And because of the parallels gh, bc, ab : bc :: 
AG : GH = (bc -7- ab) AG ; therefore 2» X gf* x gh = 211 
(bc -4- ab) X cf* X AG, which is to be a maximum, by the 
question ; and therefore gf* x ag must be a maximum,. because 
the factor 2» (bc -7- ab) is a given quantity. 

By attentively considering the form of the preceding ex* 
pression, viz. gf* x ag, it will be easily perceived that it 
amounts to the well known problem of determining the greatest 
cone which can be inscribed in a given sphere: wherefore AG =:: 

* AB. 
3 

Secondly. It is well known that the content of the solid ge» 
nerated by the revolution of the parabola about the ordinate G F is 

expressed by-^ — X gh* x gf ; or, from what ha;j been done 

in the.former part, by - — X —2 X ag' x gf, which is to be 

/ *o 

a maximum, by the question; therefore ag* X: GFmust be a 

maximum, and this is the case when ag =: % ab, as will be found 

o 

by making the fluxion of the expression = o. 

By attentively considering the expression AG* x gf it will be 
readily perceived that it may be turned into the iollowing problem, 
viz. Having given the hypothenuse of a right-angled triangle, 
to determine the legs when the solid under the square of one of 
the segments of the hypothenuse made by a perpendicular from 
the right angle, and the said perpendicular is a maximum. 
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Second Solution, by Mr. John Baines, Jun. 

Let ACB (fig 113, pi. 4.) represent the given cone, fdc the 
required parabola, de its axis, eg (perpendicular to A'b) its 
greatest ordinate and n =z= the area of a circle whose diameter is 
I : Then the conoid or solid generated by the revolution of the 
curve about the axis Et) is = ^ its circumscribing cylinder — 
in A FG* X ED ; and the spindle or solid generated by its 

8 
revolution about the ordinate Foisz: — n A 4ED*x fg» 

Therefore in the first case fg* X ed, and in the second ED* X 
FG, or its square ed* X fg* must be a maximum. Put a = 
AB, c= AC and ^ = be ; then by similar triangles a : c : : x i 

ED n -^, and by the nature of the circle fg* 1= 4(a — x) x ; 

therefore fg* X ed = ^{a — oc) x\ and leaving out the 

constant factor and taking the fluxion, ^axx — ^x^x =1 o ; 

therefore x — } a. In the second case ed* x fg* = — ;c* 

a-* 

[ax — At*) - ^ A^ (a — ;v); therefore ^ax^'x — 6x^x = o, and 

X zz ia. 

Solutions were received from Messrs. Adams, Dishneagh and 
^ Eratosthenes. 

IV. QUESTION 314, iy Mr. Joseph Wi^lliams. 
Emerson in his Increments has made use of a series to deter- 
mine the integral of ^^-~^ s^ szz s. It is required toass%n 
the integral in terms of s and s without using a series ? 

Solution, by Mr. Joseph Williams, ike Proposer. 

——s — s nzs, ••• -^ =/7--rT~- = -—- (if we put i-^r-m). 
rz • • •• • {i—rjz—n ?nz'^n ^ -^ '• 

■'^^';;r; — ;:~^^' then^-i/.9, .\ s-vs — sv—su-^vs — vs,, 
mz — n • .. ' 1 • • • • • 

V V 

••• (1 + v]s zz (v — x;)^, .•. s zz 2-9, 
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Now V zz — — ^ ir / ■ , ' ■ ^ 

mz — n mz — n [mz — n) {mz — «) ' 

1 1 

rz(mz^n) + mz (mz — n)(mz^n)^rnz 

.•. »— »= ". rr '. and i+vzz r ■ .1 

. (mz—nnmz — n) . mz — n)(mz—n] • 

1 ' 1 

rz [mz — n) + rn'z 

(mz — n) (mz — «J — Tn% • 
rmzz — rnz 

S ^—y - ■ t . - - ■ ■■■■II L- ■ - 1 1 JT 

m'^zz — ^mnz — (iw + r) nz + »* .* 

Cor» Let niz — «, rizi, .-. x — rirmno, 

nz z s 

— 1 — •!• 



and s rr: — - — 5* sa: " ' ," which is the same as that 
nz + n . n -f 2 

deduced by Emerson in a similar manner in his 2ad Example, 

V. QUESTION 315, by Amicus. 

If, from two given points, two straight lines be drawn to a 
point in a curve of any order, given by position, so that their 
rectangle may be the greatest or the least possible ; these lines 
will have the same ratio as the cosines of the angles which they 
make with the curve (or with the tangent) at the point of inter- 
section. Required the demonstration? 

First Solution, by Mr. Lowry. 

Let A and b (fig. 114, pl« 4.} be the given points, £F the 
given curve ; and suppose the lines AC, BC are drawn as re- 
quired so that their rectangle is the greatest or least pos$ible. 
Let c be a point in the xurve indefinitely near to c, and draw 
AT, B^. With the centres a and b, and the distances AC, BC 
describe the arcs oa, cb to meet Ac in a and bc in ^ ; then ac is 
the increment of ac, and be the decrement of bo ; and the dif- 
ference between AC x bc and acx bc J =:(ac+<2c){bc — be) ?> 

or the increase or decrease of the rectangle ac X bc, is AC x3c— 
BC X ac — aexcb\ thftt is, ultimately, A.c^-bc — BCX^Jc; and 
which in the case of a maximum or minimum is iz o ; therefore 
AC : BC :: ac : be. But since c is indefinitely near to c, the 
little triangles cca^ ccb may be considered as rectilineal and 

VOL. III. PART I. 2 A 



{ »78 ) 

right»angled at a and ^9 therefore ac :=:cc X cos cca and be =: 
ccxcos ccb ; and AC : Bc : : cos cca : cos ccb (b^f). But the 
angles C^a and bcf are ultimately those which the lines ac, bc 
make with the curve, therefore the lines ac, bc are as the co- 
sines of the angles which they make with the cwve at the 
^. point c. 

It may bc proved in a similar manner that ac"* X bc" is the 
greatest or least possible when n x AC and w x bc are as the 
cosines of the angles that ac and bc make with the curve. 

It follows imniediately from the above proposition that, il a 
polygon of any number of sides be inscribed in an oval figure, so 
that the sides are respectively proportional to the cosines of the 
angles which they niake with the curve» then the continued product 
iof all the sides of the ploygon will be greater than that of the sides 
of any other polygon of the same number of sides that can bc 
inscribed in the given curve. 

Second Solution, hy Mr. Cunliffe. 

Let PQ (fig. 115, pi. 4.) represent the curve given by position, 
A and B the two given points. Suppose p the required point, p 
another point in the curve indefinitely near to the former, and 
draw the lines ap, bp, a/>, Bp. With the centres a and b and 
radii a/), bp describe two small arcs cutting aPi Bp in r and s. 
Put AP = x^ BP =: v% .th^n ps — ^ and vr ^ — x. And by the 
principles of trigonometry /?j zz » ; pr = — x : : cos spj^ (bpq^) 
: cos AP^. Now by the question the rectangle of the lines ap, 
BP ox XV 9 is a maximum or minipium, and therefore its fluxion 
jfp -^ xfx "=- .0, that is xv =■ — vx i whence » : — 5^ :: v zz 
BP : s: — AP : consequently bp : ap ; : cos bp^ : cos AW. 

A Solution jvas Hceivfidfrom Mr. Adaiijs, 

VI. QUESTION 316, by G. V. 

If from a given point straight lines be drawn to the extremities 
of any two conjugate diameters of an ellipse given by position, the 
sura of the squares of these lines is a given space. Required 
the demonstration ? 

Solution, by Aliqui3» 

Let p (fig. 116, pi. 4.) be the given point, o the centre of the 
given ellipse, and ac and bd any two conjugate diameters; then 
if PA, PB, PC and TD be drawn, it is to be proved that ap' + bp' 
+ CP* +pp^isa constant quantity. 

Join PO ; then, because ac and bd are bisected in o, ap* + 
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PC* r= 2Ao' +• fipo", and pb* + pi>* =2 2B0* + apo*; 
therefore ap* + PC* + pb* + pd* zz 2 (ao' -4- bo*) + 4 PO* 
zz a given space; forpo is a given line, and ao* -h BO* is zr the 
sum ot the squares of the given semi-axes* 
. Cvr. If lines be dra\vn from the extremities of any two con- 
jugate diameters totouch a circle given in magnitude and position^ 
the sum of the squares of the tangents will be a constant quantity. 

Mr. Adams sent a solution to this question* 

VII. QUESTION 317, ly G. V. 

Let ABDC be a parallelogram, draw the diagonal bC> and draw 
DE perpendicular to BC ; then, perpendiculars drawn to ab, ac 
at the points b and c shall intersect each other in the line os. 
Required the demonstration ? 

First Solution, iy Mr. John Dawes, Birminghani. 

Let ABCD(fig. 1 17, pi. 4.) be the parallelogram, f the intersection 
of the perpendiculars from ab and AC ; then because the angles 
ABF, ACF are right angles, therefore a circle passes through the 
points A, B, c, F, of which af is the diameter ; join fi* and bl 
(l being the point,wherc the circle cuts cd again), then bl=:ac= ' 
BD, therefore the triangle bld is isosceles : but bf cuts cb at 
right angles^ in m ; therefore lm =: md, and the triangle lfd is 
isosceles, and Z. bfl = Z. bfh, therefore bl = bh = ac* 
Let Fu intersect ab in k, now because RBF/isa right angle, and 
KBE(r: ABC) = KFB, therefore feb is a right angle, therefore 
DE meets the diagonal bc at right angles, and therefore the point 
Fisia^the line D£. 

Second Solution, by Eratosthenes. 

Let the perpendiculars at b and c meet in f (fig. 118, pL 4.) 
and join df, then it is to be proved that the points E, », f are in 
a straight line. Produce bd to meet CF in h and CD to meet bf 
in G, and join gh ; then, bcause of the parallels, bh will be per- 
pendicularto CF and co to bf, therefore the points b, G, H, c 
will be in a circle, the diam^ter-of which is bc, and the angle hcf 
==bch; also the points g, d, h, f will be in a circle, the diameter 
of which is df, and the angle hdf zr hgf, therefore the angle 
BCH r: angle hdf : but Z. bch 4- Z. edh = two right angles; 
therefore JL hd f + Z. EDH=two right angles, and the points E, 
^> F are in a straight line. 

ingenious demonstrations were received from Messrs. Adams, 

Baines, and a Lady. 

2A 2 
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of trial and error, s =r -8335565, the sine of ^6\ zf. 56'' gy. 
the required angle of elevation. 

Second Solution, by Mr. R. J. Dishneagh. 
It is well known that the equation to any parabola described 

by a projectile is y = ^ !!!L , ^ ^^ where x and y de- 

cos % 4A cos *d ^ 

note the rectangular cordinates whose common origin is the point 
of projection Putting y n o, it is easily seen that the two 
corresponding values of x are o, and Ah . sin Q . cos 9, Now 

. /sin X \ 

^ \cosd 2i4cosW — "t;^ _ 

cos 9 . sin 5 . ^ + a?2) after proper reduction, .-. z zz , ^ ^, 

^ ^ a^cos^d 

X v'(4*^ cos^9 — 4A cos 9 . sin d . a: + ^p'*). 

Put V zn X — 2 A sin fl . cos 9, or for greater simplicity ma? — 
ihsc^ •'. I'' = ^— /^scx + 4i4'^2c% hence, by substitution 

= ^^ V(4AV+i;^) which expression Is to be integrated between 

the values of a:' =; o arid x = /^hsc^ that is between the value 
of t/:= — ^hsc and v n 2^50, 

^^^^== IS? ^ ^/(4^'^*+^') + ^^' • log;t/+ •(4AV4-t/t) 

(see Vince*s Fluxions, p. 86, 3d. edit.) .•. putting z/zz ^hsc 

we have, after proper reduction, z :=: — hs\-hc^ log. 2>5e(i ^j) 

and putting v := 2ksc, zzn hs f hc^ log. 2>ic{ 1 4.^). 

Now the real value of z for the whole curve is =: the difier- 
cnce of these two values of z, 



.-. whole length zz sks + hc^ . log. 



1 + s 



1 — ^' 
.'. by the question, 2S + c^ . log. ^ — max. 

T>... 1 +^ _ 1+sinfl /9r+fi\ 

But z:— — ! — ;- z: tan^ ( — I — ), » — qo» 

1 — * 1 — sind \ 2 J*^ — 9^f 
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TT -4- d 

.•• sin 6 -f cos'^fl . log. tan =. in^x. 



2 



Now the fluxion of tan ^ =: - X 



/• fluxion of log. tan 



2 a 2/^ + ^\ 



2 . sin X cos 



2 22 

:- /^ , /> ~ ^— ; 7\ = t; .'. taking the fluxions^ 

sm (^ -f 9J sin (9r — dj cos'Q ^ * 

• • <3r -I- fl fi ^ 

^ COS 5 — 2 sin 9 • cos 9 . log. tan + cos*9 X 75 = c. 

o 2 cos 

Hence 1 — 2 sin 9 • log. tan 1- i = p. 

.% Hyp. loff. tan =: -: — - zz cosec 6; 

where 9 is to be determined by tflial from the tables* 



X. QUESTION 320, by Mr. Cpnliffe. 

In a given circle to inscribe a triangle having two of Its sides 
in a given ratio, and tfie sum of the other side and perpendicular 
thereon from the opposite angle a. maximum. 

First Solution by Mr. Lowry, 

It does not appear that this problem can be constructed by 
plane geometry, except in some particular cases, but it may be 
done generally, when the sum is a constant quantity, by means of 
the. ellipse. Let ABC (fig. 121. pi. 4.) be the triangle required, 
and BK the diameter of the circumscribing circle, and draw ak 
and CK to meet the perpendicular bh produced in d and s; then 
because the angle abk = ack m sbc, and the angle kbc = kac 
zz ABD, the triangles BCS and adb are respectively similar to 
ABii. and CBK ; therefore ab : bk : : bc : bs, and bc : bk : : ab 
; bd. But, by the question, ab has to bq a given ratio, and bk 
is a given line, therefore bs and bo are also given lines ; and 
because bad and ecs are right angles, the semicircles described 
on the diameters b d and b5 are the loci of the points A and c, and 
we have only to draw AC perpendicular to bd (fig, 122. pi. 4,) 
so that the suj;n of bh and ac m^y be either a constant quantity, 
or the greatest possible. Let o be the centre of the circle bad* 
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and join AO : then because bo is a given line, the sum of OH and 
AC will be either a given quantity or a maximum. Draw lo to 
make the angle lOH = half a right angle, and produce HC till CN 
be = AH, and draw nl parallel to io» meeting the perpendi- 
culars at B and D in L and M, and op parallel to in, meeting nl 
in p; then IH will be = OH, and iN=:OH + ACz:a given line; 
therefore the line nl will be given by position, and p will be a 
given point. Also cN* n ah* =, ao* — OH% and since pn* 
= ID* z= aoH^, andpL* = 2DB* =: 2A0% 2CN* zrr 2A0* 
— PN*=: PL* — PN*, which isthe property of the ellipse whose 
centre is p, semi- diameter PL or pm z=: ao X \/ 2, and semi- 
conjugate to PL rz: AG. Hence if an ellipse be described from 
the centre P, with the semi-diameters pl zm ao x ^2 and p^^ = 
AG, it will intersect the circle bcs in the point c required. 

The maximum wilj evidently obtain when the ellipse touches 
the circle bcs, or when the radius o'c is a normal to the ellipse 
at c, and in this case it follows, from well known properties of 
the curves, that bh • hn = ag ' HC H- o'c . cn -|- HC . cn, or 
which is the same thing bh . aCz=: AO . HC -t- o'c . AH + HC . 

HA. 

When the given ratio is that of equality, bs and bd are each 
equal to the diameter bk : In this case CN = ch^ and the locus 
of the point c will be a straight line drawn from the intersection of 
the lines sb, pl to the middle of gp, and in the maximum case 
the above expression becomes 2BH • hc =: 2 ag • HC 4- HC% 
or 2BH =: 20A + HC ; that is 20H s=: HC, which we know 
to be true from other principles* 

Second Solution, by Mr. Cunliffe, the Proposer. 

Generally, when the sum of the §ide andperpendicularthereon 
from the opposite angle is equal to a given line J. 

Let acb (fig. 123.pl. 4.) represent the required triangle in- 
scribed in the given circle, ef being a diameter bisecting the 
side AB in M. Draw CH parallel to ab meeting £F in H j and 
let AC, BC be the two sides having the given ratio ; then their sum 
and difference will have a given ratio, or the square of their 
sum will have a given ratio to the square of their difference, and 
let this ratio be denoted by that of m to n* 

Put EF — flf, EH — z, and em r: ;c ; also put Ab -4- MH rr 
fiAM -h MH =: s. Then HF — d — 2, fuzzd — x, UHzzz — x, 
and by the property of the circle am =: MB z: ^{dx — xx) ; 
whence 2 am + MH iz 2 ^{dx — xx) + z — x =: s; also, we 
have, by known properties, (AC + BC)*r:4EHXMF=4«(d— ;ip), 
and (AC — BC)* z: 4EM X HF = 4;c (flf — z). Again, by the 
(juestion, (ac fBC)* : (ac — bc)* : : m ; «, whence « (ac+bc)« 
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— »i (ac— Bc)\ that i%i '^nz (</— tjt) r=4i»*'(it— a:), or frr(if-«^c: 
wrftft^z) therefore 2 =: 1 ■ ■ z: -f-f ^ 4 x j =: 

jr-; — * by putting a IS , and i/ =: . By means ot the 

above value of z, tt^(A&r— irjf}4-2 — arr: 2^^ — xx) \- , - \ ^^ 

X zz Sf which, being cleared of the sttrd> becomes 4(3 + wY x 
(tlx — XX) = {h -^ (b ^ s + a)sp + xx)^ ■W'hicfe it a biqua- 
dratit ^qisation, from whence a? is to be found. 

I * • 

Again 2 v^(^/a:— jira?) -1- r -^a? =a 2n/ {i/^-T-^rx) + ,., ;■* •*- 

a? 5;= J, the sum of tlie base and perpendicular^ and putting the 
fluxion of this equation =: o, we shall Irom thence obtain an 
equation from whence x may be found when]^he sum of the base 
and perpendicular is a maximum. 

XI. QUESTION 321, iy Mr. Cunliffe. 

Suppose a piece trf rast iron jn the form of a cone, the dfi- 
toeter of the base being two, and the perpendicular height six 
feet. Suppose the cone suspended by the vertex, about which 
it is freely moveable : let two weights, of half a ton each, be 
fastened by cords to a ring in the circumference of the hmoit, 
and let the cords pass freely aver two puUies in the same hori- 
zontal line with the vertex, at the distance of four and five feet, 
on the same side of it. Required the position of the cone's 
axis when in equilibrio ? 

First Solution, iy Mr. Cunliffe, tke Proposer. 

Let VRR^ (fig. 124. pK 4O represent the cone suspended by 
.the vertex v« and let vmn be an horizontal line passing through 
V, is which are situated the two points or puliies M, N at the 
respective dktasces of four and five feet from the vertex y. 

Let p«iti Q represent the two weights fastened by the cords 
PNR, QMR to a ring R, in the circumference of the cone's base. 
In vx, theaxisof the cone, take voi=-J- vx, then G will be ttie 
centre of gravity of the cone: draw GD perpendicular to vmn ; 
also draw nk, ml at right angles to VR. and let w denote the 
weight of the cone. Then by the known principles of mecha- 
nics (VD-st-RV) >c wwill express the force which acting at R, in 
a direofeicn p^eHdicular to RV, wouid support the cone in that 
position. Again by the resolution of forces {NKi-f'NRjxP=: 

VOU III.PaRT I. flM 
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p=^p X sinZ.vRN Will express the effect of the weight p at r, inta 
direction perpendicular to rv ; and for the same reason q X 
sin 2LVRM will express the effect of the weight q at r, in a 
direction perpendicular to rv. And therefore when the cone 
and weights are in equilibrio. 

p X sin ^WRii + Q X sin Z.vrm = (vd-t-rv) x w, or 
RV X (P X sin Z.VRN + Q >^ sin vrm) =: vd X w. 

Put vx zzza, xr =:^, VM = wi, VN = «, RV = /, sine 
^RVM srr J, its cosine =: c ; radius I. Then by known pro- 
perties RM^ = RV* -+- MV* — 2C X RV X M V = /* + »2* — — 

2lmc, and rn*z: t^ + w* — ^Inc^ rn : nv ; : j : sin 4.VRN ; 
whence sin z.vrnzi(nv -f-RN) XJ = «^-f- •(/*"<-»- — 2lnc). 
And in like manner we find sin ^ vrm ==: (mv ^ km} X s :=: 
ms^ •(/* + m* — ^Imc). 

Again, by the pdnciples of trigonometry, sin ^ R vx r=^-f-/» 
its cosine = a ^ /; hence, and by a known theorem, sin 
/.GVD zz (flj^-ic)-7-/, and its cosine r= (ac — ij)-f-/» which 
IS the sine of the Zvgd : Also vd = VG X sin Z.VGD =. 
^a{ac — is) -^ 4/. And by means of these the expression 

RV X (PX sin Z.VRN + i^ X sin 2Lvrm) =: vb X w 

, ,/ Fxns . oyms \ mw ^ ac-is 

becomes Ix (- .,/, . ^ — 7— .-f ..j^ , — , ' ) " \ ) =^ — ^ "-"7 — » 

°' 4^; ^ V(A+«'-./;.cj + v(/-+m'-«/«»c)) =3«^(''.f-^-'J' 

irom which equation s may be founds 

Sepond Solution, by Eratosthenes, 

Let CPL (fig. 125. pi. 4.1 be the cone : Then from the given 
dimensions, the weight, the centre of gravity and the other 
dimensions may be found. 

Let B and d be the two pullies, draw ke, aps perpendicular 
to CAD and join ep ; let cbz£=^, cd=i=^, cp=:c, ce ~ e, 
Z. ACP 3= ^, <^ ECP =z= a, w i= yeight of cone, w zr weight at 
R, and a;'=zz weight at v ; then Z.KCE r=: (p + «» and sin 
csp : sin cps : : cp : cs ; but sin csp= cos8CA=cos(ip-|-a) 
and sin cps zi= sin cpa = cos pc A s= cos (p ; therefore cos 

, cos^ 

(0 + a) : cos (p :; c : c» zz c ; — 7 — r, 

*^ ' ^ cos ((p -h «) 

e cosf<^H-a) 
'w : wt. at s :: cs ! C£ •\ wt. ats = - x ^ — ^-^^--^ — ^x w. 

c cosf 

CA zr (C cos<p, AP = c sin (p, ab 1= 4 — c sin (p, pb =r i/(c* 

sin*<p + a' -— 2ac cos $ + c' cos*^) =:^(a^+ c*^^ 2ac cos^), 

DP =t ^{b^ +<r* f— a^ir cosf )f 



It 
I 
i 

i 



wt. in direc* pb : wt indirec. fa :: pb :,ap» , .^ 

^ . ,. c sin^ - 

wt. in direc. pa r: ' , ,i. ^ — ^^ r >C wt. from w. 

^[a -tc^ — 2ac coscp) 

wt. in direc. pb : wt. in direc. pa : : pd : pa, 

,. csin© - ,' 

••. wt. in direc. pa = ,.^ . , — \ X wt. from tu • 

v^ (^ -h ^ — 26c cos (p j 

That the cone may be at rest the sum of the pressures upwards 
naust equal its efiFective weight, therefore 



I . ^:_ A / 

I 



wcikinp wc^ sini^ e . cos(^+«) 

V{a^ + c* — 20C.cos(p) \/{i*+4:^ — a^ccoi$}"~c cosip » 

from which equation the value of the angle (p maybe deter- 
mined. 

"" • ' ■ 
Third Solution, by Mr. Lqwry. 

Let ABC (fig. 126. pi. 4.) represent the cone, G its centre 
of gravity, and £, f the pullies in the horizontal line ak. 
Draw GO and bp perpendicular to ak, and put a = ab, ^=; as, 
c =2 AF, d — AG =^ X 6 =. 4f , w = the weight of the cone, 
zu and w^ the weights suspended from "E and P respectively, 
(p = the angle bap, and e =1 the given angle bag : Then, bjr 
the resolution oi forces, the weights w and w' acting in the di- 
rections be and bf are equivalent to the forces ^ x sinBEP 
and ze;^ X sin BFP respectively, acting in the direction bp ; and 
therefore the whole effect of the weights in supporting the conct, 
is equivalent to w X sin bep -I- w^ X sin bfp acting in the 
vertical direction bp, Hence, when the whole is in equilibrio, 
we have, by the principles of statics, w X AD z: {w X sioBSP 
+ w^ X sin BPP) X AP, 

ad ./^ . I • 

or w X — z= ai X sin bep +0;' x sin bfp^ 

AP 

«' • . . . 4sin(Z> 

But by trigonometry sm bep =sm bea= ^^a*+i,^Zaal>co^<pY 

Sin bfp = smBFA = ->, < . ^^ . ^ ^^^^^{ 9 ad z:a cos ((p+^} 

and AP =r ^i cos(p, whence by substitution > 

£icos((p+^)_ wxas\n<p w'xatin(p 

^ ^ cosp "^ -v/(a"+^*-2aicos(p) v'v<»''+c'-2accos(p)» 

and from this equation the value of (p may be found by the 

method of trial and error^ or by the common resolutiQn of equa* 

^ons by appro^^imation. , ^ . r , 

A B a 
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XII. QUESTION 32fl, by Mr. Lowry, R. M. College, 

Ta find the nature of the curve which shall cut all the para- 
bolas that can be described by a projectile, thrown from a given 
point, with a given velocity, so that the time of flight, from the 
giiren point to the curve, may be the same in each parabola. 

FIRST SOLtJTiON, by Mr. R. J. Dishneagh. 

Let h zz the space to acquire the velocity of projection, 
p = space fallen through by gravity in given time. 

AN (fig. lt7*,pK 4.) = 0?, p» = J/, AM being any direction 
of projection and =: the space which would be described in the 
given time, the velocity of projection being continued , uni- 
form; 

••• AM = vel. X time =z ^(imh) x ^(p -^ m),m = ifi^V 
feet = s/{/^kp). Tkkt MP = p^ and, p is evidently a point in the 
parabola descriKed, and also in the new cuive. But mn* -f- 
AN* = Am\ therefore {y + /)» + x^ =1 /^hp which is the 
equation to a circle whose rad. •=: ^/{^hp) z=z am ^ and whose 
axis lies. at the distance j) below an and parallel to it as' in the 
figure. 

Otserpahofh The problem: maiy> be solved, upon a similv 

{mncipk when the force varies as any. function of the. distance 
rom the horizontal plane* 

Second Solution, iy Mr. Low^ry-. 

Let IK (fig. 128. pi. 4.) be the curve required, agI: apoitim 
of one of the parabolas described by the projectile, ad the di- 
vtection, *and*DiH a vertical line passing through i and meeting 
the horizontal plane ak in H. Then the time of describing the 
curve AOi is evidently the same as that in which ad would be 
described' uniformly with the given velocity, and also equal to 
the tinie in which di would be described by the action of gra- 
vity ; therefore Because; the time of flight is to be the same in 
each parabola, ad and Di must be of thesapie lengtbs^foi: every 
angle of elevation. 

Put a =: the given velocity per -second, / =: the time,^ =: 
i6tt feet* oozzAHt andj> — hi, then ad is = at^ and di:^^-^; 
but ah*-**- HD*^^ ad*, therefore x* + (y ^gty^z mftf^ which 
tithe equation teacirclewfaose^ radius i^rr M^r^dMnocmQiibst 
centre o froia 4& =: ft*^ a6 being perpciuliaiiar.tQ ak# 
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Xlli. QUESTION 323, by Mr. Lowry. 

To find curves such, that any straight line being drawn 
through a given point to meet the curve in two points, the rect- 
angle under it and a given line may be equal to the reclaiigle of 
the segments intercepted between the given point and the curve« 

First Solution, 6y A. &. 

Fig. 12^ pL 4. Let QF = ^, PR = /; then the pmpertjr 
which the curve is required to have is expressiod by ttus c^W* 
tion, viz. 

whence the equation following is derivedi viz. 

i-i+i-. 

Now — ana —are to be considered as functions of one variaVIb 

quantity, depending upon the position of QR with regard to the 
axis j and the most proper-quantity for this purpose, istheratAQ of 

OS T R 

the brdinates, -^, or — (denoted by u) which is the same at 

SP TP "^ 

the opposite points of the curve q and R : and as a line drawn 
through p is. required to cut the curve in two points, we must ^ 
choose such a function of u as is susceptible of two valuiis; 
which will; be accomplished by putting 

P 

P 
whence — + t = ^f^l and this being compared' with theprei 

ceding equation, we get — = ^ .Jii ; consequently the nature 
of the curves in question is thus expressed^. 

P ^P ^■ 

inhere Fiidenotes any function of u, or of —z;: — -• 

' y SP 



\ 
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given circle, (^M-i) sin*<pzz%, or<p^ = ~ ir: ep.lan'(p« or 

<f rr co-tan ^, so that in this case we have only to find an arc p 
which shall oe equal to its co-tangent, 

XV. QUESTIOM 325, bi/ Mr. Lowry. 

If two weights be ^suspended at the ends of two strings which 
j)asB over two fixed pullies, and the other ends of the itrings ht 
fastened to the extremities of a given beam or rod which is 
moveable about a fixec^ point ; what will be the velocities of the 
weights when they move in a vertical direction, the weight of 
the beam or rod being considered in estimating the motion of 
iht bodies ? 

Solution, by Mr. Lowry. 

Let AB (fig. 133. pi. 4.) be the given beam or rod moveable 
^bout the fixed point C; d and e the pullies, and p and Q the 
given weights, whicR descend by the force of gravity and draw 
up the end a of the beam. Through c draw HCi parallel to the 
horizon, and join CD and CE. Let Fp^and Qq be the spaces de- 
scended by the weights p and Q in the ijnstant of time /, and Aa 
and Bi the spaces 'described by the ends of the beam in the same 
lime. Draw am and hn perpendicular to At>^nd Bit respec- 
tively ; then Am is evidently ~ p^, and B» r: Q9. Put a = AC, 
i zz BC, c - CD, d =: CE, X ~ DP, yrz »Q, jj zr p/> zi Am, 
y :^ {ig :=: Bn, a zz the angle OCH, fi zz: the angle egi, f cir 
the angle hca zz bci, radius t^ e zz the distance of the centre 
of gravity o of the beam from c, and g zz gi^ feet the measure 
of the accelerative force of gravity. 

Then the velocity of P is z: ~ , and the variation of that ve- 
locity, or the measure of the accelerative force, =: -:- ; but 

the aoecleiative farqe of gravity is =: g^ therefore * x (^— *?•} 

is the motive force lost by p in consequence of its connection 
with the beam, and which is equivalent to the motive force 

^ X is —p^) X sin Aflwi acting perpendicularly to the beam 

* .« 
. . / ^x \ Am X X 

at A.= px Cg — --fj X ^=yx(j— J-)x4, Intbcfame 
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I 

way It appears that the motive force lost by q is =i q x (g ^ 

vj, which is equivalent to Q x (g — ^\ X sin )p^n « Q X (^— 

•• , 

y \ an V \ y • ' « 

^)x^— ^X {g — 4-j X ^acting perpendicularly to the 

beam at b : Bu?., by the property of the lever, this force is eqrii- 
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valent to ^ x ft X (^ — ^) X ^ applied at a, therefore the 
whole motive force at a is :=: 

Now, by the principles of rotatory motion, -—• x — f -- = 

•• . • • . . ' 

M (p . , ' , . ^ 

— X .-, IS tbe measure of the motive force at a, m being the 

moment of inertia of the keara, or the,sumof the products 
of each particle by the'sg^areof its distance from the axis 
of motion, and the motive '-force arising from gravity is — 

2^ g^ cos ?» w being the weight of the beam ; therefore 

the whole motive force gained by the.b^amat a is equal to 

•« 

~ X -^ + - ^w COS ^, and which, by the principles of motion. 

must be equal to the motive force lost by the descending 
weights ; therefore 

• • • • . _ . Tr 

~ X f +-/W cos<p=P(g- ^) x_. + ^{g^l) X Z , 
and if the whole be muhiplied by 2iZp and the fluents taken we get 



M 

or p»*4- Qa* 4 -^r^* =: 2g (pa?+ Q^ — ^ w sin<p + c), 

V being zz — , ttc= -r- and zy n -i, the respective velocities 
of p, Q and A. 

Now since t/ zr t- and a; z: -r*. «? is zz v X -r-. but-— zz 

Am . . DC . d . 

' — =: sm Aam = sm CAD zz — sin ACD rz y X sia 

Aa DA l.^x 

VOL. III. PART I. SL Q 
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(« + 9)9 I being put for tfac length of the string a p ; thereiore 

w i$ zz V* X- i ' " ' ■ K 6in(tf -+- ^). Also since v zz — and » 1= 

/ — X t , 

^, M is = t; X -rt but X =: Aa sin Aam zz Ka sin cad = Aa /: 

j X sin [<t -^^ f)» and^ =z b& sin B.&it =: b^ sin CB£ =: 

b6 X p^ sin (^ + ^) = Aa X .^^^^ sin (0 + ^), /'be- 
ing put for the length of the string bq ; therefore u zz -z zz 

V X - ^i *^"\a . ^w/ V t and these values of u and w being 
• ^ &:sin(^+ <p)(/— a?) ^ 

substituted in the expression pv* + q»* + -:»', and the whole 
reduced to a common denominator, it becomes 

and if a* be piit for the quantity in the numerator we have 

tV «m*(/+ '^) (/- xY = »^ (^» + <^ - '^ "'^y + <^). 
therefore 

andtf = ^— ^j^^ X y^ J 2^(p« + e;' — ^wsin?) + cj > 

the velocities required. 

.- ft(?i/sin(^+$)sin((t+(p) \s 1 \ • ^^ 

AIsow= ^ ^ — ^ — ^ >^ 1/ J 2i^(pa*+Q^-tfWsin9+c) j 

. , flcisin{/3+(p)sfn(«+(p) ^ . ( / . . 1 

and w'zz i ^ — i 21f X • 1 2^(PAf + Qy-ewsin?)+c) \ 

the velocities of the ends of the beam. 

The problem may be resolved in a similar manner when the 
Weights are constrained to move upon given curves, instead of 
descending in the direction of gravity, provided those curves 
are in a vertical plane passing through the point about which 
the beam revolves. For let mn and rs (fig. 134. pi. 4) be the 
given curves upon which the bodies p and q descend, and let 
wp zz r^ and Qf zz j, be the elementary spaces described by the 
bodies in the instant of time / , and i amd / the spaces descend- 
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cd perp^ndjcut^Hy in the ome tiine* Draw Pr and Qsfemtai* 
dicular lo Dp and zq, and let the other lines be drawn u before. 
Put z zz pr zz Am^ and let the substitution, made jn the preced- 

ing case be retained ; then the velocity of f is sz -?-, and the ac 

• • 

celerative force = .-^^ but t^e accelerative force of gravity is 

•• ' « ■ 

now only ^ X -r , th^r^fpre the , motive fof ce;. lost by p is ==: 

V {g, r-y, which is equivalent to the motive force p{^-: 

«• . , •» 

^j X r acting in the directioiiof the striag, or to |»(^-s-*-^] X 

C-sin A.am = p (^ ~ 5") ^ J"- *^^^"g -perpendicularly to tUe 

beam at A. In like manner the motive force Ion by Qis=: 
•• - «^- •• 

o(j^. — i-) X •« = the ihotive force 2 (gTr — 4) X ^ ap. 

^ plied perpendicularly at A ; therefore the wliole motive; force 
lost by the weights p and a in consequence of their connec'bion 

with the beam is z= p {^?— -^-X X ^ + q(^ — 4) x ^r : 

and which, as before, must be equal to — x -^ + - jj w cos (», 

therefore multiplying by 2tf^ and taking the fluents we get 

• • •• ' 

P^ + ftf- + Mf-= 2^ (PX + Qy — <r^w silKp + C), 

or Ptr" + fto* +'^«'' =2^(PA>+ fty — <ywsin(p + c). 

But M =: t' X T, and w == v X -? , therefore by substitution 

r **^ 

and reduction 

•• /8;r(pa? + Qy — fg'WsinO + G) 
u:=ifi5^^ " ij; ^» 

t C8 



( «9< ) 

whesre'tbe refation of ri V, arid p must'' be determiaed firdm the 
nature of the curves, and considering that 

Aa X sin hamzi Am ^ pr zi vp X sinp^r 

sin pFr 
or ap :=> r X --^-^ — . 

sin Aam 

By cdniparing whtt has been done above, with art. y. part ii, 
vol. 3 of the Repository, it will be dbvioi^s how the problem 
may be resolved when there are any number of weights attached 
to the beam, and moveable 6pon given curves. 'The.|)roblem 
might also be greatly generalized by supposing the weights to 
move upon given surfaces, instead of being always in the same? 
vertical plane. The beam would then have a compound rota- 
tory motion, and we might determine not only the velocities ot 
tbe weighty, but also the nature of the curves desprrbed on the 
given surfaces, and of tho^e described by the ends of the beam. 

Xyi. QUESTION ^26, l^y Mr. Lowry, 

Suppose the vertex of a given cone to rest on an indined plane 
while the axis is in a vertical direction ; what will- be the velocity 
pf the centre of gravity of thejcone whpn jt is. suffered to descend 
by the force of gravity, the vertex being at liberty to slide freely 
along the inclined plane without any obstruction whatever? 

' - . .. 
Solution ^jf -Mr. LowRY. 

X-et AD (fig. 135. pU 4.) repiesem tbfc inclined pl?inf, AB an 
horizontal plane passing through any point A, G the centre of 
gravity of the cone and g its vehex j and let o be the point on? 
the plane at which the motion pt c copmences. Then while 
the point c descends in the direction da, the centre of gravity o 
will move in a vertical plane passing through that line, and the 
body will have a progressive motion in the direction da, and a 
rotatory motion about g. ^ 

Draw oz and gh perpendicular to Ap, an4 GE perpendicular 
to ab, and put /i zr cg, a, — the angle bad =: hge, X zr OHzr 
czt y 7=: GH, (p zz the angle cgh, r =: the re-action of the 
plane at th^ point c in the direction of perpendicular to ad, 
w =: the mass of the body,^ z: 32-^- feet the accelerative fprce of 

gravity, v zz t the velocity of Q parallel to ad, k =: 4 the ve-? 

locityparallel tooz, and a; r: ?, the angular velocity about G. 
Ifpw the motion of the centre of gravity is evidently the san^e f^$ 
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if the \^hole mass was concentrated at ^that pdint, and the motiv* 
forces wg and r applied therein the direcrioos GE and GK. The 
force of gravity-^ may be resolved into two other forces, viz. 
g sin a acting parallel to ad and tending to augment X; and g 
cos a acting in the direction ch and tending to diminish y; 
therefore the point c is urged in a direction parallel to ad by a 
motive force — w^ sin «, and in the direction gh by the 

mjotive lorce R — w^'cos a ; theref6re by dynamics 

«• 



^ R — i- \V^ cos a ..,..',.;. ('2). 



Muhiplymg*'thfe first equation by 2x, and integrating, we 

have .- =. 2gx sin a -f f , or t/^=: 2gixrsin a + c; but when 

i; z: o, a? = a sin a, therefore c rz: — 2ga sin**, and v =: 
\/2g sin a{x — a sin a), the velocity of G ina'direction parallel 
to the plane. 

Tofind the angular velocity ; let M be the moment of inertia of 
the body with respect to an axis^passtng through G, at right angles 
to thevertical plane^ or the sum af the products of each particle 
oi the body by the square of its distance from the axis of motion, 
then R sin (p being the motive force at o in a direction perpen* 
dicular to CG, we have by the principles of rotatory motion,- 

-^ = aa sijiip, bpt from equation {^) r,= W (f- + g cos «} i 

therefore by si^stitution —^ zz aw( ? .^ - + ^ cos a sin (p), and 

multiplying by 29, 

•• • 

tll^ii.'^^r: 2a\V'yi sin (p + 2a\vg cos Up tin ^, ' 
but a ^ sin (p rr — fl(cos (p)* zz y, therefore 

and taking the fluents 

^l£l j^ ''SSl =r ^ — . %asRg cos a, cos f , 

pr M«;* 4- w^* =. c* -^ 2a\vg cos a cos 9. 

But since » = n-an4 » = *»*»?:«* X 7- = i» .X 

-s—r-s-, ihcrefprc 
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«* ( ' 9 ' • + w) =; (/ — 2av/gcosx cos?): 

, . . /r^ -*-- 2tfWjf co»« co»f 
whence i* — a sin<p V ; — ■ ^''^-^iz 

^ /c' — 2^Wfi'cosa cos© 

and tifzzY k - %^ — * 

^ M i wa sin (p 

It IS obvious that this solution is applicable to any solid what- 
ever, provided it slides on a point or apex at c. ^ For the dif- 
ferences of the velocities arise entirely from the different values 
of a and m. When the body is ah indefinitely slender rod 
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having its centre of gravity in the middle, m is = w X — , 

therefore if /3 be put for the value of ^ at the commencement- of 
the motion W€i have 

/fitfff cosa (co$/3 — cosf ) 
. « = ""^ V t + 3>in'^ 

and a.= ^6<^f cos, (cosg-cos^)^ 
V a -{- 3a sin^ 

The motion of the centre of gravity may be determined in a 
mmilar manner when the extremities of the body move upon two 
given plsMoes, or when a rod is connected to the centre of gravity 
gf the body and its ends move on those planes* Suppose, far 
example, it.w^re required to. find the velocity of the centre off 
gravtty.iG {fig. 136, pi. ^) of t)ie rod en, or of the bpdy con- 
nected to that rod, when the end c moves on the horizontal 
plane OA, and the other end j> descends on the vertical plane 
BO. Draw gh perpendicular to, OA, and put x =: OH, jfzzGH^ 

u — CO, c = GDi ^ iz the angle cgh, v zz t the velocity 

^ • • • 

parallel to Ao, u '=.^. the velocity parallel to do, a? n ^ the 

angular velocity about g, & zsjthe redaction of the plane at c in 
the direction cf perpendicular to AO, and i^'' = the re-action of 
the plane at n lAth^ direction e£ perpendicular toOB, then 

we have as before * 

•• * 

Wt = R^ 
<* 

wl = — ^W + R, - 

ut =r *^R siflip — «^cos<p ; 

and if the values of a^ and R be found from the fii;st and secoad 
equations, and substituted in the third, we have 
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therefore .multiplying by s^ and taking the fluents, jemarking at 
the same time that ap sin(p r: — a (co8(pJ' =— j' anci cp co8(p = 
(c siu^y = X, we get 

^'= w (- ^— Y + ^si^-^y))^ ^ ^"^'^S *« ^*'"5 ^f ^ 

• ft 

at the commencement of the motion, 

or MM?'. + WM* + wr;' = ^vvgi(d — y)* 

iSUt a - ^^ _ ^^ ^^^»^ «- ^^^a 

2-« 1 a* 



and w = —77- = -^ 



therefore v^ f.,-5tl + ^^^ + W) =. 2W^ (rf->). 

and ti? ::z 4/ : % ■ • . — r n: — sr- 

When the rod is homogeneous, and indefinitely slender, th<? 
centre of gravity is in the middle, or a zz c; and M is then pi 

w X — , and the above expressions for the velocities become 
3 ' 



2a 

X 



%•=•'- */6g{4—y) 



2a 



and a; = •i.i/6g(^— >) 
2a 

•greeing with those determined by Mr, Landen» in the Ladles^ 
Diary for 1758, by a different method,. 

When the given planes are both inclined to the horizon the 
calculation is rather more tedious, but the method of proceeding 
is precisely the same. For draw oh (fig. 137- pi. 4.; perpendi- 
cular to OA, and GK perpendicular to the horizontal plane AX. 
Put X = OH, y = HG, a =z the angle OAX zz hgk, fi'iz the 
angle bos, (p — the angle cgh ; then the force V, in the di- 
rection DE , perpendicular t6 the plane OB, may be resolved into 
two others, viz. u' sin/3, acting parallel to OA, and r' cos0, 
acting perpendicularly to that line. The force of gravity may 
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also be resolved into two others g sin a and g cosa, the former 
parallel to AO, and the latter pejpendicular thereto; therefore 
the point G is urged in a direction parallel to oa by the niocive 
force wg sina -f- r'' sin/3, and in the direction gh by the motive 
force — w^ cos« -+- r^ cos;3 -I- r. But the motive force at c, 
in a direction perpendicular to the rod, is ±: R sin(p, and that 
at D in the same direction, c: R^sin ((p -I- d) ; theretore we have 
the three equations 

w-r zivigsi^oi + R^ sin/3, 

W-T = — Wg COS* + R^ COS,^ f R, 

w-r- zz aK sin<p *r- ^k^ sin {(p f /3), 

and by exterminating r and a\ and proceeding in all respects as 
before, we shall obtain the values ^f », u and w in terms of (p 
and known quantities. 

XVIL QUESTION 327, iy Mr, W. Wallace, R. M. 

College. 

Let there be three curves of such a nature, that if a tangent 
be drawn to one of them, a given portion of that tangent is inter- 
cepted between the other two : then, normals to the three curves 
at the points of intersection and contact shall pass through the* 
same point. Required the demonstration ? 

Solution, by Mr, Lowry. 

Let AB (fig. 138. pi- 4.) be the given portion of the tangent 
intercepted between the given curves, and o the point of contact. 
Let AX and by be tangents, and ap and bp normals to the 
curves at a and b ; then it is to be proved that PO is perpendi- 
cular to AB, or a normal to the curve at o. Now let ab be 
another position of the tangent indefinitely near to ab and meet- 
ing it in 0, and draw Am and Bn perpendicular to ab ; then be- 
cause ab is = AB by hypothesis, am h :=: bn; and in the little 
elementary triangles Aam, nhn^ we have Am zi am tan Aam^ 
and JB« =: in tan sBn ; therefore 

Atn : B72 : : tan Aam : tan Bbn^ 
but Am : BH :: OA : (7B, therefore 

CA. : OB : : tan Aam : tan Bin, 

But since ab is indefinitely near to ab, the point is indefi« 
nitely near to o, and consequently the lines a^, and b^ approach 
indefinitely near to an equality with AO and-BO, and the angles 
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Aam^nd Rin with oax and oby ; the one may therefore be 8^b- 
stituted for the other respectively, and the above proportion will 
then become 

OA : OB :: tan oax : tan oby, 
or because oax Js the complement of oap and OBY of oBPi ' 

OA : OB :: cot o^p : cot obp; 
therefore Po is perpendicular to AB, 

The proposition is also true, and may be demonstrated in a 
similar manner, when the * curves are upon the surface ot a 
sphere. 

Cor^ If a straight line ab of a given length, continue to 
touch a given curve while one of its ends, as a, is move4 upon a 
given line of any kind, and normals be' drawn at a and the poiut 
of contact o to meet in p, the h'ne pb will be a normal to the 
curve which is the locus of b. 

XVIII. QUESTION 328, by Mr. W. Wallace. 

Let A»B, two angles of a triangle abc given in n^agnttudebQ 
upon lines of any Ictnd. Draw ap^ bp» normals to these Hnei 
at A and b, and join cp; this last line shall be a noitnal to the 
line that is the locus of c the remaining. angle oi the trtai^le* 
Required the demonstration ? 

» 
Solution* ly Mr. LoWry. 

Let abc (fig. 139. pi. 4.) be another position of the triangle 
indefinitely near to abc and having its angular points a and k 
on the given curves ; and let the sides ab and ac intersect Ab 
and AC in o and o^ respectively. Also let ax, by and C2 be 
tangents to the curves at a, b, and C. Draw Am and an per- 
pendicular to ab ; then because ah zz ab^ am is :=: bn; there- 
fore in the triangles Aam^ hhn^ 

Am ; Bu (: :* OA : obJ : : tan Aam : tan Bbn^ 

"but ultimately the angle Aam hzz oax and the angle hbn zz 
OBY ; therefore ^ •' 

OA : OB : : tan oax : tan oby :: cot qap ; cot obp ; 
therefore op is perpendicular to ab. 

Now join oo^ then because the angle o^o'' is r: the angle 
OAO^, the points o, a, a, o' are in a circle; therefore the 
angle Ao'o is = Aam s=: aAO = abo, wherefore the points 
A, o^ p, o are in a circle; therefore the angle AO^P is a right 
^gle. Draw Ar and cs perpendicular to qa^ then because AC 
';=:af , ar iszzcSf therefore in the elementary triaogles Ara, crc, 

Af : es : : tan Aar : taii Cci, 

¥^L. III. PA&T I. s i> 
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but ultii^at^ly the angle Aar zzz o^ax r^ the comp. of o^ab 
and angle ccs zz o^cz ; also xr : cs :,: o'^a : o'^c, 
therefore o''a : o^c : : cot o^ap : tan o^'cz : 

but by trigonometry the segments o^'a, d^c made by the perpen- 
dicular po"" are as the coXangents of the adjacent angles o'ap, 
o^cp, therefore the tangent of o/cz is equal to the cotangent' of 
pco ; therefore the one angle is the complement of the other, 
and consequently cp is perpendicular to cz or a normal to the 
curve at c. 



«> 



XIX. QUESTION 329, by Mr. W. Wallace, 

' Three curves being given by position, shew how a tangent 
may -be drawn to one of them so that a given portion of that 
tsmgent may be intercepted between the other two. 

Solution, hy Mr. Lowry. 

Let CHV,'BGW,and xpy (fig. 140.pl. 4.)be the given curves, 
.referred to the line cb as an a^is, and ^g the given tangent touch* 
ing the ci>rve XY in p, and termif^ating rn the other curves at H 
and o. Produce hg to meet the axis in k, arid draw the ordi- 
nates pe, gd and hf perpendicular to cb ; then supposing the 
abscissas to be reckcmed from a given point a, put A£ r= ;c, ad 
= 0?^, AF =: tx/\ EP z: y, DG rr y'', HF ~ y^\ HG = c, and let x 
zzfy be the fluxiDual equatfon of the curve xpy, p being a given 
function of x and^; then the subtangent ek is = py^ and dk.=: 
£X — EA •— AD ^ py — X — x' \ but by similar triangles ek 
;; EP : : DK : dg, orpy ly ::py — x — x^ : y' ; therefore^ — 

— T- — =$'. In like manner FK = KE<fAF — AEir/jf +a/''— rr, 

and by similar triangles /^^ :y i: py+x^'^-x \y'\ therefore y + 

= y. Again pk = >/(pe* + ek*) = y |/(i + /•), 

ana by similar triangles ke : pk : : fd : hc, that is,^y : y y/ 

(1 + ^M : : J?' + ^^ ' c, therefore x^ + x^ zz ■ /^. . .^. But 
* '^ ^ Vl^-i-p^ 

since the nature of the curves are known, y is a given function 

of x' = jr(*0» and j^''^ a given function of x^', =r J^ (x^^) ; there. 

fore we have the three equations 

xf 4- X ^ , * 



• 



•'■^*"' =711^) <»^ 



and from these, by exterminating xf and x'\ we sliall get an equa- 
tion with only x^ y and p ; and since any two of these quantities^ 
may be expressed in terms of the third, by means of the eqUa* 
tionof the curve, we shall finally have^an equation containing 
only one ot them and known quantities ; and then the position 
of P£ will be determined and thie problem completely resolved. 

Instead of exterminating a?' and x'^^ it will sometimes be more 
convenient to retain one of thpse quantities, and exterminaie ^ 
and its functions ^ and^ : but the expiediency of this depend^ 
entirely on the nature of the functions /'(a?'') 2Xi^f' {x^^)* 

When CHV and bgw are straight lines given by posit ion« the 
functions^ (a?'')and/''(;c''^) are of th5 simplest nature possible, and 
we immediately obtain a general formula for resolving the pro<* 
blem whatever may be the nature of the curve xy. For if » and/S 
be put for the tangents of the angles dbg and vcf, and aB — 4| 
and AC =: b^ then bd z= « — x\ and cr i= b — cq" i therefore 
f[x) zz a{a — a^), and/^(;c^'):=/3(4 — x"); and equation? ( i ), 
(2) then become 

y P =«(^-«) 

from the first of these 0/ ~ ^^ - ■■' — £— , 

1 — pa 

and from the second a/^ zz ^-^ ^ / — • ; 

tjierefore by equation 3), 

duction 

— c:f(.[l+p[?—^)—p^a0) \ 

in which equation we have only to substitute for two of the un- 
known quantities their values in terms of the other, and then there . 
will arise an equation with only one unknown quantity. 

Suppose, for example, that the curve xpy is a parabola whose 
vertex is a, and parameter = e\ then ex zz y*, ex =; 2yyfp =: 

^ and -/(i +p*jzz ^ ^^^ therefore, by substitution, 

e • ^ 

({eb^^ea «)+/ («+^) — 2 [a+b) a/3V(«' — 4y")) 
which being squared produces an equation of the sixth power. 

t D ft 



( «04 ) 

B^t iii.the case o( two straight linesand a cur\T, the' result wilt 
in rnost cases be simpler if the curve is referred to one >of the 
liues as an axis, and the abscissa reckoned from the poiint where 
they intersect. Thus if vb and vc (fig. 141. pU 4.) be the 
lines, and xpy the curve, pk parallel to Vc, vk rz x, pk ±i 
^,and angle cvb = e; then kg 3=1 ^>', as before, and VG zz x 
-f py, OP* zz "fp^ f jy^-.2jD/ Qo%t--f X (/^ -f I — 2/^ cos <?), 
and by similar triangles gk* : gp* : ; gv* : gh*, ox y^p'^ : y^ X 
f/^-f 1 — ^p cos e) : ; [x + pyY : c*\ therefore [x + pyYi?^ 1- 
t — fi^ cos e) — p'^ c^ zz o, the general formula in this case. 

It is obvious that the unknown quantities may be so involved 
in the general equations{i), (2), (3), as to render their separation 
tiext to impossible ; in this case we may proceed as follows, 
and indeed in most cases this will be the best way of resolving 
t^ie problem : Take as many points p, t\ v^\ &r. in the givea 
curve XPY as may be necessary, and as near to one another as 
possible, and through these points draw tangents, i>g, t^g\9^'g^\ 
&c. to terminate in the curve bw at G, »\ Q^\ &c. Upon these 
tangents set oAFgh, G'H^,G^''H^^&c.each equal to the given length; 
through the points H, H^, h^\ &c. trace the curve h h' ii^\ &c. 
and where it intersects the given curve cv as at h, will be the 
point from whence the tangent must be drawn* 

The equation cf the curve h h^ h^'', &c, which is the locus 
of the extremities of the tangents, may be found from the equa* 

tions y — - = / (aO^ y + — ^^^ = y'^^ and x' 4- a/'zz 

P P 

— - — i- — jr by exterminating x (and its functions^, p) and x^^ 
v'ti -^ p ) . 

for then we shall have an e^juation containing only o^^ and jr^^-^and 

known quantities. 

There is another way in which the problem might be resolved, 
but it does not appear to be so convenient as the methods which 
liave been already explained. If the given line gh be supposed 
to move ^ as to have its extremities on the given curves &w 
and cv, we can always find (as in quest. 279^ and 307) the 
curve to which this line is a tangent, and then it would only be 
required to draw gh to touch this curve and the given one XY ; 
but there woul^, in general, be as much trouble in finding the 
subsidiary curve as in resolving the problem, and even then wc 
should still have to draw a tangent to the two curves. 

XX. PRIZE QUESTION 400, ij^ jtfr. Lo WRY. 

A Dog and a Fox start at the same insUnt fron^ two places M 
and N, and run at the uniform rateof 01'and n. yards in a miniue 



respectively : the dog proceeds In a straight directipn Ml, but 
the wily tox pursues. such a course as prevents him from being 
seen by the dog, a fixed object on the level plain being always 
in a direct line between them. Required the nature of the curve 
described by the fox, when the distances of th& object from m and 
and N, and the angle nms are given ? 

* 4 

First Solution, i^ Mr. Lowry, the Proposer. 

Let o (fig. 142. pi. 4.) be the object, and n rx the curve des- 
cribed by the fox. ThroughxO draw boa perpendicular to MS, 
and any other line fd to meet SM in D, and the curve in f : then 
i> and Fwill be cotemporary positions of the dog and fox, and by 
the question MD : nf :: m : n. Draw fe perpendicular to 
OB, and put o a z: a, am ~ 6, oe zr x, fe zi y^ are nf zz « 
andMD =: Wythcnw : z :: m : n; therefore i : z :: m : n^ 

or mi =: nw. But x : y :: a : ad zz --^ ; therefore w ^ b 
— ^. and • =1 — ^}x + ay^ . but i = / {X* +/*), therefore 

To integrate this equation, put y -ziz ux\ then it becomes mx^ 
t/ ( 1 + tt*) = nay r— naxu ; and taking fluxions, 2mxx \/ (1 + 

mag Y» fits 

«*) + -y — T— 57 = nay — naxu-^ naiu, or putting ui foxy and 
divldingthe whole by itmx X ( 1 + «*) '> 



,a - «" na —u 



« X (I + »»r + « X -. = — X 



therefore taking the fluents 



.x,. + .-)i=y_£x 



(1 + ^T 

Let h%o (fig< 143. pL 4*) be an equilateral hyperbola whose 
centre is s and semi.ax.is as s=: 1, and msa an angle whose tan« 
gem am is z= t^^then if s£ be drawn to bisect, the angle msa, and 

meet the curve in e, the arc ae is r= f- \ (See art, 8oi, 



^rU^f 



72(1 

Mac Laurin's Fhixions) therefore if a be put zi this arc, and ci= 
the proper correction of the fluents (obtained by finding the 
value of M in the equation mx^ a/ (i + O "- ^^V — naxu^ 
when for x and y their known values at the commencement o( 
the motipn are substituted,} we shall have 



x{t + «*)^=!f (c-Aj; 



a» 



( fio« ) 

therefore:r rr 2iLi£J=4),and yzz^ff c -a)* + l^^^\ 

And from these values of the co-ordinate! the ci^rve may be 
readily constructed. 

Second Solution by Mr. Wallace. 

Let o (fig. 144. pi. 4.) he the fixed object, mo N any indefimtc- 
position of the line joining the dog and fox, and aob that position 
ivhich is perpendicular to MS, the path of the dog: draw nd per- 
pendicular to AG. Put jLO =: a, OD zz x^ DN = y, arc bn = 2, 
tanjrent of angle bon :a /, then MA = af. 

By the nature of the figure^ 1 : t :: x : y; and by the ques- 
tion, »t : n :: at : z; hence we have these two equation*, 
txz=zy (1). nat zz mz (2). 

Let f be such an angle that Jx = cos f dz ; then dy = sin <p 
dz. From equations fi) and (2) we get 

tdx -f xdi zz dy^ nadt =: mdz ; 

by substituting for dx, dy, and dt^ and dividing by rfz, we find 

na (sin (p — / cos (p) zz mx , (3) 

and taking the fluxions, and putting cos f dz^ or its equal na cos 
<p dt, for mdx^ we get *• 

2cos(pdt — ^sin (p(2(?> ircos'(p^; ^ 

Each side of this equation becomes a complete fluxion if divi- 
ded by 2 y^ (cos 9), for it is then ^ (cos ^} dt ^r — ^^^? ^ 

!>/ (cos (f) dpt ^ 

or J( V (<^os <p) /) = i V (cos ^) dp .(4). 

In an equilateral I^perbola whose semiaxes =: j, let a line be 
drawn from the centre making with the axis an angle ==r ^f , and 
let a tangent be drawn at the point in which it meets the curve, 
and a perpendicular from the centre to the tangent, then putting A 
for the difference between the hvperbolic arc and the portion 'of 
the tangent between the point 01 contact and perpendicular, it is 
known that i^ (cos^) d(p zz a A ; therefore equation (4) gives us 
d(^ (cos <p) t) z^ dA^ and hence, integrating, putting c for the 
constant correction, and dividing by /v/(cos ^), we get 

A -h c 

\/(cos 9) ^ 

The value of c may be found by putting for (f its value dedu- 
ced from the equation na (sin <p — / cos p) zz mx^ in the case 
when X and^, and consequently tzzx -f-^'* have known values, 
as supposed in the question. The curve may be constructed by 
giving (p all possible values and finding the corresponding values 
* of/, and x^ ory. > 

End of the first Part of the third Volume. 

Printed by fV* Glcndinning^ t26^ Uatton Gard^n^ London. 
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ARTICLE I. 



To the Editor of the Matlumatical Repository i 



Sir, 



.<■; 



I publishen} an Essay an Polygonal Numbers ifi Ni^^hl>l. 
son*s Journal* voL XX. p. i^i ; which contains the priaciplea 
of a general demonstratipn to M. de Fermat's singular ,propdsi« 
tkm ; viz. £ver^ whole number is either a poly^nat number 
of a given, denomtnation m ; or it may be divided into polygons^ 
of that denomination the number of which does not exceed m,^ 
This essay was hortoured by your correspondent Mr. Barfow, 
with certain remarks, both critical and logica], but not mathe* 
matical. These strictures were spccificaHy answered in his 
ownway^vi2. critically and logidally : he indeed' replied to the 
defence of . the essay^; bat his observations vrere inconckistve|- 
because they did not confront my arguments. On this account 
fhe fffentleman in question m^ be fairly said to have &iled in 
Sis rrfutation of my paper: he, however, maintains in ybur W 
number, that the proposition has not received a general dethou'*' 
stration. Now with a view to give my opponent every oppor«> 
Amity to confirm what he has lately advanced, I have seiit you 
a ^arreetedl copy of the essay, in which the principles art so 
applied, than he must easily detect every error contained in it* 



VOL* III* PART ]I« 



I remaix^ ftc! > 
a An 



( • J 

An Essay on Polygonal Ifumbers. By Mr. JoHM GouCfff- 

Definitions, ist. The sum of any arithmetical progression, 
beginning with unity , is-callecl a polygonal number, or briefly 
A polygon* 

ani. The diflbrence of two adjarent terms in the generatting 
series increased by a is denoted by «, and called the denomina* 
' tion of the polygon ; moreover the number is said to be digoil^l, 
trigonal, tetragonal, &c. accordingly as in =: t2, 3, 4, &c. 

3rd. The number of terms a, which are added together to 
form any polygonal number, ia caltod its index ; and the polygon 
is said to be of the first, second, or third order^ &c. accordingly 
as tf = s, 2, 3, &c« 

PROP- I. Put A = 4S + / ; then the difference of A* — A 
and A* — azz 2ai + f* -^ /; as is evident by involution 
'•nd subtraction. 

Cor. t. If a = -^ we have zsa : a :: a —4 : a 5 hence 

a . . . 

die ratio of a to ^ increases when a increases^ 

Cor. 2. When t =z %, the above difference is^=: 2tf, and 
half the said difference = a. 

Cor. 3. ^Hence it, follows, ^hat if we ^uecesaiyely put a = i» 
a, 3, &c. and --* ^ o, 1,3, 8:c. the annexed tsible may ber 



a 



constructed, by adding unity to each number, in the ilipper 
line, for the next succeeding value of « ki the same; and 



• • . ^i 



4X»~tf 



by adding 41 to its corresponding . function for the 

function of a + i^ * 

tfr:i.a.3«4« 5. 6 . y . 8. 9. 10; 11 

^ = o . 1 . 3 • 6 . 10 . 15 • a'l . aJJ . 36 . 45 . 55^ 

Con 4^ Any positive number n may b^ assumed for. the 
function of ^ ; for a^ ^ — a := an has a positive root ia which- 
t = o, or a fractioa, eith^ rational or surd* , 

PROP.. II* Let tt/ be a function of the table, whose index 
r: ttf; m m^y be resolved into inferior funettmis; vis* 

w ±: a + t, 8cc. whose indices =: a^ 69 &c. but in all suclk 

* * * , 

^es n + i > w. For let a he the next inferior functtOA 
to w ; aifd a^ a zztUt by Cor. a. Prop. L and Siw^^ii 
' ' * liut 



< 3 ) 

tut a is a function or the aggregate of functions, the sum of 
whose indices f tc) > i ; therefore tf + ic = »+ir — i> ar. 

A«i0 hthbt the next function to «, and^ 4- Bzza ; izza — i; 

• • • • • 

"but i may be resolved into functions, the sum of whose indiccft 
(v) > 1 ; therefore 3 tH t/ > tf, and i5 + t/ + « > w. 

C(E?r. 1. It appears* from the demonstration, that the less die 
sum of the inaices is^ the fewer are the functions consti* . 
luting zo. 

Cor. 8. What has been proved of w^ may be proved, by ad- 

.^aiion, of the sum of any functions a/ -4* ^ '-h y &c. 

» • • • 

Cor» 3* If jy S be aggregates of functions^ the sum of 

ivhose indices are s^ S ; and if « > S but s ^ S; then the 

functions into which s is resolved by i are not more than those 

into which S is resolved by S. For put r zr ^ «— S ; and its 
• • • • 

index r may be found by Cor. 4. Prop. I, Hence S -I- r will 
resolve s into more functions than s, by Cor. 1 ; but S + r re* 

solves s into more functions by one than S resolves S ; hence 

the truth of the Corollary, 



PROP. IIL If i be a polygon of which the denomination 

t= 4», and index = «; i=:a-f-(m — 2) x -. 

For the first leffli of the generating smes =: % (by Def. i)« 
but the term of which the number is a =: i + [tn — a) x {a — 1) 
by Def. a, and Emerson's Proportion, Prop. jS, but A zz sum 

of the terms by Def. a ; hence izza ^ (m*— a) x ^T 

proportion, Prop. 7. 

Cor. EiKcry polygon of tbe first order = 1 1 and every one 
of the second order = ^n. 

PROP. IV. Let g, A, /, &€. be polygonal numbers of a 
common denomination m, the indices of which are b^ c, 1/, &c. 
respectively j also put ^-jr f + d^ &c.. = .a, and let k be the 
lygon of which the denomination == m, and index zz a* 
len ^ -f A + /, &c. -t^V — a) X [be -^bd + cd^ &c.)=i» 
Fpr by addition and Pr. III. g+A^-/, &c. zzb+c+d, &c.4- 

(m-«-a) X -—^ — — («i — 9 X ' ' " ; but 

* a ft 

■ ^ ■ ■ '. ^^ = -^i-r— — (itf + id + cd &cJ by involution; 
ft ft * ' 

ftp hence 




( A ) 

fecnce by substitution^ + A + /&c. =:tf+(m— 2)>c^ ^ -'-^ 

2 

f«i— a) X (*r + id + cd&Ck); therefore^ + k + I8tc, + 

^(m — 2)x [be + bd + cd 8^c.) zza + (m — 2) x ^^llZ i^ 

as «> by Prop. IIL . 

Scholium. The present proposition g^neralizies a thco* 
rem formerly confined to squares by extending it to all functions 

of the form « + [m — 2) x ^, including polygon^ 

of every denomination, by Prop. III. 

PROP. Vi Putc-g + i + l&c, ; V, = be^rbd hcdScc. 
(in Prop. IV.) ; then v =r 



a" — a a — ^ 



2 m — 2 



Fore + C«-2)xt/=i (by Prop, IV.) =tf+(«— 2) X ^'~.^ 

2 

(by Prop: HI.) : hence v = ■''^ ~ ^ x 1.:=^. 

2 « — 2 

C<?r. 1. Since J, c, fl?, &c, are integers (by hypothesis), r* 
is an integer; but — -— is ^n integer, therefore ^~f-> is 

an integer; hence, if jj^— ^ give a qUotieni j? ani a remainder 

U ' * 

f, azz p, or — — gives a quotient r a^d a remainder ^ ; 

• • • » ' 

from which we have the following general expressions, tf = d + 

2 

Cor. 2. Sinice we h^ve p ii ;« -- 2, and < z: A + (2» 2) 

X *, Where s may be assumed, v? is any whole number whatever* 
consequently every integer is a polygon of the denomination »?! 
or may bp resolved into polygons of that denomination, by tajcinij 
a =/ + (w— 2) X r. - ' ^ ^ 

^ ScijOMUM. I ad/nit that the preceding wpllftor, mw be 

^^hS^^ "^l^^'^ •'^^"^^ '^^ 3*«umcdln a 

W^hcmaucal ui4uiry vfkizh can be demonstrated; 

pnop.vi. ^•+c-+^«&c.=«+^=:if^^+.,^,,, 

For 



« * 



( « } 

rot b^ 4 c* +./• &c. + £» =:: a*, and A* + V + ^ Jktr =r 

al-^tv zz a -h « — ' >- " ■ ••- (by Pcop* VJ zz if + tt ^^ «r 

m — 2 ^ "^ 

(Cor* I. Prop. V.;. 

3* _ ^ + £:« _ r 4- flf* — ^ 8cc. ' . 

Cor. 1. -— » — = J — f , because 

2 

i + r -f- rf &c. =: a. 

Cor. 2» But — — — =: the sum 

of certain numbers in the second column of the table in Prop, 

1 ; therefore the quantity — , or 5 — r = the. same 

m — 2 

sum, because e =: ^ -f A + / &c. = a + (w -^ 2) X 
l^^l + c^-c + d--d8cc. ^^j^ p^^p^ i„^ ^^j g^^^ ^^ 

Prop. V.) 

C^r. 3. Now a is any term of an arithmetical progreilipn. 
bounded by e and jp, the common difference of which ;= in — 2 ; 
therefor^ s — rU * similai: progression, bounded by o whea 
a =€9 and by * when a^z^p^ the common difference of whicli 
c=: t : henCe s — r increases as a :=: b + c + d Uc. dimi* 
pishes ; consequently a ultimately becomes too small to resolve 
s — r into numbers of the table (by Cor. 1 • Prop. I). 

PROP, VII. Problem. Put a = b + c + dScc. ; v=bc 
+ Id + cd &c. ; £ =: ^ + ii 4 / &c. {asin Prop. IV, and \[.)l 
To find an expression for a in terms of e, w^ and m ? 

Here we have ^ + = v (by Prop. V.) ; therc- 

2 m — ^ 2 

fore «'-(«— 4) X -j-n = " + ;;;=r8* ^'^ ^"'55^ 

cr^ =: — I, p, — , — &c. as ?» = 3, 4, 5, 6, &c. ; and we 

2g 
in 2 

possible and positive value of a. 

Examples. 1st. tct c. d, &c, = oj then fc =: a ^d ftc + 

1(2 •*- fd &c. =: c J hence 2v = o, and a* ?— jP« = flJZTJT'' 



get ot^p^ :^ 2V + f^ 7» which expression always gives m 



^ncea := ^ +y/'(i- + j~-J 



£r. 



' Ex. ini. Put e = tyd = o; then 5 = « -* i, and atf ^2: 
«a -^ a = atr^ hence a* «— ^a =: m — t + — ♦ and a* -• 

(a + ^) ^ = ' m\!i^ '^ '^ therefore a = ^—^ + 

(g "V p)* 

a fl* 

Ex- ard. Pot — =:*=:r=:rf&c.'I1i€nflt;=:«*-^— :— , 9|fld 
** jw m 

a^ — #(ji~a' — • — + ^: hence o^ — pma = =• ; ' 



^/\}^ +■ 7^ - '> 



therefore a 






» 



PROP. VIIL Problem. To resolve a given number <f into 
polygons of a given denomination m by help of the table in 
Cor. 3. Prop. L/ 

J St. Write down all the successiv/ values of a, beginning 
with e and* diminishing them progressively by di — 2 unci) th^ 
#eries terminates with o, or with, p jL m -^ 2 (by Cor. 3. 
Prop. IX.). 

9nd. Under each value of a place the corresponding value 
of J — r, making the series begin with o» and increase by unity 
until it ends' with s (by the same.). 

3rd.' ^ind ihelimiting^alucof fltby Prop. VII. viz. find a 
\y Examples 1st. and and. and if that given by Ex. ist. be ra« 
tionaly the value of a assigned by Ex. and. is the limit. 

4th. These preparatory steps being completed, take a vi^ue 
of .9 — r in the work, corresponding to any value of a not less 
t^an the minimum, fixed by the limit found by Prop. VII. and 
find the greatest numbers in the second columi^ of the table to 
Prop. I. which will produce the same when added together ; 
then if the indices of , these nun^bers, when added in like n)an^ 
ner, give the index of 5 — r in the work^ they are also the indices 
of the constituent polygons: but it will fre<}uently happen (b|r 
Cor. 1. Prop. I. and Cor* 1^ Prop. 11.), that the sum of theso 
indices will be less than (a) corireapondinff to the assumed valu^ 
of J — r, in which c^se the deficiency may be made up in the 
Liuer sum by the addition of units ». because 1 is the index of o 
in the tdble* 

Example ist* Resolve ly into pentagons, according to the 
directions given above : the work will stand thus, 

«i =: 5, « = 17. a = 17/ 14. IX, 8. 5, t 

-s— r= ©• !• a* 3« 4« £• 

la 
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In this case the limit of a == 47ft &c« (br Prop. VIL Ex. t.) | 
therefore 5 is the true limit (by Cor. 4. Prop. 6.) and 17 may 
be resolved by help of five values of * — • r ; vit. o, 1, a, 3, 4. 
The firsts o, resolves it into 17 pentagons : for 17 x o ss o = 
s — r, and 17 x 1 = 17 =:a. The second, viz. 1 =: * — r • 
resolves 17 into i2 pentagons of the first and one of the seccttid 
order : for la x o =: o ; 12x1 = 18; and 1 x 1 = 1 ; 
1X8 = 8; but o + i = i = i-^r; 18 + 8 = 14 = a. 
In the same manner the third value of 5 — r = 2, resolves 17 
into 7 penugons of the fifst order and s of the second ; for 7 x 
= 0; 7x1=7; and 8X1=8; 8X8=4: but 
o+2 = 8 = j — r; 7 + 4= 11 =a. Moreover the 
fourth value of i — f = 3f resolves 17 into 2 pentagons of the 
first and 3 oi the second order ; for 2 x o = o; 2 x 1 = 2 ; 
amd 3x1 = 3; 3x2=65 buto-H3 = 3 = 5—r; 
8 + 6 = 8 = a.' Lastlv, the fifth value of j^-r-r = 4, resolve* 
17 into 1 pentagon of tne second order and 1 of the third i, 
fori4.Qs=4 = j— .f;8 + 3=5 = tf. , 

£x. and* To resolve 381-— 1 into 3 polygonsof the denomiaa« 
tion m. , 

Herea=« = 3i» — 1, am + 1, m + 3, 5 
X — r= o. 1, 8» 3. 

The last value of i — r or 3 s= 3 + o + o ; the sum of «¥hose 
indices = 3 + 1-4-1 = 5 =«; therefore 3fli — 1 is resolved 
into 3 polygons of the denomination m^ via. into % of the irst 
and 1 of the third order. 

PROP. IX. Any whole number (e) ia a polygon of a given 
denomiQation (as} ; or it may be resolved into poljrgons of that 
denomination^ the number of which does not exceed 171. 

For in the first pUce, suppose € =381 — i\ then e may 
be resolved into m — t polygons of the first order and a of the 
second (by Cor. Prop. HI.^; therefore if / be greater than 
1, 8/m — - / is not greater than m : but if / = 1, e consists of 
8 polygons oi the denomination m (by Prop. VlII. £xk and.); 
but 3 is not greater than' m : moreover if ^ = o ; t = am^ 
which may be resolved into 3 polygons (by Cor. Prop. III.)f' 
Again suppose f^ ^m\ then if any one of the values of a^ 
found in Prop. Vil. be an integer, it fulfills the conditions of 
the proposition : Fpr the first mak^s t a polygon of the deno- 
mination m, the second resolves it into 2, one of which is of 
the first order; and the third value pt a resolves t into m = 
polygons of the same denomination. Lasily, if all the 
f alues of «, found by Prop^^ VII. be fractional, and t ;> 3^1^ 
the difference of a (found as in Ex. and. and 3rd. in Prop« 
VIJ[.} exceeds .f8 ---' & ; therefore a value of a^ of the form 
1^ Zi^p ^ T X \m ^-^ %)t fails between these limits, which 
vill resolve t into ai polygons of the same denomination, at 
most (by Cor. 3. Prop* 11.}. ARTICLE 
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ARTICLE 11. 

On the Binomial )The«r«m and the Logarithmic Series^ 

By Mr. Knioht# 

To ike Editor qfikcMatkemaiical Repgsiiory. 

Sir, 

M* La Croix, in his Algebra, says that the AtttiiimMtkwn. 
of the Binomial Tbeorena, by the. Theory of Combinatioitsy is the 
inost direct that has been yet discovered, in the case of a whole 
positive exponent* — I conceive the following to be the most di« 
lecfc and simplest ^ojiiZr/?^ in thitt case. 

(a? + f )** =: tf" + ma V when nt zz i. 
Multiply by « + f and the jiroduct is 

tf'»+^ + [m -j- x)' cTc + «a*^V. 
If, BOW, we put ;w for »»'-+- i there results . 

{a -I- ur =£ ^"^ + mt^^€ + (m— ^ i) a'^^c^whcn me^ualsi. 
Or, because m =: fi 

(o + c) n # ^ Vila . c + -—2 — ^.^«*-', ii c'« ^ 
Mttkii^Iy by a -f- ^ aiMJi:we I^ve 

+ (w + i)^ c + ^- i— 0* .. c"H — ^ «^'tf cK 

Put HI for in + 1 and we have, when m is 3|. 

Or, because i» :t 3 

* - 2 -a.g 

Now any person who shall perform the* above operation will 
easily perceive that the same law must continue in the succeed* 
ing terms ; for^ after every multiplication, instead of the cq« 

efficient — ' ■* /^ ^ /^ . -. we sbar 

^hav« 
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, ^ m (m — t)...J'm — n) , mint — i). •:. .(ot*-^'7>.— i) 

have — ^^ ' — j--^ , — ' 4- — ^ ' — ^^ — ; — ; 

1.2.3., ,.(«-f-i) i.a.3.. .,(» + 2J .!,, 

_m (m — 1) . . ..(;» — «} (71 +2)4- ttz (m- ^t) . . . .{ m-^n — 1) 

1.2-3 (» + 2) . 

z: ^ — ^ — "^ ^^ /^ J which^becomes after m 

1.2.3 ••••(« + 2) 

, r. . mlm — t) im — 2) (m — w — 1) 

IS put for OT -4- 1, — 5 -i-^ — ; — r^— 1 — ' ; 

^ 1.2.3 w. •..(» + fi) ;• 

and has precisely the form it had in the preceding power. 

The following is a general demonstration of the Binoihial 
Theorem. It is easily shewn that^ in all cases, .the second tenft 

of the expansion of (a + cf* is ma^'^\ ; let then 

(a+c)"* =:«*"+ TWfl'"""^^ -f A^^\*+A^^\^ +,this squared gives 

(a+^)2'"*=a2»'+2OTa2«— lc+w*a2"»— S J c» + gma"*— U(2) ) cJ + (•) 

But 

(a+c)'^=:](a'{-cY\ =:(a»4-«a(r+c*) zia [a + 2(f4 -i- ) 

Wf m w— 1 /:* rs) ^«a .(d)' ' r*. 3 .. 

= I a +»2a {2c+-)+A' (2^+-) HrA' (2c + -) + f 

By comparing the coefficients of the powers of c, here and in 
equation («), we find 

2«a'--^AW+2amAf3)=4a«-^AW+8«'-A(^)\|) A^'^ ?(^-^Hm-2) ;^ 

&c • • • • ' &c.^ • '' -''^ftfe. 

In the same manner might the coefficients of the higher j^wers 
be found ; but the law is already plain as far as the thifd power, 
an<i we may easily convince ourselves (as in the last demonstra. 
tion) that it must hold in all cases of whole positive exponents, 
if it has place for any one : and with reSpect to positive or nega- 
tive fractional exponents : — if we had found the followmfif 

coefficients as we did A ^ ^ and A^ \ they must have had the 
same form in all cases, being in all found by the same process. 
We have then always ^ 

^ m-*-l fn (pi _ 1 ) M— 2 

(a + c) = a« + ma c+ — - a c + &c« 
^ ' 1.2 

By an artifice like the above we easily get the logarithmic 

series. Let log. (1 + *) = M^% -t M^^^+MS^^x^ +; 
from the nature of logarithms, 
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s log. (i 4- *) = log. (i + *)* = I6g. (i 4- «* + **) I 
which equation becomes by substitution 

M<^> («* + *•) 4- M^*) [2x + x*y -i-.M^^) (ix + *')» h 
ud, comparing tl»e coefficients ot the power* of x, we get 

r/2),_ M(i) 



&c. &c. 



^whences jjj^ ' — 



a 



1 

And log- (t+x) zzU 



(4) 



3 






&c. 



Papcastle, 
October 30M, 1809. 



Thomas KNiiUiT* 



ARTICLE IIL 

A Proposition to illustrate the ^jth Proposition of the Secondr 

Book of the Prin^fia. By A, B. ^ 

34) ike Editor of^ the Mathematical Repository. 

Sir. 

The 47th Prop, of the second hook of the Principia lus 
sometimes been objected to as not sufficiently clear, what is put 
below is intended* in some measure^ to obviate these objections }^ 
should it appear to you to he of any use in that respect, pleasq 
to insert it in your very valuable Repository, and you will oblige 

Kov. ^rd^ 1809. Your's, fcc. A* B, 

PROP. If the particles of air be moved from their places by 
ft force which varies according to any given law ; it is re- 
quired to investigate the law of the force with which they 
will continue to be agitated, upon the supposition that the elas* 
ticity of the atmospneoe is directly as itt densky^i 

Let 



" ) 






LetAE, AF, AG (fig. i. pi. A.) rq)resent thetiines since 
the particles E, F, G, respectively began to move, and E^. 
¥f^ Ggj the velocities of each at the same instant of time ; and 
suppose the nature of the curve AgJeB to be such, that r x 

AE" r= Etf, r and «, being constant quantities. Put AE= /, 
EF =: FG != /^, Etf = t/, andy = force with which £ is ac- 
celerated. The equation of the curve is r/" s: v, and the 

fluxion of the space passed over by any of the paiticles, =: v/ ; 
but, by mechanics, force xed into fluxion of the space = velo- 

city Xed into fluxion of the velocity, that hfy.vt^n vv ; 

therefore f :=i v ^ t :=: rn y. t ; the law of the force with 
which tht particles begin to move. 

The area AE^, or space passed over by the particle £ = 

vt zzj rt t zz X t , therefore the areas AF/i 

AG^, or the spaces passed over by the particles F and G 

- ' \f — t') and — — - X (/ -^ 2^0 re. 



ipectively ; and the difference of these areas or spaces passed 

9* 

over by tKetoarticks, viz. YjcYJ and F/G^ = ' ■ x 
$(» + «)<<'— f« C» + a) / <'* + &.C. ? and' 

— :P-x j(« + i) tlf—-in (« + J) /~V» +&c.?= 

r X (/V— In/'^^^ + &c.),and r x (^V - 4«/*^^^«+&c.), 

L«t </ zr distance between two contiguous particles when in a 
quiescent state, then it is evident that 

A—r X (/V— |w/"" V* + &cl) and d—r x [flf—^ni^^tf^ -f &c.) 

xznz the respective distances at the end of the time / from the 
commencement of E's motion. Hence, by the hypothesis, the 
forces with which E and G act upon F, and the elasticity of 
the atmosphere, or the force with which they act upon each other 
xti their quiescent state will vary as 

1 1 J- 1 



i/-r(^V-i^4'^V»+&c.)' i-r(^"^'-4«^'^'^^* + &c.)* d 

Hence the comparative elastic force^ or the difference of the 
forces of £ and G upon F : ^^\< an elastic force : : 

b 2 



i ^ ) 



rnt ..i" 

<■>■■■ ■ r / 



^ . _ ^_ ■"■■-■ ' ■ .- - — — ^ ^ - 

J d-r (tY-lnt t^ + kq.)iU -r[t't'-^nt^~^t"- + &c.) } 

z^^^ ! : J_. for /» is infinitely less than the 



• « 

• ■ 



other .partst of the expression. 

^ liCt s ^z space through which scund passes in one second of 
time, then. J :- dyt: i!^ \ / zz.^i -^j, therefore by substitu* 
tioh and ■ reduction,, the comparative force ; mean foree :; 

rifi*^^^ ; [$ — r/V r^ d. Put D zr latitude of a pulse, or 
the space passed over by soiind while a particle of air vibrate^ 
forwards and bacl^wards, and T ::=: time of this vibration, then 
s~\ D :: \" : T =: D -fi j; if, then, in the last term of the 
last proponion, T, or D "r j, be substituted for ^, we shall have 

the comparative force j mean elastic fotce : : rnt 

: ij yr r (D -^ -*") \ -r- d :; r;?^ : j* -r d very 

nearly ; for it is known by experiment th'at s is very great com-» 
pftred with D, ai^4 T, pr D -f- 5; is greater than 7, therefore the 
above proportion may be taken as accurately true. But in the 
samc'XonstUution of the atmosphere, xhe second ai^ fourth terms 
of the last proportion are constant, hence, the comparative force 

or; that Viih which the particle F U moved, - q^^ rnt^*^ 



'In the very"same mannel" it' will appear, that if the equation of 

tl>e. fJWKV*^ ^gj^^^' be r^« ^.^ at^. + l>t7 r|- &c. = v, and 
tfiicreforeyi or the force with which the particles begin to be 

agitated vary as r«^*'"" -+■ ap^^ + ^g'^'^"\" + &c* then 
the comparative force upon F, or any of the particles, will 

continue to vary as rw/"""^ -f- api^^^ + Iqf^^^^ &c. 

, Hence i<* 15 evident, that whatever be the law of the force 
wh»cli agitates jth^ particles of air in the beginning of their mo- ' 
tion, they wiir continue to be acted upon according to the saine 
lazOf the constitution of the ^ir , being such as is supposed ii^ 
the Proposition, 

ton 1. If «=r 1, and 6^5 I, &c# zz o, then the force with 
which the particles begin and continue to be moved, will vary, 

^s f^^ X t^ OC i, that is, the force for the whole time' 
will be unifofm, ' . . t ./ < 

Cor, 
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* Cor. 2. FVoffif wli'^t fi^s been demonstrated ihbve it is evu 
dent, that if the particles of ait begin to be moved according to 
<he law of a cycloidat pendulum, they will continue to be agi-- 
tatcd according to the same law all the time they are in mo-* 
tion. But it is known by experiment, that every elastic chord* 
or fibre of a sounding' body, when the vibrations are small, begin 
and continue their motions according to this law ; therefore the 
particles of air in immediate contact with them, must begin and 
consequently continue to move according to the same law. 



•Jm 



ARTICLE IVi 



Investigation of a curious Indeterminate Prohlem* 
By Air. CuNLiFFE, R. M. College. 

.^ Let ACB (fig. 2. pi. A.) be a triangle eircumseribed by a 
circle, and let the sides AB, AC and BC be bisected by the 
perpendiculars wD, wEand j{?F meeting the circle in D, E, F, 
and draw the chords as in the figure ; and let / denote the in- 
tersection of AB, DC. Put AD = DiB = a, A£ = CE rr 
6, BF iz: CF zz c, and let the diameter of the circumscribing 
cijcle be. denoted by d. Then by a known property Dm =: a^ 
-^ /, %n zz b^ -^V and F/^ =z c* -4- df : whence Arn^ .zz Bm* 
- a^ _ (^4 _^ jaj _ ^^2 ^ ^,.) J j2 _ ^», or Am - Bm zr' 

(a ~'d} A/(d^ — a^) and in the same way we shall get A'« rz 
nC - {b -^ d) v^(^» — b^'l and Cp =:/)B'=: (c -^r d) 
^(d* —c^l ' Now since AD.r: DB, AE - EC'^n^ CF = 
3F, It is manifest that if the three chords AD, AE' and CF arc 
applied in continued, succession in thp circumference of the cir- 
cle ACB, they will extend a semi-circle. 

Let MPQN- (fig. 3. pi. A.) be a semi-circle whose diarmcte» 
MN is equah to the diameter ofthe'circle circumscribing the 
triangle ACB, chord MP zz AD =. a, chord NQ = AE = ^, 
ind drawMQ, NP ; then NP = |/(^* — a») and MQ ;= 
\/{d^ — b^) : and from what has just been remarked, chord PQ' 
=: CF IT c, ' And by a known property of a trapezium inscribed 
inVcircleMPxNQH-MNxPQ:::NPxMQ; or PQ£:CF=: 

From \vbich cpndusion and what has before been deduced^ it 
follows, that the chords AD, AE and CF, and sides of the tri- 
angle ACB will be rational when d' — d^ and d^ — i* arc 
Rational squares* 

• It will also be easy to show in the same circumstance, that 
ihc right line C/ which bisects the angle ACB and terminates 

iff 
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in the opposite side AB, together with the -perpendicular Cf 
vill be rational ; and consequently the lines bisecting the other 
two angles and terminating in the opposite sides^ together with 
their corresponding perpendiculars will also in that ci\jcunistance 
be rational • For by the property of a trapezium inscribed in a 
circle AB / DC r: DB x AC + AD X BC = DB x 
(AC + BC>, whence DC - DB x (AC + BC) -f- AB^ 
which expression is rational, because by the hypothesis the sides 
of the triangle ACB and chord AD :z: DB are rational. The 
triangles D/B and DBC are similar, therefore D/ : DB :: DB 
: DC; whence D/ r: DB* ^ DC which is also rational, and 
consequently C/ the right line bisecting the angle ACB, and 
terminating in the opposite side AB is also rational. And in 
the same manner may be shewn that the right lines bisecting 
the other angles and ' terminating in the opposite sides are 
rational. 

The perpendiculars from the angles upon the opposite sides 
will also be rational. For the length of a perpendicular from 
any angle to its opposite side, is equal to the product of the 
including sides divided by the diameter of the circumscribing 
circle ; and consequently when all the sides of the triangle and 
the diameter of the circumscribing circle are rational, the per- 
pendiculars will be rational. It has now been proved, that 
when d* — a* and d* — h^ are both rational squares, then the 
sides, right-lines from the angles bisecting them and terminat- 
ing in the opposite^ sides, and perpendiculars . from the angle* 
upon the opposite sides in the triangle ACB will all be express*- 
cd by rational numbers. Now it is manifest that d must be 
expounded by such a number, that its square may be divided 
into two rational squares two difierent ways ; and this will be 

the case if d = (r* + ^*) x («* + «^) for then we may take 

nrr^r^H^ i*) (m* — «*)and^iz:(r*-^*)2Wi« — %rs{m^ — «*) : whence 

^(d»^aM={rH-j')2iii«;andv^(d*-^»;=(r*-j»)(mW)+4r5»r»; 

v/d» _ a» V v/d*— -&■— a* r « . .x ' 

therefore tf = — ^j r— ^ ^rs {nr + vr] i 

a 

A7»:zBm;r^V^d*— a' ::z [r^ ^ s") ^. ^ ^. = 



C^ X ^B = -^ V^ai^I? = ^" <f - Q , (f J- "')' and 

rejecting 
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rejectuig the conmoa denominatar (r* + »*) X (m* + «*), 
and <tividing the remaining txprenioni by s we shall have 
mn X {m*^H*) x (r*-+-i')*. 

and rj X (r* — j*) x (m* + «•}•, being general expressioof 
for the sides of a triangle ACB» such, that the right-lines bi- 
secting the angles and terminating in the opposite sides, and 
perpendiculars from the angles upon the opposite sides may all 
be expressed by rational numbers ; in which expressions m, n, 
r and s may be taken at pleasure. 

Example i. Take m— 2, » = !; r=:3,5=:2; then 
we shall have 6 x i6g^ ^04 and 6 X 125 for the sides q£ 
such a triangle : or dividing each bv 6, 169, 84 and 125 will 
express the sides of a triangle with the before-named properties^ 
Example 2. Let m and n remain as before, and take r = 4 
and ^ = 1, and we shall have 289, 231 and 250 for the 
sides of another triangle that will answer. 

ARTICLE V. 
Solutions to a Problem in Dyttamicj» 

The following Dynamical Problem has often engaged the 
attention of M^chematicians. A particular case of it was proi 
posed by Jofin Bernoulli, in Comment* Petrop/ for 1727, 
Tom. 2 ; but it 'was not tijl 1735 that a true solution of the 
problem was published in the Acta Erud. Liepsick, by th^- 
same author. ' 

Hernian, indeed, attempted a solution «f the case proposed ifi 
Comment. Petrop. but fell imp some mistakes which rendered 
his conclusions errorneous. A complete and general solution 
was afterwards given by D'Alembert in his Traiti Dynamique, 
published in 1744, and since then it has been resolved by seve-^ 
ral Mathematicians of our own country, viz. by Mr. Atwood ini 
his Treatise on Rectilineal Motion, by Mr. Wildbore in the 
Oemleman's Diary for 1788, and (either generally or for parti* 
cular cases) by several of the correspondents to the Repository 
(see Art. VI. Vol. I. Part II. Art. I. II. and XXI. Vol. II, 
Part IL). We now insert another solution that we have re- 
ceived from a correspondent; and, as some of our readers may not 
have the opportunity of consulting the works of Bernoulli and 
D'Alembert, we shall give the substance oi their solutions in the 
present Article. 

PROBLJSIf 



Problem* Supi^o*^ a give?: weight B (figi 4. pi. A) todc- 
«4cend by the force of gravity aloiijSf a given eurvfe CGB, and by 
means of a string passing over a pulley fixed at C» in the same 
vertical plane, to draw up another given weight A along another 
curve F/lC : required the-velociuieg 6f the bodies ^t :the pornta 
A and B, supposing tho» motion to commence when they are at 
^e given points F and G. 

Solution, ly a Correspondent. 

Let iB be the space descended by the weight B in the indefi- 
nitely small interval of time ^ and ak the contemporary space 
ascended by the weight A. Draw the vertical linfes FR, al and 
BS meeting the horizontal lines AR,%GS and bo in R, /, iS and 
o\ and with the centre C and radii CAj C6 describe the arcs 
Am, bn. 

Put y rf SB the vertical distance descended by B, 
X — Rf the vertical distance ascended by A, 

, AC — z, B^ zr y^ al zn x, am =z Bn z=i: z, aA =z r, 

B^ ~ s, and g"rr 32 j-'feet, the meas mcxil -tfac accelerating 
force of gravity^ 
Then the velocity of the weight A in the direction of the curve 

a A h-^Ti (the time being supposed to flow umformly,) and 
/ ^ ... 

the variation of the v-elocity, or the measure of the accelerating 



r • 



force in that direction =: -.-. But the weight A cannot ascend 

in the curve unless its gravity be counteracted, and an additional 
force impressed upon it sufficient to produce the actual velo- 

city ^ Now the force of 'gravity in the direction aA.. 
iszzgA^f therefore the accelerating force necessary to cauie A 



r 



to ascend in the curve with the velocity -^'is=^-- + -^f and 

t r t* 

the whole motive force acting oh A, in the direction aA, =s 
A X /'^ + -r J, which is equivalent to a motive force 

• • • 

A X r^,+ — ^ X -^.acting in the direction of the stringi 

Now 
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Now the motive foroe, hy whiclk a is urgc^ towflirfi C, ii de- 
rived from the action of the ' weight h ; therefore b wifl be fc- 
acted upon in the direction cb hy an equal motive force; that is, 

1 will be acted upon in the direction bc by si fliotive force =3 

•• • 

^ ^'^) ^ "="» which force may be resolved into two 

•• • 
•thers, oawely, A x (^ + t*\xt tcting in tbj direction 

of the curve, and retarding the descent of 3 ; and 

•• • • 

A X f ^ +ll^x ^(wbeing= Am =: 1/ (j^-^.H acting 
\ r t^' i:5 

ift a direction perpendicular to thp ciirve^ and dimii^^ishing or 
augmenting the pressure. 

Therefore, the whole effect of the weight A on the weight B> 

• • • 

is equivalent to a motive force Ax(^+-r-)x~5 directly op* 

posing the descent of B in the curve^' 
Again, the velocity witk which b actually descends in the 

curve is 7 , and the variaiioa of thtt velocity, or the measure of 
the accelerating force, = t- . But the force of gravity in the 

direction of the curve is = ^ ; therefore ^ — r- is the acce- 

s s t^ 

lerating force constantly destroyed by the connexion of B with 
the weight A, and the whole motive force constantly lost =s 

]l X (^ — r- )• Aut the motive force constantly lost by b» 

must be equal to the motive force constantly retarding its descent^ 

therefore a X (^^ + M x ^ = b x f^ — .-), 

Ar r , B* f ^ , . ., 

And, multiplying by 2 and taking the fluents, 
w«4»te -r^ + -r- = 2y X (By — A;t) ; 
or ^#* + Bti* = 2^ X (Bjr — A»), no correction 

YOL. III. PAKT H. C 



r,» 
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being neicessary, beeause the motion i$ supposed to b^n whem 
9 ;:= o atid^ =;o. 



^•i» 



Now V : u : : r : j, therefore i** =: i^— •, and 



r* 



Bt?*J* 



Xt^* -4- -, r: «g X (By — A*) ; hence we have 

^ ^ ; y «g X (B>^A;r) ^ ^^^ ^ ; y M4JBy:Xf), for 

Ar*+ BJ* Af* + BJ* 

the velocities required. 

Cor. 1. Let y* and y be the accelerative forces by wnick 
the bodies a and b are respectively animated ; that is 



•• •• 



lct/= -r- and /== •- then, Atf + b//=: g X (b/ — Ax), 

But /: y : : r : 7, or/=:^ ; therefore Ar/* + ^^ 

' ■ . r ■ r - 

•* 

x^ X (B/ — Ai); hence/=:^ x ^^J^ /.^ and/ 

Arr+BJ^ 

•• 

i:s:g X ( . y 7* , ^*!^ ^ a» determined by Mr. Atwood. 

AT r+ BS s ' 

C OR. 2. The motive force Bx (^ — ^\,otb x(^ — y\, 
acting in the direction of the curve, may be resolved into two' 
ethers* namely; b X { f^ —: yj-r t acting in the directioii of 
th« string CB, and which is equal to the motive force 
A X f^ +/^r-;andB x (^ — y\^, acting pcrpendicu- 
|arly to the curvie, and which is equal to the motive force 



mr 



X (^ +/ ^ -rr • Now the string ht stretched in the di- 
\r J as 



rection CA by the motive force A x f • +/^-7> vA 

. ' ' ' • 

in the direction CB by the equal nv>tlvc force 3 x /^ -^ y ^ i ; 

therefore the whole pressure to the axis of the puU^ is equal \m 



irrr^r; 



( ^9 ) 

ihc resultant of these two equal forces; that is, the whole 
pressure on the pulley 1$ s=s 



SinACB 



*r jz siniAC^ \5 ^ 'z sinfACB 

Cor. 3. The pressure of the weight b, against .the curve, 
if it had no connexion with the weight a, would evidenUy 

be = B^^ » {a, being = sb) : but in consequence of that 
s 

connexion, the pressure is .diminished or augmented by the 

• • • 

force A X (^ +/)^» or B X (^ — 7) ? ; therefore the 

whole preseare on the curve, arising from gravity, is* =s 
• • • 

B^ ?-IJZ B X / • — y ^•7~ t ^so the pressure arising from the 
^ \^ J z - 

centrifugal force of the body is = b — » (R being the radius of 
eurvature at b) jf thei^fore the whole pressure against the curve at 

J R/ ^'J I Z '• 



And in the same manner, putting /3 = fr ahd « = 
=: v^(r* — :i*), the pressure against the curve at A is found 

r R ^/ «r 

— n = T-, and/ = .—=-- ; the pressure 
t s t , r 



S R 



W 



pressure atA=AX ^a;.+--j+,Ax ^V + r-j t • 
Henpe the points where the bodies will quit the curves tavf 



^e determined by making 4^+ ^'^f&^—^yB ±^^ 

S , K \S S 1 Z 

• • • ' 

mndV+— .+ (V+-r- )-? =0. 
i r' \ r r ' « 

The problem may be resolved in a simifar toarmer, whch 
there are more weights than two. For instance* let there be 
Aree weights a, b, c, (fig. 5, pi, a,) and fet B dfe§cend on the 
curve OB» and draw up the other weights a, q pn the curves 
AF, CH, by means of a string passing over the pulHes P, P^. 
. The ^ame construction and substitution being iti^de as in th« 

preceding case, let c^, zr p:^ be the little space deserfbed by c in 

the time k^uAk =: ihe Vertical height aBc^nded bf e^ That it 
has been shewp that, the efiFect of the weight A, in opposing the ^ 

descent of b, is equal to the motive force A X (^ + -r- ^ X -r ; 

\r f) s 

and, it may be shewn m the same way that, the effect of the 

^eiigi^t Ci 'm pppofi^ng th<$ .4ieftce4t.<:^ B^ is i^%^A %^ tb«e saotiv^ 

force c X ^4-+ ^\ x £ ; ^erefoce the ^hfl4d effect #f lh« 

weights A andCj on the weight b^ ift equ^l to the motive force 

A X f^ + -^^ V-T + C X (^ \ V\ ? . directly opposing the 

descent of b in the curve. Hence we have 



P 

> ••• " •••• ••• 



or A-:— >+^ 3^-r— +.C V^ =rf X. (bI — A<i ^ cA) f 
;Mid, taking the fluents, we get 



A ^ + B ~ + C ?- zr 2^ >C (By — Ajp *^ 0*), 

or (puttingi ft^'^^ ~ the velotky of c) 

Av^ -f BV-jh Pft^^* = «^ X (By •-* A* — cA). 

But » ~ T «»' = -r V^ tjiefefoi:^ 

a'iA + Bb* ^ 1^ Ct;* ^tZVig >f (By — AJP — €*), 

f * r* • - 






f n ) 

and r; e: r 1/ %; ^^-^ vT* 

■ W> i ( , '■ ' ' " * ** i ^O t wM w I ] ir ■■< ? 

gy X (Bjr— -A<t — cA) 






• 



Agkifr, lettlierebc four weigrhts A; j*, c, D (fig. 6, pi. a,) 
and let b and d descend an th6 curves GB, kd, arid draw up 

the weights A and c on the curves fa, «c. Let d</ =y, be the 

Jittle space descended by D in ihe time/, f = W^ zz cc\ p zz c(f' 
,= D^, and ^ ~ the vertical hejght descended by D. . Then the 
e^ect of the wqight A9 on the weight b, is equal to the motive 



• • • 

rx 



fbi^c A X'{^ 4-r')-r » Biit the motive for<!e constantly lost 

r t^ s 

by B, in consequence of its connexion with A and c> is z:^ 
% X (^ — r-^; therefore the motive force lost by b, in con* 

•egwnce of its connexion with c, is =5: B X (4^ — ^^-— 

A X (4-^+T--)^, which is equivalent to-a motive force b m 



9. * • •• 



V^-i.\4 _A. X (f---r ) ^acting in ihe directito of the 

string Bp'. Let this force be denoted by F ; then the weight C, 
it urged toward* p't by a motive force », w^ich is equivalent to 

a motive force r- X F, acting in the direction of the tvkvtcc. 

P 
Agftin, tfie ttiotive force ^ined by c, ift consequence of its 

* 

eonKkion with b and d, is = c X (^ + v ) ; therefore 

C X (^ + ^) — I X »^ i» th^ motive foi^ce gained by c, in 

t&nseq^n<E^ c^f it« connexion with H^, and which is equivalent 

• • •* • 

Ite aittotSte forcfe ^ x c x (4- +■?) — ?- x f, acting in the 

P. P^ ^ P 

direction of the string cp''^ Therefore the weight l>^ it urgeil 

f", bf t moa^ fprce^ X C X (<! +ty^l X »♦ 



( sa ) 



• • 



K^hichiscquivalcnttoamotivcforce? X^X/V-t-'f j-^? XF, 

acting in the direction of the curve nrf, and directly oppos* 

ing the descent of D. Therefore, the whole effect ot the 

weights A» B, c in retarding the descent of d^ is equivalent to 

• • •» • 

the BMMive force ^ x c >f (<^ + ^ ) — t X r, wd wWch 

must be equal to d x [^ — ^ ), the motive force constantly 

kMt by D. . 

Therefore, pitting for f its proper. value, we have 

and, taking the fluents, ' 

i» /* ^* /* 

By proceeding m this manaer the problem may be resblvcA 
' for amy n»mber of weights whatever, and the general result will 
be, that •* The sum of the products of each body; by the square of 
its* velocity, is equal ^g multiplied into the proc^ucts of e^ch 
body hy^the space it his perpendicularly desqended/* The spacet 
being taken negatively when the bodies ascend, and positively 

wben tbfy descend. » . ^. v 'i •.• # 

^ Tiis is all that can be determined relating to the velocities oi 
the bodies. Unless the nature? of the curves be known so as tQ 
enable u§ to find thp relation- of r. ;. />, &c. We shall take a 
few particular exahiples, for the purposq of applying the prwedw 

ing formula. ' i * j 

Ex . I . To find the v^lqcitlc* of the bodies, Wh^n b desc^pd* 
on the inclined plane dgb (fig- 7. P^ a)^» ^^ draws up the 
weiffht A, on' the inclined: plane daf, by means «t a stni» 
passing over a pulley at C. * i_ . j- . 

Suppose the motion to commence when th^ bodies, acq w 
r and G, and from c, let CM and c^l be drawn perpendicular to 

the ffiven .planes. • f , #. • 

Put $H = tf, CL = i, FH = r. GL = i, the length of the 

«tring = /; aodlet, as in the general proWwn, f 4= »". e» ='» 



f «S ) 

AC=%, f R=*, and a%=y. Then ah=: ^(2* ^a«), r= *— 

^^'^ ~ "*^' '^ = ttSIti' »^ - ♦^ "' - -)• - *'). 

vzlanofrmds, being substituted in the general formula for 
the valuet o£ v and «. we get. after proper rlduction. 

But to exterminates? and j, let « = the angle far, and 6 — 
the angle bgi ; then* = r sin cc=(c— Vlt*-a*])sinT^r^ 
=^,u,^=(/a/_„..i,,_^j,i^. i„d. by iubstitution" Sefe 

ana us (/—*)•«(«•— «')x .•'(t^((^*)' ^)-<<)sing-Afc-i/^^'^ -» ,;„ , 

for the velocities required in terms of zand known quantitie. - 
j When the i,ulley is at d. the intersection of the incWj 

I planes, then a = o, and i =r o > and we have, v ±u ~ 

^2g X \/ B(/-- z — J) ting — a(c - z) sin g 

^r+T ^ ''^f'''' "■" « ~ AJ sin 0). And when the plane bb 
» vertical. v = u =V'~^ X y(Br sin « - Ay). 

' Again, when the plane jr-D is horizontal, and the weight * 
descends m a vertical direction ; then s zz o, « = © b — 
and sin j8 — 1 ; and we have ' » — o, 

A2 +B12 — a ) ^A2* (-B(2'^'j' 

The method of calculation will be nearly the same when 
there are more bodies than two moving on inclined planes but 
the expressions for the velocities are too complex to be put down 
here. " ^^ 

Ex.2. To find the velocities of the bodies when b descend, 
m a vertical direction, and draws up the body a in a circle fad I 
"'l.'^^M "the same thing, when the body a is fastened to ai 
inflexible rod of a given length, without weight, moveable about 
the centre o. and drawn up by the weight «. by means of I 
string passing over a pulley at c. Fig. 8, pi. a. 

Let o be the centre of the circle; anddraw ah. perpendicular 
to CO, meeting the horizontal lin.- 00 in k, AhJ draw a[ 



f, 



Mud FN perpendicaUr to OD. Put 0€ -=2 er, wltiiff ^f *e 
circle = f, OH = a;, fa ?= r, gb = j. and ac =: «; th^n, by 

thcproperty of the circle, rzz - ^. ._^, -; also 2* = CH* — OH 

+ OA*;= «• — 2aw + c'v and 2: =; — — = — -f* These 

values of f and J, being substituted in the general formula for 
V and u, W0^ have, after proper reduction, 

4/ g;?*x (bv — A^) 
^ = ^^>^V AcV + Ba*(c»-«;i") 

, tf / 2g X f By ~ AA?) 

^^'^ ^ -^ VJc^-^w^) ^ V ArV + Btf»{(r»— iu«r 
But to exterminate a; gnd j^ ; let « = the angle cod, dssittf 
=1 IN ; then hk = ci tan«, HA = \/(c^ — ry*J, KA == 
V'ttf^-ric;*) — tw tan «» Air: co« a(\/(c^— a;*) — wtan «) aftd *= 
^ -— . cos « ( |/(^* — a'') — tt/ tan «). Also because cf + GC =: 
AC+CG + GB, 4/ = 2 4- y> ory zz if— 2z:d— |/(tf*— 2«a;4- c») ; 
and we have 

,nd u-* V-^ X ^B(^^.)-^A(.-K:os.{^(c'-i.')-z^tan.)) 

where^ r: >/(«-— 2aw + rj, or n^r= • 

When the pulley is at d; and the arch fd is a quadrant^ it m 
the prize question in the Ladies Diary for iSio^tthen^ =?0t 
w:xz 01, a r;: cssz€, dssccV^^ ftnd we have 

y c^ — w^ ^ A2 4- B (^— • jy ^ 

Or, substituting for;? and w their proper values^ 

^=:i/4^c-+-\/ 2cA4-'B(c + t^) ^ 

B(f/2— z)— A(r— ~v^(4<:«— z*)) 



er\/2^x^ 






aX4C*+b(4^* — z') 
wfaiich agrees with the Diary solution in the particuUr instaati 
only, when » zz o, or the body arrives at d. 

When the weight a, descends from d, in the cirde, mI 
draws up the weight n, the problem is the same as quests ^4f* 



I I 



( ^5) ) 

|Jaw>. jBiiirj'iar*i785. In this ca&e jts: A^ =4/ f^^ai^^y {Ai 
#pacc ascended by b )s=ad=:z. ass^ («c^-^jir»;i and 



•greeing mA the cotrecled expressicm for the velocity, given la 
*oc Diary fpr 1787* ' 

Ex. 3. To find the velocities of the bodies, when b descends 
in a given circk d'g«, amd draws up the weight A. which moves 
in another given circle f ad ; or, which is the s^me thing, when 
the bodies are fastened to the ends of two inflexible slender rods* 
without weight, moveable about the given points o, o', and 
connected by a string passing over a pulley at c. Fig* g^ pi. a. 

Let o, o' be the centres of the giyeji circles, and draw ah, and 
BH'' perpendicular to Co and CO , meeting the horia^ontal lines 
CD, o'^D-'in K^and k''; and suppose the moil 
when the bodies ^ at jr and G. 

Put a zz oc, b zz o'c, c zz "the radius OD, c' == the radius o^d\ 
?=AC, rzzjA, szzGB, OH =ao. o^^^=ial, x=':PR and> s=s &B* 



suppose the motion to commence 



Then 



cw 



Car 



' vTis — Tv » 2 =<»— • atf a'+c*, « = -^ — tszz — -.- — ,-^ 



hw 



CB»=(/-23»=i.—2ft^+c'*,(/-nt) •=-«= P; hence "iS— 

«-z z 

. — ^ or » =: -i=*-^*-i^, and th^crefore s zz j — ■ ' ., ^ ^ ■ 

These values of r and/, being si^bstkuted in the general for. 
mi^aiiprxf juid tt, we shali Ijave 

_ ,1, / Ji X (a y— ax ) X ((/*— S*) 



« 



=^« My^ ^^i/^^rigj^^,%\^^;;^^^^^^ 




— Sj tan./3>r- c^and these values bein^ substituted in the above 
expressions, we shall have the velocities r&quired in terms of 
X, w and Sj\ any two of which may be exterminated b^y means 
of the equations 2*=a* — aaty-f-c*, and (/— sj|*rz3*— 26a;4-c^. 

£x. 4. A body A. being fastened to an inflexible rod of a 
given length,' lilfithout weight, m6veable about the point o, is 
drawn up i^ means of the weights ii^ C fastened tatheendi 
of the strmg^ a^b> ap''c, which pass^over the fixed pullies p, jt' 
f%. id, pi. a). It is required to find the velocities of the 
bodies^ 

Sol. III. FARt IX- d 



( •6. ) 

t l)rt^ AH ud AH' perpaidiculap to op and 6p\ meetingihe 
horizonlal line OD in k and &'; andsupposc the bodies to be at 
Ft O and s at the cooimeBcement of the motion. Put op z= a^ 

•OP^ = i, radius O A :=: c, OH = ty, oh' ^ a/, AP = z, ap'h: 2% 
A7 ::: r,. the height rf» ascended by A, ss;r, the space gb, de. 
scended by b, = ^ ( =*), and the space descended by C x:A ( :^^)« 

Then r— : — -777-, — 5-, z^zzar — 2flw+ !:%«=—-•— =: — s. 



• 



Bra; 
Ut — *' ;; - i 



boj 


— 


- 


/>• 






e^ 





Vtc*- a;*)—' — /(c* - £;«) ' 



tncretore wzz 77- jr', and -^ = --= x a x -;: » = ^ ;^ 

kence t =^-^5^-^ \ and^ — :i3LiL._iL/; and substitut- 



r 



^2 «. cz 



ing these values of — and ^ in the general formula for thp 

r r 

velocities^ we have 

■V * C Z , 

from whence we get - 

V Ac*z '2' ' + Ba»(<:*— w ')8'»+cA»(c*— £ »)a** 
Then u =mV(c'-«.-)xv^ ■ .^ ^.^J''-^~/^ + *'*? 

To exterpiinate ^, jy and k ; put of =:the angle pod» /3 = th^ 
angle p'od, ^ = fn, i = fp, /' = fp'. Then, as in the last 
example, we find 

A I =: cos «( v' {<^—w *)— a; tan fl6>r: CQs jS{V(f« — if) + a;un^) 

if =tf — cos « ( v^ (c' — a;*J — man*), y - rf ^ «^ and Aei4^— -^ 
* these values of K,y and A being substituted in the a^pve ex- 
prcssions, we shall have the velocities required, in terms of x, z^^ 
w and ftJ; any three of which may be exterminated by means of 
the equations z^ =. a^ -^ 2aw + c% 2^* zs i* — i^isi -f eV^^ 
the equation expressing the relation between td and 4^^, via,, 
cos«(y,t*-- ar*)-^a^tana)=: cos^(-/(c* — a;*) + A;^n^ 

The solutions of these problems will not be materially diferegl 
when the inertia of the pullies and the weights of thetpds^ &c. 



i «7 ) 

Are taken into account, but I iball not prosecvlcjtlies^bjcdt tn/ "! 
farther at presents 

' ' J. L. 

T5V0 solutions, by John Bernoulli ; being exjttacts , from a 
Di^tertation publislied in the Acta Enid. Leipsick, for' 1735, 
and inserted at Nq. cxlv^ Tom. iii, of bis worKs> printed at 
I^usanne. **" ' 

1st. An indirect solution deduced from the principle virium 
vivarum. Kg. 4, pi. A. 

Through C let the horizontal line MCE be drawn and let aCi 
be a position of the string indefinitely near to ACB. ]f I'om the 
points B| A draw the vertical lines BE, AD ; and with the 
centre C and radii C^, CA describe >ihe ^rcs bn^ Apii. ^ Alio 
through the points i, A draw lo\ 'A/ parallel to the horizon 
meeting^ the vertical lines JBE» fl^»in a and /. 

Put CB = X, B» =: am-szidx^ B^ -= dy, ftB =.dj, and let t ' 
be the height through which a hesivy body^ at liberty to descend 
freely, must fall to acquire the same velocity that the weight 
£ has in the curve at B. It is required to find the altitade z. / ' 

Let Aa :=. dr and \a :=: dq\ then since the velocity at B is 
proportional to the square root of the altitude r, tkei velocity ^ 
may be put :=.'/ z; and then (because b'B \aA : : velocity at 

dv 
B : velocity at A) the velocity, at A will be n ^^ ^/z. Supposa 

tjw ^weight B to begin to descend from p# and the weig^. A to. 
ascend from F, and draw GS parallel to the horizon meeting 
the vertical line BE in S, and produce AI to meet the vertical 
line FM in*R ;' then 9fi is the vertical height descended by B, 
and FR the vertical height ascended by A, and by (he principle 
conservatio imbxm vivarum we faa^e 

SBx.B— FRx A = ^ xB+^z x A; 

h.nr. , - (SBxB-FRx A)rfi^ 

or (writing y for SB, and q for FR) ' 

_ ^By^ Ag)^» 
. :- * -^ Bds^ + AdT^ • 

'* «. A flirect solution from the pure principles of Mechanics. 
• " het T be the tension of the string which connects jhe given 
weights, and g =:= the force of gravity, or the natural acceler* 
ative force by which the bodies are animated in a vertical di« 
KCtion. Then if the masses of the bodies be denoted by B and A^ 
their absolute weights will be denoted by gH and ^Af a|R4 tbe 

d % 



will be denoted by ^B — and gA -^ respectively. Also the 
force of tension T when referred to the oblique directions 
^B, a A, prbdocei i^ the direction *B the' tferfs^^8h T xf r^^ 

acting contralto the force of gravity ^B-^'; arid' in the di- 

• _f 
rectiori a A the tension T X j^, acting contrary to tKe force ot 

d ' dx * ' 

iience^B X ^ — Tx -T^itthe mdtive^ force bfwtiiiih'&ir 

urged along ^B, and Tx -J^' — ^ A^ ^^^ iicttitivi force Ir^^ 
M^hich A i»'urgdd along dAt and the iniotiV)»jCaroei.' boing diw»' 

vided by. thQ respect! vejnajBSiesB and A^Wqhavcf^X P- -^ "W^P ^ 

fo^ the foiscC'by which B isiacceleratedvaifd -rrf^k^^ ^^ 

the force by which A is accelerated. 

: By dynamics Pi/S- =L'Y^y;{P bping' t^Ck,i?a<7i?%«f!«^ jforfref^ 
rfS the element oPthe space, and V the velocity), hence if u be 
pm foi^ifbe vetoiit^ of B, andi v'iut tUi ef sA^ ifreii^eQKsetWf^^ 

equations •..'-. '.^i • • ( 



Heace, by ihlegraHnfe, We get i^> — g- / TS*' '=£ !'«•, and 

*/Ttlx^gg=fi^. Froia the flrsk/T<fc :r # B^ ^ § Bi»\ 

9nd from the second/ T^itx- =: ^A4'-|--f At**, - , 

hence ^By — | Bn* = gAf + f At>\ 
But by hypothesis, 2 designated, the altitude through which a 
heavv body /must descend to acquire the velocity », ihrreCore 
by dyMiiucs gdi^. ;= udu; hence ga? = | i»^ and fcccaose 

J^ = ^!; wehave |^;* =:^U* = 5^g; £ SliBstihn^ 

these values for | ii' and § ^ m the eouatjon ^Bgr «i-i 1. B4* 23 
^Af+f Av^wegfit . 



gives z zn T^ > ~i. Ij 'J ^ ^^ *J^^ fi'^*' solution. 

Cor. .i.„\^roni this solution the force of tension T ma|L 
he, easily found. For sincey^ T^a: — ^By — i Bw* ~ gB^ -3 
^B2, .by taking {hixicns and ^ivi4ing by dxi we fipd T zr, 

^B ^ ^~ =r g B T^ = (substituting for z its value) 

dx ^ 7 ^^ ^rBds* h hdf^ J-^dx ^ "^ytdFTKdF:}' - 

Cor. 2. In the particufer case proposed in the'Commedh 
.Pctropolit, when CAP is a vertical Jine and the boiSy begins ta 
descend from C, the" erements dr^ d(f, an J dx sire ec^al, Mtit 
q zz X I \i^x\tt if dx^ bewrittei) for^/r* and ^ for y, we have 



<_*'» 



A solution by D^Alcmbert, taken from his Traits' de 
IDymbiiqUe. ,. 

Fig. 2, pT. A; A body P delCendiftg^ along' i curve CB;^ 
draws after it another body F by means of a^tring PCF whicli 
passes over a puUey ,: It is required to rfind the- vSocity^ c|ff<. eick 
of the bpdies. 

Let P^* be. die elemefit pa^dover.in auin^twt by the body P^ 
;and ¥f = pV the element passed over by the other body in the* 
same instant. Then in the succeeding ihsiantrthe bodieM, if 
there was nothing to stop ^hens^'vrould pass pVclr ./>» ±: Tfp^ 
^ndjlp — ¥/. B«t* beciu^e of the resistance oJF the striqg anl 
its inextensibility^ ^^ Kne pn is passed over by the body P ia 
an instant different ft-ofn the first J ahd in this instant the body F 
arrives at a point a/,- sucli-tbat » jQ. 4i- Gt r:J^'+ Cpf* 4 

Supposing now that; in the time the body P is in passing over 
fii^ it would, naturajly pass over dt. and that the body, F wo^ld 
jgAturallj^ describej^t *lso tha( the gravity of tlie body t in the 
same instant would* fn)ike it : descend: thrq\^; tjif nrjQrtkdl Kne dw^ 
and that that part of the ^vity pC the boctyP vhiph act^ ia, xi^ 
direction pt , would cause it to descend thrpught the line il : then 
a we tike jpo :x v/^ it fdlknvsf fnom aiir, pracipleyr tbat |be 
bod^ F aniihated by the accelerative force represented bv a;v will 
Ibtio^ an equiliSrlum With the body P animated by (he rorce p^,' 
fcd'that part' of its gravity and the centrifugal force which is pcr- 
^dftdicalar to ih&t:urve G/r, or in the' direction ))Z. Or irth^ 
lin^ o» be drawn from' the point to meet Co prqdiiced ih otj 



i 9P ) 

and «« be. draivn, then the rest. of the force indie direction 
fiZ being destroyed by the resistance of the curve, it is clear that 
we shall have an equilibrium when < 

F r ft/v r: 'P* • pac 
Let u be the velocity of the body P, p its absolute gravity, 
^that of the body F, ¥/ z= d^a, NP = y, Pp =• ds, ifizza; 

«- , .i pdv • ds* ds* . ♦^/i . w, 

then we have t/ =^^^7 r"» ^ ri^-r and ^<k/ :F/::tv : Pp, 

u-dx 

that is to say,(pft/ =: -^ j let ft?v =: «, then we find $6/ or -^ddxzz 

— T-4-fif — 1 — «; also because F . Sjv zz P . ^«, we have 

t'' T% po.ds ¥ds fpdy •ds^ \ 

''' = ^'hr.=-^\ u^Ts — ')' 

u ^ as 4x u djf 

'■ " -Tdd;c -.?^J^ +?^ ' 
upA consequently . = -^^^^-±-^-1^^, isi,ci 

bat f = ^, therefore- ^'^'dxddx.-Ygds^dx f Pfids^dy 
'J^ Us V . • > . . ¥dx*-^^ds*- • • 

J : j -]FJ^*+P<;s«l • zfu'dxddx 

rds* Pds ' 

9pdy- -^,the fcortylete intJcgraTof which (stipposibg uzz0 

^h^ij.^aodjr;^©) lis, . r> ., ! i . 



• r..,, 



•If- ^ 

«* = 2*iv\*re fljid i rb -«5^-r^-T=JLZ'. . : 

W^e may remark that ^'is the velocity qf the body F, for the 

#t«ng teing infeXten&iWe, the velocity -of the body F ^t each* 
ilistant is to the vefocity^pf the body P, as dx to ds, - ^ 

Cor. !• If we make y = ^ we have 4 . == i^V^y~f^\ 

which agrees with the formula given without dei^onstration, by 
AI. Bernoulli, tome 2, des NJemoires de Petersboufg, and may 
he easily, drawn from the principle of the Cpn^grvation de« 
fprpes.Vivcs. 



Cor. 8» If pdXii igr =: o, that is to say If jthe bodios are 

▼Old of gravity, we have ^ — p^-^ s=: -z eonstailt 

quantity. 

Cor. 3. The preceding problem may be resolved with the 
same facility when the bodies move in a ipedium, the resistance 
•f which is proportional to any function of the velocity* 

For putting ^^— ftf in plac^ of ^-* (the quantity ^u ix* 

* fudx\ 

pressing in general a function of 11), ' and g ^ ^ kT" ) ^ P'*^^ 

of g, in the eauation of the problem, we shall have an equation in 
which the indeterminate quantities may be separated in several 
cases, as when pi s=: a *t* buu^ a and b being any constant 
quantities whatever. Seeing, indeed, that when we!| know the 
place of the body F, we know also that of the body P, we have 
for any situation of the bodies F, P the relation of dx to ds ; 
also from the nature of the curve C?p we know the relation of 
dy to dx. Lastly, if we make dx zz qds^ we have ddx = dqds^ 
and from this we may find the relation of dq to ds. Therefore, 
supposing dy zz rds, and dq z: zds, we have inthe present cas^ 

4. I j-1 ^^±_J, -- 2c[s (pr -^ ^r — ' bu*) — 

— p X (g + ^ + i»'g*) ; an equation in which the indeter- 

minatet may be. separated by known methods, granting the 
quadrature of curves. 

Cor. 4* If each of the bodies were to move in a curve, then 
calling (fig. 12, pi. A.) F/, dt; ¥u, dx : and FN, dz^ we shall 

find (pw = -J- 1 ft'y = ^-jj • -T f si^d if in place of FN we put 

fndi , . , r 17 adx . gds^ 

-y— , and m place of — ddx zz -t- + ^ « we write — 

g^ :^ " -I- 03— . —^ — n ; the problem is resolved, and we 
as at u > 

find 



tudu 







an equation which we might also have found by means of the 
principle of the Conservation des Forces Vivcs. 

Hence if the primitive value of u be zero, aod that thpm 
^ z= A and z = o, we have , ,* 

u\Pds*+?dt^) ^^. .. ^F^ 



• C<Ml« {• If in the |B«cecUi>g .Cor. v« aiafie i(* sc 8|^i, andf 

* - a ^ hare i - ^-^^^^AJ^Zfl^f! 

We may, if \^e pleage, make A = o, by supposing tiM t^e 
.bpdy P departs from C, ami tl^eo wie si^l hnvc 

Scholium. This solution of the problem p^ay appear 
rather long ; but I thougt\t it was proper to she.w the application' 
of our general principle. 

If we would otber:M^ise resolve the probleoi, vre might proceed 
in this manner.' 

Let T be the tension of tlje string, which acts equally ac* 

cording to CP and CF, then we have -^^ ^ for the 

force which accelerates the body P in the dire^ction P^, 9pfi 

Tda? Fedz 

—T- — -~- for th^t which ace derates the body F in the di- 
4s ' dt ^ : ./ ' 

rection ff; we have thcrefoj-e (^^^-^. — '7^\^^ zzFudu, and 

I -T ^ — J dt zz -^d f ^^r* )> froni whence we get by ad- 
ding the two equations, and integrating. 

This last solution is certainly raore simple than the preceding 
-i6ne ; but then, on the other hand I think it is neither so iuii^inoQS 
. nor so di;:ect. For stqctly speaking, the string dpes not act ofi 
llie bodies j it has only i force of resistaace and not of inlpulsion« 



m» 






ARTICLE VL 

On ike Expansion of the Formula f (A+c cos jr)' 

By Mr, Thomas Knight, PapcastU. 

Though mathematicians have b^n yery much occupied with 
the expansion of (A + c cos *)"*. into the form B HhB cos j;+^ 

COS ax +.....( I ), from its connexion with the enquiries of 
Physical Astronomy, no one has shewn a priori how B maybe 

found froA B. Tbis^ besides exhibiting other remarkable re- 
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markable relations of the coefficients, 1 propose to do for 
the general form ^ {A + c cos x), where f represents any 

function whatever. If we denote generally by B the fliucional 

co-efEcient of b with respect to A, we shall have 

n 

(p(A + ccosa?)\ ^ , ^ . ^ ' . ^ 

Z ^ l=:B + BCOSX + BCOSfiX -f ••• + BCOSIIJ: +• 

A ^ 12 • « 

Now whether we multiply this by — c sin xi and take the 

fluent with respect to x. Or by cos x c and take the fluent with 
respect to c,we shall in both cases get a series equal to f( A 4^ cos «)• 
The first mode of proceeding gives 

9( A-)-<coix)=s — / •< CB sin «r 4* cb sin » cos xi -|* ... -I* ^b "^^ ' ^^^ "^^ "^ 

//-l.^l ^1 c^."| 

3 ^1 ^2 ^ ^ « n-1 f 

f - - B sinxjT-* - B sin2»x— . b sm 3«* — ... — — b an imx — 1 

s=Comt :+{cB— - b) co$ x + J( - b —— b)cos««-i-4-L(1 b— - b )coaw-f 

*2 ^ "i *3 « 2»— l-^n+l 

which, being compared with the form m^ked (l), give« 

1^1 1 1 "^ 1 1 

B=:cb— -- b; B=:} (CB — cb); B=:— (CB — CB ); 

where » is greater than one. Hence we easily find 

=«B~lA-A;B=B-l/;k; l,=1i-^^J!!=llfB A*; 

which is ontfolution of the expansion when we have b and b. 

If we had proceded according to the other method I pointed 
out we should have had (p( a + c cos x) 

^fS ^- ^' ^- *• > 

— / 1 cos* Bc + COS X COS X Bc + COS X COS Sx bc ^ .... cos X coi fix BC-f- ^ 
-^ ^ 1 1 2 . » > 

/r 1. 1. 1 . 

Vcosir BrH-|cos 2;c bc + .*.. = |cos »x'b c + 
< 1 «— t 

) 1 . 1 . 1 . 

V.+ i cos;t Bc+|cosajrBc+ ..•. + |cos«*b c + 

2 3 n+1' 

aad, by proceding as in the former case, a second solution is 



Br 

2 



!/(i )^-" ' » =/(i, )*- x^ • • • 'V^'A^Y'l 
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and by adding these two solutions we get a third 

r/d-)-U-r/(l)-/r-.-/(?)^^V:v'. 

which however is more curious than useful, the first solution, 
being much the simplest. o , • 

By equating the values of b, given by the two fir&t solutions, 

there arises the linear equation 

'1 If 

• B + B-- 2BC, whence B zr ^-/'bcc + ^. where the hst 

ierm mu$t evidently be omitted, as c cannot be in the denomi: 
nator. The relation betwixt b |ind b is expressed then by the 

1 

equation b = / ^cc. 

If we expand $ (A+c cos *} by Taylor's theorem j and put 
forcos*;c,cos'A;, &c. their values in cosines of multiple arcs, 

i» — tPV^JT- 2 ^2 2.3.4 2«3 

•4 _ 

where bv ? (A) I denote the fluxional co-efficient of the nth 
order of (p (a). 

The equation b = ^-y '^cc gives 

lit 1.-5 i''^ 

B-<PlAJCi- ^^ '^It ^2.3.4.5 ^ 2.3 7 

and from these the other co-efficients may be found most easily 
-fcy the first solution. 



ARTICLE VII. 

On the Sine and Cosine of the Multiple Arc. 

By Mr. Knight. 

The demonstrations which mathematicians have given of the 
formulas tor the sine and cosine of the multiple arc, in terms ot 
the cosine of the simple arc, appear to be deficient in brevity 
and simplicity ; they have indeed been established by means ^ 
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theorems more abstruse than the propositions themselves that 
were to be investigated. Thus Waring' s proof is made to de- 
pend on his theorem foe the sum of the powers of the roots of 
an equation. Arbogastf ** Calc. des Derivations" p. 179, uses, 
for the $3me purpose, his form for an expanded muhinomiaU 
Others have employed the method of increments, see La Croix, 
•• Calc. DifF." torn. 3, p. 207. Mi*. TFoodkouse (Trigonometry^ 
p^74) seenys to entert'^in the opinion that these expressions 
** cannot be rigorously established by any simple means or ob- 
vious artifices", I venture to offer the following, method of 
investij^ation ;<-^ 

Jt is easy jto see from th^ trigonometrical equations 
rin nx z^z 2 cos^ ^ sin (n — 1) x — sin (n — ^^2) a .,...•. .(1) 
cos nxz= ft cos^xros [n — %) x — cos \n — 2) x 
that the expressions we are in search of will have the following 
fbrmSy when n is a whole positive number, 

sin nx = sin x (a cos x '*^^ +b cos ;e """^ + c cos x^^ +) 



cos nx zzoc cos a? n + /3 cos a? " ^ "f- y cos x "^' + 
by taking the fluxions of which we get 

Cosna?=;xosjir(— coso?- +-^cos.» -1 — fos^ +; 

^n n n^ , 

n fi ft 

$inn*=sio*(«fos*»-i-l-?J=^/3cos*»-3+^=^co$*"-^'*+) 

n n 

a comparison of the extreme equations give 

^ ± a; /3=r B;y=:— ^c; J r: rD| &c ^ (^) 

n — a n — -j » — 6 ^ 

the middle equations give 

A — ; B A J 7= . c ' B :5= — -^ — -c^&c. 

'^^^n a« a a « 

and putting for^,7,J,&c. their values jgiven by equations(2)wc find 

— (n-2) , _ -(w-3){^-4) J, -^ (H-a)(^-4) ^ 

^;,— g)(n— 6) ^ _ — («— 4)(H— 5)(^— ^) . . y.^ 
12(n— 3) 4 , 8 . 12 

whence equations (2) give ' "^ 

. = A;^^^A;y=:.^A;?zz ^3^^^^ a; &c, 

all the co-efficients are, therefore, known if we know A ; and if 
we form two or three of the first values of sin nx by the trigo- 
nometrical equation (1) it will be immediately apparent, from 
themode of formation, that a = a ""' • We have then 



f a< ) 

1 will add here what appcirs to be a very simple method oC 
finding the sine and cosine of ai^ arc, in terms pt the arc itself: 
it does not require the use of fluxions. 

With respect to the form of series to be assumed, there is no 
4ifficulty in perceiving that we may iQake 

(!) (3) (6) ; (2) (4) 

sin X = s i* + s x^ + s x^ + ; cos j? = x H- c ^' + ^ •** + 

If we substitute these expressions in the common formula 
for cos (a? — «), (viz. cos (x — u) := cos x cos j* + sin ;if sin u) 
but restrict the substitutiont in the seeped member, to sin u^ 
cos U9 there arises 

(2) (4) ^ (2)^ ^ . (1) 

j+ e (x— !*)•+ ic (a?— «)*+=cosa?(l+ci*"+)+stna:( s 1^+) 

^ comparison of tke coj^fficieotsf of u ^xki pf u^ giyes the twp 
equations 

(2) . (4) (n) 

sm * =s — 2 ^-^ ^ — 4 [T) ^ ? • • • • •~^(TT * ~ 

s s 9 

(4) (6) (n) 

c c c 

which, compared with the forms that were assumed, will give all 

(1) .. o .. 

the co-efficients nrhen we Iluow s ; concerning the finding of 
which I haye nothing new to offier. 

This method may be compared with that of La Craix^ in the 
introduction to his Calc. Diff. which appears somewhat awk- 
yfMsi. His expansion ol the exponential might also have been 
neater. 

Let^i =z 1 + a'x + a'^x^ + .... + AX +.......•(«) 

tjien fl'+^n^tf" (I +A M+AV + )or=i + A'(jr4-l*)4- a'(;c+i«)» ^ 
and by comparing the co-efficients of «, in these two values, 



we have a = x+« -^x-h^^-y- x*+ .... +n^^x ""^^ + 

A A A 

and ^his compaieed with («) fpvu all the co^dSicienis by meana 



^ * I suppose th^Umnialsmtl^e Giftmexober to ^^ 



t 
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of the first. I shall terminate this miscellaneous paper with a 
remarkable expression for the elliptic quadrant, which I do not 
remember to have seen noticed before. Let t\ t'\ t'\ &c. be 
the same as in Mr. WaUac^% formula \ also 



(«) 



.// 



\Vt \-\.t l+c 

The number of terms taken of r must be « + i ; and n will 
be 9, 3, 4, &c. according to the degree of approximation re* 
quired* 

Then the elliptic quadrant z:^ - x — . 



ARTICLE VIIL 

I 

Solution to the ProhUm of making a Magic Square of nine Cells. 
By Mr, Noble of the Royal Military College. 
Let ABCD be the square required, A - 



a 



S 



I 



B 



'D 



omitting for the present the condition of 
the numbers making an arithmetical pro- 
gression, and retaining only that 6f the 
horizontal, perpendicular and diagonal 
bands, making the same sum; which sum 
denote by s. Then the conditions of the 
problem give the following equations, 

J^fzis\ this la** equation, viz. >zri-ftf+/ is not independent 
01 the rest but deducible from them, thus: %s-=Lc^f\i^g^i 

therefore ^irrf+^+y; it is evident any other of jthe sums might 
have been taken instead of d \-e\J\ therefore the problem fur. 
nishes only six independent conditions. \ 

Nowa+tf+£+H"<5+g+^+«+/r:3tf+tf+t/+g4-c-H/+i, 
that is8*=3<+a*, oxszz%t. 

Hence t+k=:d'+'f=:g+ez=za^{'i=z&e. 

Put fl— irsisD, b — hzz^/l^ then a=^ f D, «=«— D, i=^+ 

^-{-b + czz^e^ therefore c=:3<? — {arl-i)=^ — D — A ' 

g4-cr:2^, therefore ^z:2tf — c==:tf-i-D4-A 
(:+/+ i=^yf thcref/=3e-r(c+i)=3e— (e— D— A+e— P)=e+aD+A 

4^J=:2e; therefore ^=2r—/=:^T-2D-^Af These values 
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may be thus arranged, and will constitute an arithmetical pro- 
J ^ M *»rk A gression by making A r= aD ; which 

solves the problem in the utmost gene- 
rality for the given , number of cells, 
viz. 9. 

If D — 1 and - = 5, the square will 

. 3' . . 

consist of the nine digits. 

Almost exactly in the same way we may 
proceed when products ar^ substituted for 
sums and a geometrical for an arithmetical 
progression. 

I am not aware of the existence of any investigation inde* 
pendent of tentative methods ; such, for instance, as that \xs 
Ronayne*s Algebra, which is the only I have ever se^n. 



4/ c: « — 2D — A 

r z: <r— D — A 
b zz e^ A 

s 
e zz ^ 

3 

a = e [- D 

5 ^ <f + A 

j^ = * + D + A 

/ ~ <r + 2D + A 



T"*^""""^^^^^ , , W " i I 



ARTICLE IX. 

!An Exferiment that might be made, in order to discover whether^ 
or no^ the Force of Gravity^ by which Bodies Jail towards th^ 
Earth in right Lines perpendicular to itf Surface^ and which^ 
if it were a perfect Sphere^ would tend to its Centre, arisen 
from the,7nutuai Attraction of all the Particles of Matter con* 
tained in it towards each other ^ as Sir Isaac Newton supposes. 

By Francis Maserrs, Es^ Cursitor Baron qfthe Exchequer. 

Sir Isaac Newton supposes that every particle of matter in 
the earth, and in the mopn, and in the sun, ^hd in all the 
planets and theif satellites, and in all, the comets, that, froni 
time to time, appear in the solar system, attracts every other 
particle of matter with a force that decreases in the saihe pro- 
portion as the square of the distance between the two particles 
increases; exceptingihe cases in which the distance between the 
two particles is extremely small, (as for example, less than the 
millionth part of an inch,) in which cases he supposes a con- 
trary principle qf repulsion to take place between the particles* 
And upon these suppositions he concludes ths^t, when a body is 
situated within the earth, or below its surface, its gravity, or 
tendency towards the centre of the earth, will be less than it 
would be on the surface of the earth ; because it will hp at- 



( 39 ) 

« 

tracted upwards by the super-incumbent mass, of earth, as vrcll as* 
• downwards, by the still greater mass of earth below it : and be 
demonstrates that, 'in consequence t>f these contrary attractions, 
its gravity, or tendency towards the centre of the earth, will 
grow continually .weaker and weaker as it approaches to tBat 
centre, and will totally cease when it has fallen to that 
centre : and Jie further demonstrates that, if the whole globe of 
the earth, consisted of matter that was every where of the same 
density, from its surface to its centre, (which, however, he does 
not suppose to be the case) the force of gravity wherewith any 
body would be attracted towards the centre of the earth, at dif- 
ferent distances from the centre, would be always proportional 
to those distances. 

This~doctrine of the mutual attraction- of the particles of 
roattet Mr. Christian Huyghens, the great Mathematician and 
Philosopher of Holland, in the 17th century, could never absent 
to, though he lived to the .year 1695, which was eight years 
> after the publication of Sir Isaac Newton's famous booK, intitled 
*' Philosophice Naturalis Principia Matkematica." He was one 
of the very few persons (probably not more than a dozen in all 
Europe) who were capable of reading and understanding that 
very learned and difficult work j and he did read it with great 
attention and admiration ; as . will appear from the following 
passages of his discourse on the cause of gravity, or the weight of 
bodies, which was published, together with his Treatise'on Light, 
(both in French) in a small quarto volume, at Leyden in Holland, 
in the year 1690.. In page 153 of that volume, he speaks of that 
celebrated work in these words : — " Et du depuis, ayant encore 
*• lu le trcs scavant Ouvrage de Monsieur Newton, dpnt le titre 
" est * Philosophic^ Naturalis Principia Mathe?naHca :'" and, 
afterwards, in page 165, he expresses himself in these words: — ^ 
J*ai cru devoir aller au-devant 4e ces objections que pourroit 
suggerer le livre de Monsieur Newton, sachant la grandc 
** estime qu'on fait de cet Ouvrage, et avec Raison ; puisq'u'on 
" ne saufoit rien voir de plus s.avant en ces Matieres, vni qui 
*' temoigne line plus girande Penetration d'Esprit:*' And in this 
same discourse he approves highly of several of the philosophical 
discoveries of Newton set-forth in that great work ; as, that the 
force of gravity by which the moon tends towards the earth, and 
is retained in her orbit, is to the force of gravity of a body at the 
surface of the earth inversely as the squares of their respective 
distances from- the earth's centre; and that the gravitation of the 
primary planets towards the sun observes the same law of the 
inverse r^tio of the squares of their distances from the sun, which 
is the central body towards which they tend : and he declares, 
that he thinks that Mr. Newton has fully retuted Monsieur Des 
Cartes's opinion thiat th6 planets are carried round the sun by 
vortexes ; and he agrees with Mr, Newton in some other im» 
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^portant philosophical doctrines contained in that celebrated 
treatise. But yet he de<rlares that he cannot assefit to Mr* 
Newton's doctrine of the mutual attraction of the particles of 
matter. This he expresses in these words, in page 159:— -"Jc 
•• ne suis pas d'accord [avec Monsieur Newton] d'un principe 
qu'il suppose dans ce calcul et alleurs : qui est, que toutes Ics 
peties parties qu'on peut imaginer dans deux, ou plusieari, 
di(F6rens corps, s'attirent, ou tendent a s'approcher, mutueU 
^ment. Ce que je ne saurois admettre, parceque je crois voir 
" clairement que la cause d*une. telle attraction n'cst point ex« 
•• plicable par aucun principe de mechanique, ni des regies du 
•• mouvement. Comme je ne suis persuad^ non-plus de la 
•* n^cessite de I'attraction mutuelle des corps entiers : ayant fait 
•• voir que quand il n*y auroit point de terre, les corps ne 
•• laisseroient pas, par ce qu'on appelle leur pesanteur, de tendre 
«• vers un centred And again, in page 163, he has these 
words :— " Ce seroit autre, chose si on supposoit que la pesanteur 
«* fiit une qualite inherente de la matiere corporelle. Mais c'cst a 
•* quoi je ne crois pas que Monsieur Newton consente, par- 
•• ce q'une telle Hypothese nous eloigneroit fort des. Principes 
<• Mathematiques ou Mechaniques." 

These are the passages in that discourse of Mr. Huyghcns, 
which relate to this doctrine of the mutual attraction of the par- 
ticles of matter in all directions whatsoever, as well as in right 
lines tending to the centre of the earth. But now this doctrine 
seems to be generally admitted by natural philosophers, both in 
in Great Britain and on the Continent. 

It is, however, much to be wished that some positive proofs 
of the existence of such a principle of mutual attraction of the 
particles of matter could be given, that were derived from actual 
experience, that we might assent to this doctrine of the general 
attraction of all particles of matter- to wards each other, in alt 
directions whatsoever, as well as in the direction of right lines 
tending to the centre of the earth, upon the same grounds as we 
assent to the doctrine of a mutual attraction between a loadHone 
and a piece of iron, when we see the biece of iron actually move 
towards the loadstone ; and when, if the piece of iron is held 
fast, and prevented from moving towards the loadstone, we see 
the loadstone move towards the piece of iron. 

But, if this mutual attraction of all the particles of matter 
towards each other, in all directions and at all distances, does 
really exist in Nature, (as is now generally admitted by philosa* 
phers) it is extremely difficult to contrive experiments that will 
render the effects of it perceptible by our senses. Yet some 
experiments have been made with this view, by very eminent 
philosophers, which are thought by good judges to have been 
attended with considerable success ; for Dr. Nevil Maskeiyne, 
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the pi*e«eht Astrohotaer Royal, took a journey intd Scoffand fof' 
this purpose, about thirty years ago, and made some very nicd 
dbservatidns on the positions ot some bright fixt stars situated 
nearly in the zenith of the heavens, first on the south side, and 
then on the north side, of a very high and broad niountain, called 
Schekallicnt and found a difference in the zenith of the said stars! 
on the two different sides of the said mountain, which, he thought^ 
afforded a proof that the plumb-line, employed in nle'asuring 
those zenith distances, had been drawn a little out of its proper 
direction on the opposite sides of the mountain, by its attraction. 
And a like conclusion in favour of this doctrine of the attraction of 
matter is said to have been drawn hy the French Astronomefr, 
Mons.de la Condanimp and Jiis companions, (who were sent, in th« 
year 1744,' by Lewis the XVth, King of France, to measure a 
degree of latitude in South America, from observations (similar 
to those of Dr. Maskelyne above;nentionedJ which they had 
made on different sides of the high and broad tange of mountains 
called The Cordilleras. And a few years ago, the very learned 
and ingenious Natural Philosopher, Mr. Henry Cavendish, made 
an experiment of a different kind, but for the same purpose, iit 
England, of which an account has been published in the 
{Philosophical Transactions. And this experiment is likewise 
considered as a successful one, and as furhishing an additional 
J>roofof the attractive power of matter. It is, however, still 
' desirable that we should obtain other proofs of it froni experi- 
ments properly contrived for the purpose ; and I am inclined to 
think* that the following experiment might afford us some further 
grounds for supposing that this remarkable property of attrac« 
tioa does really belong to mattei*; 

I have been told that in the north of England there are Coat 
mines that are of the depth ot six hundred feet, in a perpendi* 
cular direction below the surface 6f the earth ; therefore, if the 
above doctrine of the mutital attraction of the particles of matter 
is true, the weight of a body carried to the bottom of such a coal 
mine, would be less than its weight wh^n placed on the surface 
of the earth ; and, if thcearth be every where of the same density 
from the surface to the centre, the weight of the body in the' 
coal mine will be less than its weight on ihe surface of the earthy 
in proportion of its distance from the centre of the earth, when 
-it is in the coal mine, to its distance from the centre when it is 
on surface of .the earth; that is, in the proportion of the semi- 
diameter of the earth — 600 feet^ to the semi-diameter of the 
earth ; or, (if we suppose the semi-diameter of the earth to be 
equal to 4000 miles), of 4000 miles — 606 feet to 4000 miles; 
but a mile is zr 5280 feet, and, consequently 4000 miles ate ~ 
4000 times 5280 feet, or 21, 120,000 feet, and 400omiles — ^6ao 
teet are (r= 21,120,000 feet — • 600 feet) =: 111119,400 feet^ 
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therefore (he weight of a hody in tbt coal mine will be to its 
weight on the surface of the earth as 8i»ii9»4oo feet are to 
s I9I 20,000 feett or as 911,1^4 is to 2it>s»X); or the force of- 
gravity acting upon a body in the coal mine, and tending to 
move it in a right line towards the centre of the earth, will be t# 
the force of gravity acting upon the same body on the surface of 
the earth, and tending to make it move in the same direction* 
or in a right line towards the centre of the earth, is as 21 1,194 i« 
to 8^1,200. And, consequently, if in any small portion of 
* time a body placed on the surface of the earth would fall perpen^- 
dicularly downwards through any space called S, it would, if • 
placed in the coal mine, fall perpendicularly downwards through 

' only ^—^ parts of the said space S in the same time* 

' 211,200'^ '^ 

Thereforeif avery good pendulum cIocI^,that swings seconds, or 
performs one oscillation in a second of time, were to be carried 
to the bottom of such coal mine 600 feet deep, the space through 
which a heavy body would fall in the said coal mine, in the same 
time in which it would fall, when on the surface of the earth, 
through the length of the said pendulum (which we will call 
L) will be less than the length of the said pendulum, or 
than L, in the proportion of 211,194 to 211,200, or will be 

equal to *"*^^^ X L, or 0*^99,971,590,909 x L, and con- 
* 211,200 

sequently the time of falling through the whole length of the 
pendulum L in the coal mine, will be longer than the time of 
falling through it on the surface of the earth, in the samt 
proportion as it Is longer than the time of falling through 
o* 999*97 i.59^»9<^9 ^ ^» in the coal mine. 

But the time of falling through the whole length L in the coal 
mine is to the time of falling through 0^599,97 1 ,590,909 X L in the 
coal mine ili the sub-duplicatc ratio of the spaces fallen through, 
to wit L, or 1 L, and 0*999,971,590,909 X L, that is in the 
sub-duplicate ratio of 1 to 0-999,97 1,590^,909, or in the ratio 
of 1 to the square root of p*099«97i»59O,9O9, or of 1 to 
0-999.985,795, or very nearly of I to 0-999,985,8. 

Therefore the time of falling through L, or the length of the 
pendulum, in the coal mine, will be to the time of falling 
through the same length on ihe surface of the earth, (which ic 
equal to the time of falling through 0.999,971,590,909 xL in 
the coal mine,) as 1 is to 0.999,985,8. 

But the time of falling through L,- or the length of the pendu«^ 
lum, in the coal mine, will be to the time of performing one 
oscillation of it in the coal mine in the same proportion at. the 
time. of falling through the length of the pendulum on the sur* 
face of the earth is to the time of performing one oscillation of it 
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on the surface of the earth; theref ore^ permuiando, the time of 
falling through the length of the pendulum, in the coal mine, wilt 
be to the time of falling through the same length on the surface 
of the earthy in the same proportion as the time of performing 
one oscillation in the coal mine is to the time of performing one 
oscillation on the surface of the earth ; but the time of falling 
through the length of the pendulum, in the coal mine, is to the 
time of falling through the same length on the surface of the 
earth as i is to o'9d9>985i8 ; or as io,ooo,ooa is to 9,999,858; 
therefore while the pendulum would perform 10,000,000 
oscillaticHis on the surface of the earth, it would, when 
placed in the coal mine, perform only 9»999,858 oscillations : 
but the pendulum is supposed to swing seconds, or to perform 
one oscillation in a second of time, when on the surface of the 
earth; and consequently in 10,000,000 seconds of time it will 
perform io,o«>o,ooo oscillations. Therefore if the clock is 
placed in the coal mine its pendulum will, in the course of 
s 0,000,000 seconds of time, perform only 91999,858 oscillations, 
or 10,000,000--^ 142 oscillation^, or 1^2 fewer oscillations 
than it would h^ve performed in the tame time on thd surface of 
the earth ; and, therefore, the time exhibited by the clock, wheh 
placed in the coal ubine, will, at the end of 10,000,000 seconds 
of time be behind the true time of 10,000^000 seconds' (that 
urooid have been exhibited by it on the surface of the earth) by 
142, or in other words the clock in the coal mine will, in the 
course of lOjOOOjOOO seconds of time^ lose 142 seconds. 

But there are 60 seconds in a minute, and 60 ,minutes in aa , 
hour, and 24 hours in a day. Therefore a day will contain 
60 X 60 X 24 seconds^ or 3600 X 24 seconds, or 86,400 
seconds. Therefore 10,000,000 seconds will be equal to 

i£^5!!?5£ days, or 11574 days, or nearly ij6 days. 
00,400 

Therefore in 116 days the clock in the coal mine will lose ^ 
142 seconds, and consequently in one day it will lose the 116th 
part of 142 seconds, that is.iH'^ or i"'*224, or 1 second 
and more than i\, or -J of a second. 

Therefore if the clock, when carried to the bottom of the 
coal mine, and left there for two or three months together, 
should be found at the end of such 4 time to have lost about a 
second a day, and this experiment, being often repeated with . 
different clocks, should always give the same result, it would 
afford us a just ground for concluding that such loss of time 
must be owing to a diminution of the force of gravity that moves 
the pendulum, occasioned by its r^oval from the surface of the 
earth to the, bottom of the coal mine, and that this diminution 
of the gravity will have arisen from the attraction upwards of 
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lbe>4iuperincumb.eot mass of matter* which will have MreakenA4 
li$ attra/ction downw^irds by the taiuch greater mass of matter 
lying bclpw it. 

Inis computation at the time that would be lost by the peiir 
dulum clock in the coalmine, in the space of 116 days, is 
{bunded oh. a supposition^ tbat^ the mattet* of ihe earth was of 
ihe same density in all its parts from its surface to its centre. 
3ut this supposition is thought to be far from the truth ; and it 
is generally thought ^hat the density of the earth near its centre 
is much greeler than near its surface ; and therefore the Ipss of a 
|>ody's gravity by its being carried into a coal mixie six hundred 
feet deep, will be much less than on the foregoing supposition, 
jand consequently the loss of time of the pendulum clock in a 
coal mine of that depth, in the space of 116 days^ will be much 
less than on the former supposition, or than 14a. seconds, and, 
perhaps, not above a fourth part of that time, org j seconds and 
a hall ; or, neglecting the fraction, 35 seconds* Therefore, 
there is pp reason to expect a greater loss of time from this re- 
moval of the pendulum clock to the poal mine than that of 35, 
or perhaps 30 seconds in 11^ days, or -AV seconds, or t%^» or 
^bout a quarter of a second in % day, or a second in 4 days, or 
fL minute in 240 days, or in 8 mqnths. This is indeed a very 
^mall quantity, and renders the experiment more diffiaalt and 
precarious than it appeared before; Yet^ perhaps, it may be 
jyprtjl trying, ^ / 



ARTIpLE X- 

JtenK^rks upon Mr. Gouge's Essay^ §n Polygonal Numiers. 

^y Mr. BARtow. 

It was not my intention to enter ipto any further arguments 
on the subject, of Mr. Gough's demonstration, of Fermat's 
theorem, conpi^eriug what I had said in l^igbolson's Journal to 
be conclusive, unless it could have been refuted ; but instead of 
faking this course, JfAr. Goiigh has published in your last number 
k corrected essay, and calls upon lue to point out any error • 
which, he says, in its present form, wil| be easily detected, if 
^y such should have iriadvj?rtently bepn comitted# It is true, 
jn the corrected essay the error is so obvious, that I trust it only 
wants to be stated, in order to its beitig Acknowledged, not only 
py pvery oth^r mathematicis^n, bi^t by Mr, jCfOugh himself. 
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As, however, the paper contains several, that appears to lie 

Jjress errors, these ought in candour to be corrected, in order 
o distinguish them from what I conceive to be an error in prin-* 
ciple, and accordingly the following errata should be previously 
stated : — 

Line lo. Introductory letter j after ** logically^** the words^ 
hut not mathematical ly^ se^m to have been omitted, 

,. - <?* — a a — e .a^-a^p, — t 

1-ine 2, prop* v, for x — -« — read -I . 

^ ■ 2 m — 2 % ffi — ^ 

Line 5, of the saine proposition, requires the sanie cor^ 
rection. ^^ 

Line 5, prop, vii, for --4-^, read . ^^ -. 

^ine 7, prop, viii, for (by cor. 3 prop, ix), read (by cof. g^ 
prop, vi)* 

Having thui cop-ected what I conceive te be press errors, I 
shall next proceed to state what appears to me to be an error 19, 
principle ; and which, notwithstanding theformidable display oC 
propositions, corollaries, scholiums, examples, &c. I trust 1 
shall be able to make appear to Mr. Gough's satisfaction, and 
in very few words, because there is nothing particular^to object 
to till we arrive within 12 lines of the conclusion o( the essay ; 
tiU then, Mr. Gough has only considered the case in which t 
does not exceed 3m, and so far his demonstration is just, tho 
only objection I have to it being, that what he has proved in nine 
propositions, wits demonstrable in as many lines. Thus far the . 
demonstration extends, no farther, than the number 9 for the case 
PI triangular numbers, 1 2 for squares^ 15 tor pentagonals^ &c* 
and, therefore, the principal point under consideration, vi^. 
when t> 39?!, is still to prove, and this Mr. Gough dispatche« 
in the following 12 lines x^ 

** Again, suppose e > ^m^ then if ^ny one of the values of a 
found in prop. vii. be an integer, it fulfils the conditions of the 
proposition. For the first makes e a polygon of the denomination 
mi the second resolves it into 2, one of which is of the first 
order; and the third value of a resolves «: into w» = polygons 
of the same denomination. Lastly, if all the values 01 a found 
by prop. vii. be fractipnal, and 6 > 3z»*', (and which Mr. 
Gough mil observe is the principal thing that requires demon^ 
straiionj " the difference of 4 found in ^xs^mple 2d ^d 3d, 
prop vii. exceeds m — 2 ; therefore a value of a, of the form 
arzp + rx(«i-^— 2), falls between these limits, which resolves 
r, into m polygons of the same denomination, at most, (by cor. g, 
prop. 2*% 

* Now any person who is at all ac(|uainte4 with rpathcmatic^J 
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fiemomlrations, would naturally refer to con g, prop. ti» bfr 
iome satisfaction on this head, and in a corrected essay , at lea^t 
vould expect to find there something to the purpose, which 
varranted the above conclusion ; this^ however, doet not ap- 
pear to be the case, for the corollary in question is as follows;—* 
^ If ^, S be aggregates of functions, the sum of whose in- 

dices are ^, S ; and if # 7 S, but ^ *il S ^ then the functions 

into which s is resolved by ^, are not mpre than those into 

which S is resolved by S. For put r = # --^ S, and its index r 

• • • • 

may be found by cor. 4, prop. i. Hence S -f r will resolve # 

into more functions than ^,'by cor. i. ; but S -f r resolves s into 

inure functions by one than S resolves S ; hence the truth of the 

coroltary ;^' and hence also ike truth of the proposition^ And here 
k is that I conceive the error in the demonstration to rest» for 
] positively deny^ that from this corollary any such conclusion 
can be drawn ; and it it be not, as it appears to me to be, en- 
tirely unconnected in the principle with the concluding part of 
the essay, it is at least by far too jemote for any hiatbematicat de- 
monstration ; and if this latter were the case, would not, and 
ought not, Mr. Gough» in a corrected essay, where he has been 
to profuse in propositions and corollaries, to have bestowed a 
few lines in this place» in order to render evident the most 
essential part of the demonstration ; and as he has not done it 
am I not justi^ed in concluding, that this omission is not acci« 
dental, but proceeds from a defect in the principles of the de* 
monst ration itself. 

1 shall now finally take my leave of this subject. Mr. 
Gough^s first essay, and my objections to it ; as also his cor« 
tected essay, and my remarks, are before mathematicians ; who 
wilt, I trust, find no difficulty in deciding between us. 
Royal Military Academy^ 
Woolmchf October 1, i8io. 



ARTICLE XL 

On the Resolution of the Irreducible Case in Cubic Equations. 

By Mr. P. Barlow, o/the Royal Military Academy ^ 

Woolwich* 

The resolution of cubic equations^ particularly those that fall 
under what is called the irreducible case, is a subject which has 
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^'^g^gc<l the attention of many celebrated mathematicians, ant 
we have accordingly several ingenious rules and formulae for 
finding, or expressing, the roots of equations of this k,ind ; vix. 
by trigonometry, whence the roots are obtained by means of 
table oi sines and tangents ; by continued fractions, by series^ 
&€• &C. But these metho(^, though they do honour to the in* 
genuity and theoretical knowledj^e of their respcetive authors, 
are still very deficient, as they do not lead to the result wiidi 
that simplicity and ease which is always so much to be desired 
in mathematical calculations. The trigonometrical formulae whicli 
exhibit the roots of cubic equations are, to the eye, as simple 
ismd elegant as can be desired, but the operation (except in a x^yr 
cases when a particular relation subsists between the co-eiEcient 
and the absolute term) is very tedious and operose, and such a« 
to render the solution by that method very dubious beyond 5 or 
6 figures ; and a similar objection may be made against every 
either rule that has been at present discovered ior the solution of 
these equations* ' * 

The fact is, that those authors, who have most considered this 
lubject, appear to have been too much engaged with the theory,^ 
to pay that attention to the practical utility of their deductions 
that the importance of the subject demanded^ and the conse* 
quence of this is, as we before observed, that while we are in 
possession of many elegant rules in abstracio for the solution of 
diis problem, we have none that can be applied to real operatioas 
with any tolerable degree o^ ease and convenience* 

Thesecircumstances led me to the consideration of the questton 
under a more practical point of view^ and the result of my in- 
vestigation I will endeavour to explain in the following pages ; 
previous to which, however, it will be proper to state a few 
propositions by way of lemmas, the demonstrations to which are 
not given, as they may be found in most writers on this subject* 

1 . Every cubic equation x^ -4- ««* + Z'Jc -f c = o may be 
transformed to another of the form y^ '\' py^^q. 

2. This reduction is performed by taking — /> =1 3^*— gi, 

and q =z gla — 2a^ — 2yc^ in which case x =z • 

So that the value of y being determined m the transformed 
equation, that ot x in the original one will be obtained from the 

equation x zz ^ . 

^ y 3 . 

3. Every cubic equation when reduced to the form y^-^py zry , 
may be resolved by Cardan's rule, if jo be positive ; and also if p 
be negative and ^jp^/-^ 27^'- 

4* But if ^ be negative, and 4/>*> fi7y'» the root, according 
to the method of Cardan, falls under an imaginaiy form, and for 
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tlit reaion it i* called tlie irreducible caie^ the sohstion of ^\t^ 
forms the principal consideration in the present paper. 

5. Every equation x^ — pxzz^, that falls under the irreduciblef 
case, has^tbree real roots; the greatest of which i$ positive when 
f is positive, (standing on the right hand side of the equation),- 
and negative when q is negative ; and in both cases the stim of 
the two less roots is equal to the greater one, but with the con-' 
trary sign; the sum of the three roots being zero^ according ta 
the known theory of equations. 

These premises bei^g made, I shall proceed to an explanation 
of the method of solving those cubic equations that are of the 
imaginary form by means of the following table ; and as we hav<e 
seen that every cubic equation may be reduced to ono of the 
formy + py =9, or to the form y^ -^ py zz ^q iti the case at 
present under consideration, it will be sufficient for,our purpose 
to limit our investigations to equations of the latter form. 

Now the ^equation y^ — py ,=. q may be reduced to another 

depetxdent equation y^^ — y^ z=z q\ where q^ = ^-5^. 

For makey =: ^, then the first equation becomes ^ — . ^ 
= jT, ox y^^ — r^py^ z=. n^q, and if now we put n'p =. 1, we 
have n =: ^-7=", or «' = 5-^; and consequently n^qzz - ^ ^ 
and thus the equation y^ -^ py "=- q is transformed to another 
y'* — y^ = % * ^^ making -2—^ z=:z y' the equation becomes 

And since y r= ^ and n =: , we have y zz y »/p^ and 

consequently when we have found the value of y', in the equa- 
tion y — • y' 1= q\ we shall have immediately that of y in the 
equation y^ -^pyzzzq^ because^ == y^/p* 

And since the original equation y — /^y zz ^ is of the irredu- 
cible form, the dependent transformed equation y'* — y^ zz q^^ ig 
so likewise, and consequently^ from what has been before ob. 

served, X. Z. — , or 9'* Z. -^^ or q* jL — ^ that is q^Z, 

•38490017. 

And if now this number be substituted as the maximum value 

of 9' in the above equation, making y* — y' = '3 • 4900179, we 

shall find by solving this cubic that th« greatest value of y, 

can never exceed 1*1 541 5. nor the least value of the same root 

' ever be less than 1 ; that is,, every possible value ofy^ in equa-* 
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iSdnS of thefirfm/^ ~3^ sr /, falling Under the^iiteaucibfe 
^ase, are contained between* the limits i and 1*1541 - ^ut if the 
tquation as&ume the form y'"^ — y^ zr — 5^, then the limits above 
given will be those of the negative roots* 

Having observed this circumstance with some attention^ I w^ 
}ed to the formation of the foUpWin^ table; which exhibits the 
value of (f for all possible values of y^ between the above limits^ 
to five places of figures ; and those of 9' to eight places ; by' 
means of which we hiay ascertain by inspection the greatest root 
of all equations of this kind to fi v>e places of figures, and by a 
single division ihese may be extended accurately to eight or nine' 
places of figures^ as will be shewn in the sequel. - 

The construction of the table is so obvious that very little 
need be said by way of explanation, it will be sufficient for this 
purpose to observe, that in the first vertical column in each page 
are found the four leading figures of y\ and the fifth is found m 
the upper horizontal line over the column in which the value of 
^ is observed to lie; being the same as the construction of th6 
common tables of logarithms, and the. method of finding y \% 
the same as that for finding the natural numbers to any given 
logarithm. 

Thus for example in the equation 

y'^— / = -31063461 
we find the value of q' in the table opposite 1*129, and in the 
column piarked 2, and therefore, the true value of y^ to five 
^places in 1*1292. 

Again, let there be proposed the cubic equation y' »— 4y = 1^ 
^ find the root to five places. 

Here^ p 4* 1; = 1, and therefore ^—^zzz ua^oooy which in 

the table corresponds to fo^/j, and, consequently, VC^J^ 
X ^p = 1*0575 X 2 = 2*1159 = y the root required. 
Let now, x^ — 4** + Jt + 3 =: o,/be the proposed equation. 
First tf z= — f 4, 6 zz 1 , and c == 3 ; thereforci ^ = 3a*-^ 
9& = 39 and^;=:9a6 — 2a' — 27£:=:ii*, 
The reduced equation therefore becomes 

y' — 397 = » * 

Also l^=il^9=. 045,6429 

which corresponds in the table to 1*02 19,' 
therefore, 1*0219 X "/ Z9 =^'4377 =J^ * 

then X zz ^ ■■^" = — -^^^ =: 8'47923 t$ one of the roof* 

39 
of the proposed equation, 
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At proient we have only taken, the rooc to fitre placet of 
Jgures,^ i»ut \i will require very little more trouble to ascertain 
the same to nine places, (whijch is sufficiently near for most 
practical purposes), as may he illustrated in the following 
vmnner. 

> Xia and h be made to represent any quan^tie? that are very 
' fmall with resard to a thircf qu^tityy. then the difference be« 
iwcen y^' — ^ir and {y' + of — {y' + a) ; is to the difference 
between (y^-— y) and (y + i)^ — (y^^ "+" h)^ very nearly in 
the ratio of d( to 6 : for a and ^ being very ^all with regard 
to y\ {y^ + «) ' and (y + t)^ will be verv nearly expres/ed by 
ya 4- 3y^*a andy^nh 3/*^; and thus tne diflfcrences above 
fitate^ will become ^y'^a — a : 37^^^ — 6, which are exactly in 
the ratio o( a i I. And hence it appears, that the difference 
between any two consecutive values of ^^ in the table, is to the 
difference between either of them and a third intermediate value 
of q\ as the difference between the two consecutive v^lu^ of y^ i* 
to the difierence between one of those values and the requiired 
intermediate value of y'. 

So that when any given value of y' is not found exactly in the 
table, we must take out the difference between the next greater 
value and the next less, is also between the less and that proposed; 
then, as the first of these differenceif is to *oooi, the difference 
between the corresponding values of y^, so is the latter differ* 
ence to the proportional part to be added on to the least tabular 
value ofy : and since the above ratio approaches extremely near 
to that of equality, this proportional part may be considered a» 
correct to four places of figures, and thus the value of y^ will 
be accurately determined (o at least ^ figures. 

As an example, let there be proposed the equation i^c'— 7X=:5* 

lirit? -^ £= •30396955 

next greater tabular number i* . . 4 . . . 32398835 . , , . vt 339 
nextless ••• • *•»•••• .32370267 •«•• 1*1338 
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^fference. ••.••••« 28568 .... oooi 

difference between the less and the 1 ^ iif:Qm 
given number •••••;••.•, • . ./ **>"«» 

Thci?efore from the foregoing, rule, we haye 

28568 : *oooi :: *26688 : 00009349 
which being added to the less tabular nutnbers gives 1*1338994^ 
fbr the required value ofy, and consequemly, y =; Ut^^igZi^ 
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M67;8684 
, 68033605 

4S3557 4 
566947 

7987 3 

3 4 
iherfeforcjjr = 3*00000000 

— wliich is true to .the ninth place oi figures, the real vajue of y 
being 3^ as in evident from the eiven equation* 

Hence it appears that the only tedious operations to be- per« 
formed in solving the irreducible case of cubic equations by this 
method is, firsts extracting the root of the co-efficient, (when it 
it not an exact squaire) one operation in division^ and the above 
multiplication, but . these are comparatively very trifling when 
contracted, with, any other method, at least that I am acquainted 
with ; .and the ^tst of these 9perations, if the co-efficient be not 
large, may be sjipplied from booki| of tables where tKe roots are 
given to > limited exteiit. It is presumed thai tl;ie examples 
which have ^en given are quite siifEcient for the purpose oi 
illustrating the iuse of the table, and I shall tlfierefbre only ob- 
serve, ^h^ tht lOperation is exactly the same in equations of the 
formy! — ^y,p~ j', but Ae root so found will be j^egative^ 
whereas in the former case it was positive. 

In t^e fordoing pages Tire have only iaught the method of 
finding one of the roots of a given equation, but it is evident 

^ that the table might have been so formed as to exhibit all the 
three roots, which would, however, only have extended it to 
an unnecessary length $ for one of the roots being founds the 
other twd aire readily discovered by the following formulae. 

Let the known root be represented by ^ ; p and q b^ng the 
co-efficient and absolute term as before ; tbeni the two unknown 
roots 5 iind c will be found thus ^ 

these two roots being negative when a is positive, and positive 
when a is negative. . . ^ 

Thus in the equation >' -— 8y = 3 
where one of the roots is + 3 = a, theother two roots are 

fSi 
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1000 
1001 
1002 
lOOS 
1004 
1005 
1006 
1007 
1008 
1009 
1010 
1011 
1012 
1016 
1014 
1015 
1016 
1017 
1018 
1019 
1020 
lOdl 
1020 
1023 
1024 
1025 
1026 
1027 
1028 
1029 
1030 
1031 
1032 
1033 
1034 
1035 
1036 
1037 
1038 
1039 
1040 
1041 
1042 
1043 
1044 
1045 
1046 
1047 
1048 
1049 
1050 



00000000 

00200300 

00401201 

00602703 

00804806 

01007513 

01212822- 

01414734 

01619261 

01824373 

02030100 

02236433 

02443373 

02650920 

02859074 

03067838 

03277210 

03487191 

03697783 

03908986 

04120800 

04333226 

.04546265 
04759917 
04974182 
05189065 
05404558 
05620668 
05837395 
06054739 
06270000 
06491279 
06710477 
06930294 
Q7150730 
07371788 
07593466 
078H765 
08038687 
08262232 
08486400 
08711192 
089315609 
09162651 

\ 09389318 
09616613 
09844534 
10073082 
10302259 
10532065 
10762500 



00020003 
00220363 
00421324 
006^2886 
00825050 
01027816 
01231186 
01435159 
016397^6 
01844918 
02Q50706 
02257100 
02464100 
02671708 
02879923 

03088747 

03298180 

03508223 

03718876 

03930140 

04142015 

04354502 

04567602 

04781316 

04995643 

05210584 

05426^4.1 

05642313 

05859102 

06076507 

06294530 

.06513171 

06732431 

^6952809: 

07172808 

07393927 

07615668 

07838(029 

08061014 

08284621 

08508851 

08733705 

08959185 

09185289 

09412020 

09639376 

09867360 

1009597J2 

10325211 

10555080 

10785578 



00040012 

00240432 
00441453 
00643075 
00845299 
01048126 
01251556 
01455589 
01660227 
01865470 
02071318 
02277772 
02484834 
02692501 
02900778 
03109663 
03319157 
03529261 
03739974 
03951300 
04163236 
04375785 
04588946 
04802721 
05017109 
05232112 

,054477^0 
05663964 
05880815 
Q6098282 
0631Q3Q6 
06535p69 
06754391 
06974331 
07194892 
07416P73 
07637876 
07860300 
08083346 
08307016 
08531308 
08756225 
08981767 
09207934 
09434727 
09662147 
09890193 
100118867 

t 10348170 

0578101 

8663 



mm**' 
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00060027 

00260507 

00461588 

00663271 

00865555 

01008442 

01271932 

01476026 

01680724 

01886027 

02091936 

02298451 

02505573 

02713302 

02921639 

03130585 

03340140 

0355030SI 

03761080 

03972460 ] 

04184464' 

043970741 

04610^96 

04824132 

05038582 

052536461 

05469326 

05685622 

05902534 

061^0062*' 

063482019. 

06656973 

06776357 1 

06996SliO 

072169i8i^ 

07438226 

<>7660090' 

0788257*7 

08105688 

08329417 

0855377^ 

08778751 

09004356 

09236585 ' 

09457441 

09684923 

09913032 

10141769 

10371135 

10601129 

10831753 

■ 4 If Ti ii-f 



00080048 

00280588 

00487294 

00683472 

00885817 

01088764 

01292314 

01496469 

01701^27 

01906591 

02112560 

02619136 

02526319 

02734109 

02942507 

0315i5ll3 

03361129 

03571355 > 

03782190 

Q3993638 

04205697 

04618368 

04631652 > 

04845549 

05060061 

05275167 

054909^^8 

05707285 

05^)2i|2'59 

06141649 

O636'0057 

06578884 

06798329 

07018d9k4 

07239079 

P7460384 

07682311 

07904859 

P.812803Q 

08351824 

0d801«84 i 

09026951 

09253243 

09480161 

097077pq 

09935878 

10164678 

10394106 

10624163 

10854850, 



Jrreducihk Casi.in Cubic Equoffons. ^^ 



/\ * 


6 


7 


» I 


i ' 


1000 


001Q0075 


00120108 


00140147 


00160192 


00180243 


tool 


00300676 


DO32O708 


OP340867 


.00360973 


00S81084 


1002 


OO501876 


00522030 


00542189 


00662354 


00582525 


1008 


tK)703679 


00723893 


00744112 


00764337 


D0784569 


1004 


00966084 


00926368 


00946637 


00966923 


00987215 


1005 


01109092 


01129426 


01149766 


01170112 


01190464 


1006 


01312702 


01333907 


01353497 


01373903 


01394316 


1007 


01516917 


01637372 


01557833 


01678299 


01698772 


1008 


01721736 


01742262 


01762773 


01783300 


01803833 


1009 


01927160 


01947736 


01968318 


01988906 


020096 


1010 


02133191 


02153827 


02174470 


02195118 


02215773 


1011 


02339827 


02360524 


02381227 


02401936 


02422652 


1012 


035^7070 


02667828 


02588592 


02609317 


02630138 


1013 


02754921 


02775740 


02796664 


02817396 


0283823^ 


1014 


03963380 


02984259 


03005145 


03026036 


03046934 


1015 


03172447 


Q3193388 


03214334 


032S5286 


03256245 


1016 


03382124 


03403152 


03424133 


03446146 


03466166 


1017 


03592411 


03613473 


03634642 


03656616 


03676697 


1018 


03803308 


03824431 


03845561 


03866966 


03887838 


1019 


04014816 


04036001 


04057192 


04078388 


04Q99591 


1080 


04226937 


04248182 


04269434 


04290692 


04311966 


1021 


04439069 


04460976 


04482289 


04503608 


046249.33 


1022 


04658014 


04674382 


04695757 


04717137 


04738524 


1023 


04866973 


04888402 


04909838 


04931280 


.04952728 


1P24 


05081546 


05103036 


05124534 


05146037 


06167647 


1025 


05296733 


06318286 


05339844 


05361409 


05382980 


1026 


05512534 


05534150 


0$565770 


05577397 


06699030 


1027 


05728956 


05750630 


057.7?312 


05794000 


05815695 


1028 


05^45990 


05967727 


05989471 


06011221 


060p:^977 


1029 


06163642 


06185441 


06207247 


06229068 


<)62&687$ 


lOSO 


06381912 


06403773 


06425640 


06447514 


06469393 


1031 


06600800 


06622723 


06644653 


06666588 


066,8852^9 


1032 


06820308 


06842293. 


06864284 


06886281 


06908284 


loss 


.07a4O435 


07062481 


07084534 


07106693 


07128659 


10S4 


073161181 


0728329Q. 


07305404 


07327526 


0734965i 
0757126? 


1035 


07482549 


07504720 


07526899 


07649080 


1036 


07704538 


07726771 


077490^) 


07771256 


07793597 


1037 


07927148 


07949114 


07971745 


07994053 


080,16367 


1008 


08150382 


08172739 


08195103 


08217473 


08239849 


1039 


08374238 


06396658 


08419084 


08441516 


08463955 


1040 


08598718 


08621200 


08643489 


08666184 


08688685 


1041 


08823822 


08846367 


08868918 


O$801475 


089140^9 


1042 


09049552 


09072159 


09094772 


091173^2 


09140018 


1043 


09275906 


09298576 


09321252 


09343935 


09366623 


1044 


09502887 


09526627 


09548358 


09671103 


096938661 


1045 


09730495 


09763290 


09776091 


09798900 


09821713 


1046 


09958729 


09981587 


10004462 


10027322 


10050199 


1047 


10187592 


10210513 


10233440 


10256374 


10279313 


Jl048 


10417083 


10440067 


10463057 


10486063 


105090*^ 


11049 


10647204 


10670250 


10693303 


10716363 


107B7428 


11050 


10877954 10901063 


10924179 1 10947301 


1097043q 

• 
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Tahlejcr the Sotution of the 



1103" 

1104 
1105 
1106 
1107 
1108 
1109 
1110 

nil 

1112 
1113 
1114 
1115 
1116 
1117 
U18 
1119 
1120 
1131 
1122 
1123 
1124 
1125 
1126 
1127 
1128 
1129 
1130 
1131 
1132 
1133 
1134 
1135 
1136 
1137 
1138 
1139 
1140 
1141 
1142 
1143 
1144 
1145 
1146 
^147 
1148 
1149 
1150 
1161 
1152 
1153 
11154 



6 



8 



27901973 
24157286 
24423263 
24689902 
24957204 
25225171 
25493803 
25763100 
26033063 
26303693 
26574990 
26846954 
27119588 
27392890 
27666861 
27941503 
28216816 
28492800 
28769456 
29046784 
29324787 
296034^2 
29882813 
30162838 
30443538 
30724915 
31006969 
31^89700 
31573109 
31857197 
32141964 
32427410 
32713538 
33000346 
332^7835 
33576007 
33864862 
34154400 
34444622 
34755529 
36027121 
35319398 
35612363 
35906014 
36200352 
36495379 
36791095 
37087500 
37384595 
37682380 
37980858 
38280026 



23918474 
24183854 
24449897 
24716602 
24983971 
25252004 
25520703 
25790066 
26060096 
26330792 
26602156 
26874188 
27146888 
27420257 
27694295 
27969004 
28244384 
28520435 
28797159 
29074566 
29352624 
29631367 
29910785 
30190877 
30471646 
30753090 
31035312 
31318010 
31701487 
31885643 
32170478 
32455992 
32742188 
33029064 
33316622 
33604862 
33893785 

34183391 
34473682 
34764657 
35056318 
36348664 
35641697 
35955417 
36229824 
36524920 
36820704 
37117178 
37414343 
37712197 
38010743 
38309981 



23944982 
24210429 
24476537 
24743309 
25010745 
25278844 
25547609 
25817039 
26087136 
26357899 
26639239 
26901428 
27174194 
27447630 
27721736 
27996512 
28271959 
28548077 
28824868 
29102331 
29380468 
29659278 
29938764 
30218924 
30499760 
30781272 
31063461 
31346328 
31629872 
31914096 
32198999 
32484581 
32770845 
33057789 
33345415 
Q363372S 
33922715 
34212390 
34502749 
34793792 
35085521 
35377936 
35671039 
35964826 
36269303 
36554467 
36860321 
37146864 
37444097 
37742021 
38040636 
38339943 



23971497 

24237010 

24503185 

24770023 

25037525 

25305691 

25574522 

25844019 

26114182 

26385012 

26656509 

26928674 

27201508 

27476011 

27749183 

28024027 

28299541 

28575726 

28852584 

29130115 

29408319 

29687197 

29966749 

30246977 

30627880 

30809460 

31091717 

31374652 

31658264 

31942556 

32227526 

32513177 

32799608 

33086521 

33374215 

33662592 

33951662 

84241395 

34531822 

34822934 

36114732 

35407216 

36700386 

35994243 

36288788 

36584022 

36879944 

37176556 

37473858 

37771861 

38070636 

38369912 



98019 



23998011 

24263597 

245298391 

24796749 

25064311 

25332544 

25601442 

25871001 

26141235 

26412131 

26683695 

26956927 

27228828 ' 

27502398 

27776638 

28061548 

28327129 

28608382 

28880307 , 

29157905 

29436176 

29715121 

29994742 

30275037 

30556008 

30837655 

31119980 

31402982 

31686663 

31971022 

32256061 

32541780 

32828179 
33115260 
33403022 
33691467 
33980596 
34270407 
34560903 
34852083 
35143949 
35436502 
35729740 
36023667 
36318280 
36613583 
36909574 
37206255 
37503626 
37801689 
38100442 
383998881 
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8 



1103 
1104 
1105 
1106 
1107 
1108 
1109 
1110 
1111 
1112 
1113 
1114 
1115 
1116 
1117 

Xns 

1119 

1120 

112i 

1122 

1123 

1124 

1125 

1126 

1127 

1128 

1129 

1130 

llSl 

1132 

1133 

1134 

1,135 

1136 

1187 

1138 

1139 

1140 

1141 

1142 

1143 

1144 

1145 

1146 

1147 

1148 

1149 

1150 

1151 

1152 

1153 

1154 



24024547 

24290192 

24556499 

24823470 

25091105 

25359404 

25628368 

25897998 

26168295 

26439258 

26710889 

26983187 

27256165 

27529792 

27804098 

28079076 

28354724 

28631044 

.28908036 

29185702 

29464040 

29743053 

20022741 

30303103 

30584142 

30865857 

31148250 

314S1320 

81715068 

31999^95 

32284602 

32570389 

328568^6 

a3l44005 

33481886 

33720349 

34009545 

34299426 

34589990 

84881239 

35173174 

35465795 

35759102 

36053097 

36347780 

26643151 

36939211 

37236961 

37533402 

37831533 

98130356 

38429870 



24051081 

24316792 

24583166 

24850204 

25117905 

25.386270 

25655301 

25924998 

26195361 

26466391 

26738088 

27010454 

27283488 

27557192 

27831566 

28106610 

28382326 

28658713 

28935773 

29213505 

29491911 

29770991 

30050747 

3O33II77 

30^12283 

30894066 

31176526 

31459664 

31743480 

32027975 

32^13150 

32599005 

32885541 

33172758 

33460657 

33749238 

34038503 

34328451 

34619084 

34910402 

35202405 

35496094 

35788471 

36082534 

36577286 

3^672726 

36968855 

37265674 

37563184 

37861384 

38160276 

38450960 



24077623 

2434.3400 

24609840 

24876944 

25144711 

25413144 

25682241 

25952004 

26222434 

264935S1 

26765295 

27037727 

27310829 

27584599 

27859040 

28134152 

28409934 

28686389 

28963516 

29241315 

29519789 

29798937 

30078759 

30359257 

30640431 

30922282 

31204810 

31488015 

31771899 

32056462 

32341705 

32627628 

32914232 

33201517 

33489484 

33778134 

34067467 

34357484 

34648185 

34939571 

S5233643 

35524401 

35817846 

36111978 

36406799 

36702308 

36998506 

37295394 

37592973 

37891242 

38190203 

38489856 



24104171 
124370014 
24636521 
24903691 
25171525 
25440023 
25709187 
25979017 
26249514 
26520677 
26792508 
27065007 
,27338176 
-27612013 
27886521 
28161700 
28437549 
28714071 
28991265 
29269132 
29547673 
29826888 
20106779 
30387344 
30668586 
30950504 
31233100 
31516373 
31800325 
32084953 
32370^67 
32656258 
32942929 
33230283 
33518318 
33807036 
34096438 
34386523 
34677293 
34968747 
35260888 

35553715 
35847228 
36141430 
36436319 
36731897 
37028164 
37325121 
37622768 
37921107 
38220137 
38519860 



» I 

24130725 
24396635 
24663208 
24930444 
25198045 
1^5466910 
25736140 
26006037 
26276600 
26547830 
26819728 
27092294 
27365529 

27639434 
27914009 

28189254 
28465171 
28741760 
29019022 
29296956 
29575564 
29854847 
30134805 
30415438 
30696!747 
30978733 
31261396 
3154473$ 
31828757^ 
32113456 
32398835 
32684894 
82971634 
33259055 
33547159 
338359461 
341254151 
344155691 
347064071 
3499'7931 
35290140 
35583035 
35876618 
36170887 
36465846 
36761492 
37057828 
37354855 
37652571 
3795097^ 
38250078 
385498701 
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ARTICLE XIL 

New Properties of the Conic Sections. 
By Mr. J, F. W. Herschel, St. John's College, Cambridge. 

To the Editor oj the MatheTuatical Repository., 

Sir, 

As the following properties of the conic sections appear to 
me, so far as my reading has hitherto extended, to have been 
unnoticed, I have been induced to trouble you with themi 
under the idea that you may^ perhaps, not deem them unworthy 
a place in your Repository, 

If we call a the semi-axis major ot a conic section, ae the 
excentricity, r, the distance between one focus and a point in 
the curve, r, the distance between the other, and the same 
point, and u =: the angle included between r and the line join- 
ing the foci, we have . 

1 — tf * , 1 — 2e cos tt 4- ^* 

rn: a , and .'. K:=.2a — rzza : 

1 — € cos u 1 — e cos u 

R 1 — 2ecosM + ^* 1 — ecostt l-— 2^COS.tt + ^* 

.'. — zi— X 1 — =- 7. ' '• • 

r 1— ^costt 1 — e x-^e 

For u substitute successively 0, -I ^, 9 + 4^ .... 6-f ^ " ^ ; 

'^ n n n 

and callthe corresponding values of r, k. { ^^'^C^^'.^n) "' } 

and the product of the values - will be ; * — y\ ' ' — ^~ = 
^ r r(i) . r(2) .. r(ii) 

( i-2<rcosS+i?*) (i-2^cos(Q+ —)+<?*). .(l-2gCOS(9-f ^""'^*^^ )-f^*) 

. __ 

1 — 2<f" COS nfl -h <r^" , , 

• (A) 



which is the general equation I proposed, to deduce* 

But when oneoi the lines, which drawn from the focus, dividet 
the circumference intofi parts^ (i. e. of the lines r(i),r(2^ &c.) 
has its other extremity in the farther vertex, assuming this for 
r(i) ;' we have d = o, and •*• cos »d = i, and the equation (a) 

R(i).Rf2)....R(n) 1—2/4-^5*'' 'd— O* 

becomes -~Hr — H K = = ' '» 

r{t) . r{2) . . • r(n) (!-«<?»)» (i— «*)• 

which geomcitrically expressed, wouidafibrd apropeity not iude^ 
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gant of lines drawn from the focus of any conic section to its pe. 
ripbery^ dividing it into n paits» and making equal angles at the 
focus^ one of which is the greatest focal distance. It may be 
remarked in general, that in the hyperbol^^ since a line drawn 
to the focus as (r) when it makes with the line joininor the foci 



o 

1 



an angle whose cosine is j, is parallel to the asymptote, the 

intersections of r(i)y r(2), &c. with the curve will He in the 
same hyperbola, so long as arc, cos ^ is greater, or ftar — arc, 

cos — -yless, than B -\- ^ — ■ i ^ / „ , but when m is such 

c - • /• 

that 9 + * * is between arc, cos — ^ and 2w — • arc. 

n ^ • 

cos — -r 9 the intersections, or the extremities of the r will 

c 

pass into the opposite hyperbola* 

Now in the equation (a) let n be odd, and let one point of 
division of the conic section lie in the nearer vertex to the focus, 
the origin of the r ; we have fl zz l8o** ~ », and 

r(i)>r(2). R(3).>>.R(ff) _ a+ 2g'»4- e^"_ (ijh^ 
r(i) .r(2) .r(3).,..r (!?)■" (i— <rT "^(i—^)"* 

whidi expre'sses another general property of lines drawn, from 
one focus, multisectine the periphery, so that the angles at the 
focus are equal, one of the divisions falling on the nearer vertex. 
These are the theorems. Sir, which it was my design to de- 
monstrate. It would at first view appear that they are analogoif^ 
to Cotes's properties of the circle^ but a slight consideration 
shews them to be totally separated from those forms. It i^ 
almost too obvious to require that I should mention that the 
same equations^ tmth all the generality of the algebraic signs^ 
apply to the ellipse, hyperbola and parabola, in the former 
case^ a is positive and ^ <^ i. In the second a is negative 
and ^ > 1. In the third, a= oo and e ^ i. If we would 
however^ geometrically neglect the proper signs, we shall have 

. , , , , R(l) . IC(2)..R(7|) 1 — 2tf''cOSe+tf^* 

in the hyperbola — i— = r— • ; 

^^ r(i) .r(2)..r(7i)' {e^-tf 

and in the other two cases, 

R(t).R(2)....R(n) _ (^"-1)' ^^ (g"+0\ 

hi 
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ARTICLE XIII. 

iNtoiTjRMiNATE Problems. £y Mr. Cuni^ifpe* 

Problem i. To find the sidc$ of three right-angled tri- 
kngles in rational numbers, whose areas sha|l be equal to each 
otiier. 

Solution. It is known that rr? — n', %mn and wi* + «*, 
Express the sided of a right-angled triangle: and suppose p^^^q*^ 
%pq and^*^- y*, denote the sides of another right-angled tri- 
togte of equal area; then will mn (wi* — ^ii*)^^^ {p^- — y*). 

Put p'^.mA-r and .qzzn'^r^ then pq :=: mn — r[m — n) — r \ and 

p*^^q^zzm'^-^n*^2rlm + n) ; thcrciore mn {n? — »^) =/>9(j&*— j*) 

*x(w? — 4?*« 4-«*)— 8^* (OT*— «*)— 2r^(w+ «) ; which becopics 
%r*+yr{m — n) z=. — 7»* + 4mn — «* ; completing the square, &c, 

tzz + I v'(»i* + i4W»»4n*) — ^ '■ ■ ■ '. From whence it ap- 

^ .4 

pears that, in order to have r rational, ni^^i^mti-irn^ must be a 

rational square. Put m*+i4»»»+«*=(w+*+ J)*=»i*+2wn+ 
«'+2^(w+«)+i » whence inz=-'^ — '—Zl ^nd supposmg the 
jfK)sitive sign to have place r = i V^l'"** + J4»z» -h i*)~ 

4 4 4 i2« — 2/ 

^r if the negative sign in the value oT r, is supposed to take 

place, r zz^lV{m^+H^n+n^)-^^^!t^^ 

4 4 

jrsn' — i2«* — ^* 



2 X (12»— 2^) 

Now aj( r lias two values, it is evident from What has been 
.done, that we can find the sides of three right.*ang]ed triangles 
in rational jpiumbers, whose areas are equal to eacli other. 

Ex. Take «=:i and J=3 then »i=:^, 2«a= a, w* — »*:=: — 

. ' ^ 4 

which are the legs of one triangle, and taking the first ex- 

pression for r, viz. r z=z ~ — == 1 5 then p zz m+'rzz^, 

q:=:n — r=:|,2y^:^3, p'-Hj'iss-^, which are the Jeg^ of ano- 
ther right-angled triangle whose area is equal to the former. 



Taking the second value of r, viz. r=z — ^^r 1271 — 25) ' 

12 4 '^ 4 *• 

and p* 9* = — --^ =" — 14 or -g^ and 14 are. the legs ot a 

third right-angled triangle whose area is equal to that of the 
iormer : And reducing the numbers to a common denominator, 
we shall have the legs of one triangle 40, 42 ; of another 
94« 70: as»d of a third 15, 112; alt of which have the «amc 
area. And from the preceding general solution, innuraefable 
sets of right-angled triangles may be fouiid, three in each set, 
that will have the same area. 

* Other general values for p, q; m, « may be obtained at 

^ - . /am y^ a^m^ 2amn , , 
follows. Put m^+nmn+n =1^ n) = — r-. y--r n , 

whence n = ^^,^f,'^*J ; take »i = 1 46* +206; then n=a«^6*; 

whencer=+i/K + i4»«tt + »')— ^~ — ^==^H"& '*'"^ 

^J^JHtZZ^ and, supposing the affirmative sign to have placc^ 
4 

4* 
^-^„_^-_ 10^*— 2^*. Bttt supposing the negativ* sigA 

io take place, r := -jp — ^ * 

J) = wi + r = ^- . ?-«— ^- 

Ex. Take « s= 2, * = J, then wi = 18, » = 3 ; /> = 15 and 
9 — 6 or ./^ =: — <2 and ^ = i| ; whence the legs of the three 

right-angled triangles are 108. 315 ; 180, 189 ; ^ and 504. 

Another way of finding the sides of three right-angled tri- 
angles, in rational nuinbers^ having the same area, may be as 

follows: 

Let m* — n\ 2mn and w*+ n% denote the sides of one of the 
triangles; andp» — ?% 2pq and p^ + q"" the sides of another: 
then as the areas of these triangles are to be equal to each other, 
^e shall have mn lm\~ »*) = J>? (/^* — }*)• 



' 
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Put «f =:/), and the equation becomes mn {m* — ^«*)— «5f{»i*-5'), 
which gives m^ zzz ^ ^n^+ng^^o*. whence n^+nq +J^ 



= m* — ^^ =: ^ ^ ; taking the square roots, &c* 

4 4 

w z: + i \/{4w»* — 3^*) — "^ ; whence it appears that, in order 
to have n rational, 4771* — 39" must be a rational square. Put 
317»' — 3j* =: f -^ — 2»j)* n -^ ^-2 1. ^7^*^ which give* 

fn zz '^^ r - . Put 5^ — 4^5, then m:=. d^ +3^* » »»<! sup- 
posing the affirmative sign to lake place, in the value of 

Again, supposing the negative sign to take place in the value 
of «, n :=.m — \q^ - — r — - = 36* — 2ti3 — a% in which ex- 

pressions a and h may be taken at pleasure. 

Ex. Take a =2 andtiri, then7wrr^zr7, and jr=:8, a/>jrT=ii2, 
^* — gr'^ - — 15 ; and the value of n by the first expression is — 3, 
whence emu zz — 42, rr^ — «' '=• 40. 

Again, the value of n from the second expression is — 5, 
therefore 2»»« = — 70, w* — »* =r 24. 

One of the legs in each of the three triangles in the preceding 
example happens to be negative, they may; therefore, without 
detriment, be all taken affirmative; that is the sides of one 
of the triangles will be 15, 1.12 and 113; the sides of another 
40, 42 and 58 ; and the sides of the third 24, 70 and 74. 

Ex.2.. Take az: I and 6 = 2, then^— ^1113, yz:8, ^pqzz 

208. /^» — ?• = 105. 

The first expression for tz, gives n := — 15, whence Qmn 
— — gpo, and m^ — n*— — 56 ; and the second expression for n 
gives «— 7 ; then 2»2» — 182, «i*— n^zri^o. And the sides of 
these three triangles arc, 1st. triangle 105, 208 and 233 ; 2d« 
56, 390 and 394; 3d. 120, 182 and 218. 

Other general expressions for ?», n ; jt), y, will be obtained as 
follows: 

Put 4W* — 3^' zz (2m — d)^ zz 4m' — ^md + d\ whence m 

zz ^-^r-, 2m-^d zz ^2LrL_ ; and hence, n=:+|(2m— i)— ^; 
^a 2a — a 



{ H ) 

therefore « = ^'-^-"^'^ ^r n ^ ^^l^ZI^^ where f 

and ^ may be taken at pleasure. 

Ex. Take J^S, and dzz 1, then m zzp '=zj^ and « = 5, or 
nir —8, fi/y = 42, p*^ q^zz 40,^'+ 9* = 58 ; taking n-g^ 
^mnzzjOf m* — n^zz 24 and m* -f «* =. 74, or taking « iz — 8, 
amnzz — 112, ««* — «•= — 15 and ;»*+«*— 113, and because 
both legs are negative, in the latter circumstance, we may put 
Simnzzii2f m* — n*i=i5 and»i*+n*=:ii3. 

Problem ii. To find the sides of any number of right- 
angled triangles, in rational numbers, whose areas shall be equal 
to each other. 

Solution. Let a, b and A, denote the two legs, and the 
hypothenuse of a given right-angled triangle in rational num- 
bers : also let a'^, y and h\ denote the two legs and hypothe- 
nuse, in rational numbers, of another right-angled triangle of 

equal area with the given triangle, that is a b'zzai, or a^zz -»;] 
put i' = 6 + f J then a' = ^ — and hence A'* = a** + 6'* 

— (b+Jp +1^+^) = {3+J)3 = a square* therefore 

«'&*+ (i +s)*=a*b' + b*+iPs+6b*s*+4bs^ +s*=b*A*+4.Ps+ 



6b 



S^l 



2V 



S 



j' + 46i^+J*ira«quare =:(M+ -~^— ^*)»;ri*i»+46'x4. 
4f^- 2bAs^-^ + s^ ; whence . = ''''' ~^^^^l~^^ . 

The way of obtaining the sides of the triangles, in succession, 
is abundantly evident from what has been done. 

The most simple numerical values for the sides of a right- 
angled triangle, in rational numbers, are 3, 4 and 5, therefore. 

we may take hzz^ and A =5, whence a^'z: -^^, i^ =:: -^ and 

7 ^9 

,/ , 1201 

70 
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But the sides of a third right-angled triangle derived ii* suc- 
cession, in the same manner, ironl the.last, will evidently be 
large fractional numbers* 

In order, therefore, to obtain numbers fr.oderately squall for 
the sides of six right-angled triangles of equal area, I have em- 
ployed one of the sets ot numbers for three right-angled tri- 
angles^ deduced in the examples annexed to the first problem, 
and from each of the three triangles deduced another by means 
of the conclusions in the present problem* 

£x« 40, 42, and 58, are numbers expressing the sides of a 
right-angled triangle, therefore we may put a rr 40, ^ = 42 and 
j|=: j8. And by means of the preceding conclusions, we shall 

h»ve ~ , ■ ' ' and *^ ? - .. — ^ for the sides of another right- 

angled triangle of equal area. 

Secondly, 24, 70 and 74 are numbers expressing the sides of 
ai right-angled trianj^le, equal in area to that of the former, there- 
fore we may put, 01=24, b:=.yo and 6^:74 : and frcpa these we 

shall have -J^Si -^r^ and ^^^^ for the sides of another 

37 1081 39997 

right-angled triangle of equal area. 

Thirdly, 15, 11a and 113 are the sides of a third right- 
angled triangle, equal in. area to each of the two former, there- 
fore we may put, a rr 15, b z± iia and k r: iig; and from 

these we shall get l^^lg, 37968o ^ iZMSMl for the 

® 226 12319 * 2784094 

tides of another right-angled triangle of equal area. 

Another expression for s^- and consequently for the side of 
the triangle b-^s, mzy be found in the folbwing mannef. 

The general expression to be made d square, is ^^^'+4^^^+ 
6^>V + 4&J^+x*; theretore put 6*A* f 4^^^i f 6dV-+-4ft^» +i* 



2*'* . ..^^.-..aI. . .... . 4**^\ .....a M«r**^^ 



put 2ghh^^r^:=. 6b*^ or g zzz ^ — —- — -, in order to take 
away the three leading terms on each side: then from the 
equality of the remaining terms, viz. 4^j^+i^— ^, ^ + g^s\ 

J , ab aUb*—Sb^h*\-h*) 
and a — —7 — -*-= '. 



Problem III, To find any number of rational squares 
k^f A^\ hf^^y &c. ad libkntn^.tDgdber vMa a certain number n. 
which being either added to, or subtracted from, each of the 
said squaies, the sums and differences thence adsitig shidl aKbe 
lational squares. 

Solution. Letfl,ft and*? «^,.ft'aildi';ii'', ^'' and A^^^c• 
denote the two legs and hypothenuse, in rational numbers, ot 
the same "Clumber of right-angled triangles, of equal area, as is 
the required number of' squares; then by the nature of hie 
question, flft =:a'*''=:fl'V, &c. or246=^2/iV=:M'V, &c. and 
by the known ' property of a right-angled triangle 

Put N=: ^Mh=:^a*b'z=i2a"b'*^ ^c. == foUr times the commoa 

area, then *fd: w =«*± 2«^+6*3:(tf di^)*; A'*±N zz^^^^a.V^'*^ 

la^b'Yi hf"^ ± IT z= a"* ± SLa'b^ + b''^ = {af^±^ b'')\ &c. are 

^evidenjLly^all ^quar^s. . i 

' • - 

Ex. Let it be required to find three rattonal squares, and a 

certain, number N, which being, either added to or subtracted 

from any one of the said 4»qi»are9, the $um or difference shall be 

a square. 

It was found, in of>e^of't)le examples annexed to the fin( 

problem, that the following numbers express the sides of three 

nght-angted triangles of equal area, yis. ' 

.40, 42 and 58 ; 4^, 70 and 74 ; 15, 1 la and 1 sg | 
whence n=:336o, fend "therefore 48*^3360; 74* ±88^^ *^^ 
1 10^ dz 3360 are all squares. 

It moreover appe^tfs from lb* concTusiotts of the present pro* 
bkm, and the second example to problem a, that tbe fdtiowiag 
expressions are all rational squares, viz. 

^'* $Ma^; 74':fc 3360; fia** 33*o; (^¥^) * ^S^OJ 

/?i2aZ«iy^a36o|and(i2^^ , 

\ 39997 / • ^ * N «7«4^94 ^ 
' The way of extending the problem to any assigned aiwAer 
#f squares^ is sufficiently evident from w4iat mi been done* 



VOL. Sit. PARTIK 



'( 66 ) 



:. ! f^> 



• ARTICLE, XiV. 



A maiSod cfjindimg tw^ Atcsvf tie iame EiHpse or Hyperbola 
whose sum, or difference ^ shall be a Jinite Mgibtaical Ex* 
^.pnihtom. ByMr^CvuLiffi: 

r ' , ' ' Pirsifor ike Ellipse. 

.. JLet.^ denote the cx,c^tricity of ao ellipse whose semi-trans* 
yerse.axis is i ; and let x denote. a part of the transverse axis 
intercepted between the centre and A perpendicular ordinate : 
also let i denote theWc of the ellipse intercepted between the 
conjugate axis aitd the said ordmate. TThen it is well known 

diat"»:a:£sxy ■ ^ ^.^ Put ex! z2,y -^\ whence 



K \ "._•■, , ' > ' I 



* F -■ V -;; — : — 7% $ then will e = ex'ii tiaking thfe fluents, 
j = ««; -fixi^± exj/— fx' \/ ^=^ = e* a'— E'. or E + E' 

:SSL exxf.izaz x/y ^ * ^ * \ y ^^. ! Where £'• denotes an arc of the 
the same elliple, intercepted between /he 9pnjugate axis and a 
parallel ordinate at ftie'distance X^ r:>i AfhlHUL^ from the 

centre. 

• The<la9t ext^reftsiw i»*very raparkabki, as it f^raishes the 
nieans ^.delermiiu^g two arcg of the sape f?llipse wl^ose sum is 
expressible by an algebraicaj .quantity. 



1 . ■';.«> J 



^ 1 '4 ' 

•.^AgaiD, putting Av'j ^V ~^Li ^CiUc,, an^dgjaceding 

at before we shall pretjjr q^iviou^ly have e' = esfai', e"; 

E''=tf*^V''-E'*^E'/'-=«*t*;T-BT^.&c.Whire,E''.k''<,i^'''',&c. 
%WWiil™s,of the same ellipse .iptercepted het ween, the ' conju- 
gate axhvi'^nd par^lQl ordinals. at the respjective distances of 



«" 



= 7 V Tz:^. *" =-V/ -Tz-T^. 0:-'='/ -j3^, &c. 

and consequently e =: cXx^ — ex^x*"^^ ex^'x*'" ex^^^x"^\ &c. 

toil terms ±: e('*\ or E^E^''^=«x(*;c'-jrV4 x"*"^-;t'''V^, &c* 
to « terms), where e^"^ denotes an arc of the same ellipse in- 
tercepted between the conjugate axis and parallel ordinate at 
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the difttance x^'from the centre; the upper or lower sign talced 

place accordingly as n is even or odd. ' 

> • • • 

Secondly for the Hyptrbolai . . / 

Let e denote the excentricity of an hyperbola^ whose sci|ii« 
transverse axis i$ i ; and, let x denote a part of the. transvefsCj 
axis intercepted between the centre, and a perpendicular ordi- 
nate; also let H denote the arc of the hyperbola intercepted be« 
tween the principal vertex and the said ordinate : then it is w«llt 

known that H z;i V ^4— -^^ Put ex' zz 1/ , , whenc# 
^zizj-y ,^ , then will H = » V - > ■ = €x'x; 

taking the fluents, H = exx^ -^ / exx zzixx^ — / ^v — >i 

/e*x^'—i 
— T J where h' dc* 
X* — 1 

notes an arc of the same hyperbola, intercepted between the 
principal vertex and a perpendicular ordinate at the distance o£ 

X* = -»y »-^ — from the centre^ And proceeding ex- 
actly in the same way as was done for the ellipse we shall have 
H 4: Hf"^= t X {xjf~x^' + a/'*'" -^;t" V^ &c. to n terms). 

Where h^"^ denotes an arc of the same hyperboba, intercepted 
between the principal vertex, and a perpendicular ordinate at 

the distance *^"^ from the centre, where Af zz ^ Y -—a . 

^ =rvi?r=T^ =7v-7'^crr-^ =rV^^^Hn»«^<^- 

the upper or lower sign takes place according as n is eveQ 
or od4# 



ARTICLE XV. 

A new Method of approximating towards the Roots of Equations 

of all Dimensions. 

By Mr. P. Barlow* A. Jli. Academy. 

The following general formnla, for approximating towards 
the fboti of equationst is 1 believe new;* and as it possesses 

i 2 
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80)5^1 a4v9SUfe« over the methad of Double Positkm, (which 
is now most commonly practise4) both a9 it ii attended with less 
labour^ and has a greater degree ot convergency, it may not be 
unaccepuble to the readers of the Mathematical Repository. 

Lw af» -J. pjf^^ + ^4i*^^ + rjt""^ + &c. ± w, be any general 
equation, atidr let a b^ an approximate value oF ;r, so that 

r 0^+ pcH^^ + qa^^^ fJ^-J^ &c. = lA, 
tbn will 

{w — v^^a 



*i ■»' ; >- 



(«— 1)«/ or 11 + («-f I >» + (»- 1)^**^^ +(n-3)^a"""^ + &c. 

be.anoti^ci^ approximate value of x (using z^ or z; according as a 
is integral or decimal ; which will in all cases, at leasC, double 
the number of figures in a, and inmost cases theapproxima- 
tipn ii considerably greater. 

It is diificuli from the nature of the investigation, to state the 
ptdcite iimiu qf approximation that may be depended upon ; 
but in all cases, the doubling of the number oi 6gures assumed » 
tnay be considered as perfectly accurate ; and; generally, if the 
error be considerably less than the absolute term, the first sup- 
position (admitting u to be the nearest integer number), will 
give two decimals, and by using these three figuifes as a new 
value of a, six or seven figures may be safely coo&ded in* 

The method of approximating by double position, is generally 
s^d to double th6 number of figures each operation, but in the 
^dinpariton that I have made of that method with this formula, 
i have frequently found that I could not depend upon the 
resjilt to that extent ; but I have attempted no equation by 
tbi« ru)e» in which it failed of doubling the number of figured 
assumed, and geherally I liave obtained the same result in 
1^0 opfirations, as I did by three in using the method of double 

f>ositi6n; and as each of them is attended with only half the 
abOnr, in squaring, cubing, &c. that is netessary by positioh, 
it is obvious that considerable facility is given to the solution 
of equations, by thi^ formula. 1 have not leisure at present to 
send you the investigation, but will furnish you with it for your 
next number, if I have not previously published it in the intro- 
duction to my own tables. 

SoluHon of Cubic Equations. 
In this case the general fbxmula reduces to 

^ j_ (a; — v)a 

. ^ l« L^t there pow be proposed the cubic e^at jq9 . 
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/ 



316 divisor. 



r^ 



tfaerefore x =? ,d'2o 



^ X Assume •« := 4, thea j 
i^ z; 64 ^ 

»« 3 124 
w r : 140 

(w — v) r: 16 

316) 64 (.20 
AssumiQg therefore a 
fl^^i 74*088 
ga* = 52-92 
3a z: 12*6 

V == i39^6o§ 
tz; r: 140* 

784 

341-09^) 1-646 4 {-004827*. Therefore * = 4.«o4827 
which IS true to the last figure ; tor by adding i to each side of 
the proposed equation we have 
(«+ i)»-i: 141 ; therefore * = — 1+ V 14* = 4-«048fl7q. 
2. Given *» — x^i -n 30, to find x/ ' 

Assume tf =: fi ; then 



/a* = 52-92 



34i-096divisort 



a'r: 125 
--«5^ — — 7.5 
«' = 5<^ 

(d— zy) =: 20 



2a' = «50 

j^Sodlvilor* 



229794 dltisor. 



28o)ioo(-86. Whence x =4*64; a»dass«m 
mg this as a new value oU, we have '' 

a' = 99*89734 "'^» 99704 

-15^ = -69-6 ^ ^ 3 

V = 30-29734 

(tf— zy) 2r •29734 excess 

^ ^ 4*64 

118936 
* 178404 

JJ89 36 

22y794)i>3796^('oo6ooa 



■■'^i 



•wff* 



*1 TS^r^"" **^ **'" '"^^ ^ ***" '^^ »•*«•» whether!™ 
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which taken from 4*64* leaves x = 4*6^3997^ which is trae to 
the sixth place ; for by Cardan's rule ;r =: V 25 + V 5 = 4'633993 ; 
our root thererefore is only deficient in the seventh figure. 

These two exainiples are selected^ because their roots are 
readily ascertained by other methods, by means of which wc 
may judge of the degree of approximation obtained by the above 
formula. 

Solution oj Biquadratic Equations. 
In this case the general formula becomes 
4- fa^ — v)%a 

yo or 31/ ^ -jtf* + 3pa* + 9a* — f « * 
3. Let there now be proposed the equation 

^* — Z^^ — 75^ == xooQO. 
Assume az=:to\ then 

a* r: 10000 ^a* = joooo 

— 3a* iz — 300 qa* == — 300 

—75^ = — 750 — ra = + 750 

V zz 8950 gw =: 30000 

w zz loooQ 804^0 divisor^ 

2a zz no 



8o45o)«jooo('26io. Whence Afs:? io"26io, which 
will be found correct to the fifth place, in a single operation^ 

We will add another example in an qquiUion of the fifth dcgfce, 
which it is presuQied will be sufficient to shew the advantage oi 
the above approximating formula, as well as for illust^ing its 
application, to any case that may arise. 

Solution of Equations of the fifth decree. 
Here the general formula becomes 

, .... ( w—v)a - 

' "fia/ or '2t> + 3a* + a^a* + qa\ — so, * 
4. Let there., b|e proposed the equation 

X^ ^X^ + 5^ = !• 

Assume a z=^ '2, then 

a' =: '00032 3a' = '00096 

—5a' = — '04 qa^ zz — -04 

5a = i*o — Jd = — I'D 



V zz 



•96032 2v = r 9 8064 



w zz 1*00000 "88160 divisor. 

(a;— i;) = •03968 

•88i6)-oo7936(*oo9f Therefore * 5s= •?99» ., 
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Assuming this as a new value of a, we have ^ r' I 

«' =: •0003988 . jfl' =. / '0011964 ;. 

qa^ z^ — •0456466 . 
— *«/=:— 1*045 . 



5« = 
a; rr 


- •0456466 

1*045 
•9997522 

I'OOOOOOO 


(a; — ») = 

a zz 


•0002478 
•209 




22302 

4956 



L\ 



•9100541^ divisor* 



t i 



•9ioo5)'oooo5i7902(*oooo569» Therefore *=;2P90569, 
^hich is true to the lasi place^ the root being •2090569^6 
s= 2 sin 6^ 

In this example it will be. observed that we hove used uv in 
the denominator instead of 2 &;, because the first assumed value 
of a was a decimal. 

The foregoing examples havieb een taken promiscuously except 
their being such , that their roots might be found by other rules, 
in order 10 shew more clearly the converging property of the 
general formula. Besides the examples above given I have 
applied this method to several other equations, and have always 
found it succeed to my satisfaction » and» in several instinces, 
have thus detected errors in the sixth or seventh figures o( the 
root, of old standing examples^ which I have been at the trouble 
of solving by direct and tedious methods, in order to see whether 
the* defea was in this rule, or in that from which thb answers 
abdvementioned were deduced^ and, in all such cases, I have 
always found my own answers to be correct, providing I never 
more than doubled the number of figures each operation; this 
therefore may be fixed as the limit of approximation^ and Which 
may always be considered as perfectly safe. Arid t believe I 
may add that there- is no other practical rule that can* be relied 
on to the same extent* • j . j 

ARTICLE XVI. 

Properties t>f n right-angled triangle^ and of the lines dramt, 
and figures formed in and about the diagram which accom* 
panies the demonstration of the forty -seventh proposition of 
the first book of, Euclid's Elements. .; . 

'' flj ;Jlfn John Bransby, Ipstvidh. 

Propositiok I. (Fig. 13. PL B ) 

> * * * 

The triangle Abc being right-angled at b, ca*2i'cb* + Ba*. 



( 7^ I 

This IS the 47th |»ropositk)il. of .£ii£lid!fl nx book, aciid besides 
the demotistrattoa given by Euclid, as k uancbin Conin^ndine, 
Sim8on» &c« there are iwo additional oiaies in Claii^ius's Euclid, 
similar to the former of which is one in Pardie's Geometry, 
translated by Pr. Harris : twp in the second book of Simpson's 
Geanietry» one of which is nearly similar to that in Ward's 
Mathematician's Guide : one in the second b<?ok of Emerson's 
Geometry: an analytical investigation in Saunderson's Algebra, 
&c.— Having examined these demonstrations of this famous 
proposition, I am induced to^subscribe to the following opinion 
of Clavius : — Video dempnstrationem EucHdis simpliciorem esse, 
at tnagis Expeditam i sei nbh injuimdum tameft est inUlli^ere^ 
imttit demonstriiiianibus eandem i/eHtaiufn pasficanfiffnari. 

I ... • 

tPQ Is a rlght-an^ed 'triangle,' an4 sittiihr iiid'equaf to abc 

I)m^ The -<L BCQ ::;: ACP, each being a right aftgle; take 




beihgj 
there foire a GP jj zz: ^ a B C . 

Cor. CQ — ^cf, and FQ z: A3. 

, • • ■ • • • ■■ I ' ' ' • • • 

N A^ is a rigfiv^ngled triangle^ and similar an4 equal to abc. 
The defnpnstration is similar to that o£ the lafU; proposition. 
. £^i Ne =; mQp, and a^ zz ab« 

Prop, 4. 

'>•.'.> .0 ,, . " ... * , • ^ • 

.' c^H ii9 rig)4-Angled:UiaiDgl^and similar and equal to abc* 

: Devu The A ach=iFCB, each being a rigbt-aogle; take 

t^e 4^ BCH from ^^h\ then Z. b^a = fch. Also jL AfiC=: 

UFC» being right angles, therefore A cfh is similar to ABc:- 

bnt BC == CF» being sides of the square BCF63 therefore^ 

CFH ZZ. A ABC 

Cor. 1. FH IT AB z: FQ c Af, and CH =: AC 
Cor ^2. HI zrBC; for cfik being a parallelogram by con* 
struction, fi=iCk=:Cb + 3A: but cor, 1. fh = ab; therefore 

Pbof. 5, 
AL^ is a right-angled triangle, and similar and^qual to ABC. 
The demor»tra;ion is similar to that of the 4th piFoposition* 
Cor. 1. L^~BC = cq=:N^; A^rrAC, and ALrzAB. 
Cor. 2. xi=:: AB ; for GILA being a paraHdo^m, LtziA^ 
=:AB^BC»but hdzzzBCf cor« 1 ; therefore idzzAB* 
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. Prop. 6. 

GBK, BKr, CiK, and Hid are right-angled triangles, and aU 
tnilar and equal to abc. 

Dem. BG = Br == Ki = BC by construction^ and ih = bc 
(cor, 2. pr, 4). Also BK = GimrfzrAB (by construction and 
cor. a. pr. 5), and the angles at b and i are equal, being right 
angles; therefoi-e the A # gbk, BKr, gik, Hid and abc are 
tiniilar and equal in all respects. (Euc. 4, i.}. 

Cor. GK zz Hd zz mr zz ac. 

Prop. 7. — 

AUG is a right-angled triangle^ and similar and equal to ABC. 
Dem. AiiCB is a parallelogram by construction, and AC its 
diameter; therefore A Ant is similar and equal to abc (34, i.). 

Prop. 8. 

The triangles HFY. AL^ and bik are similar and = to abd« 
Dem. Those triangles are respectively similar to the triangles 
CFH, ^hd and BKr (8. vi.), and these are similar to ABC (prop. 
4 » 5> 60 ^i^^ therefore to one another; and the triangle abD' 
is similar to abc (8. vi.), therefore the triangles hfy^ al& and 
B2K are similar to abo ; and they are also equal to it because 
FH = Ai-szi bk=::i ab. 
Cor. HYz:AAz:Kt=AD, and FY = l6=:b£=bd. 

Prop. 9. 

The triangles cfy, hid and Bn are similar and =: to CBO. 
The demonstration is similar to that of the last proposition. 
Cor. CY zz db zz ri zz CD. 

Prop. 10. 

AM = ex. 

Dem. AMhb and cxfy are parallelograms by cohstruction, 
therefore AM z=l6 and ex =:fy: but lo=:PY (con pr. 8.); 
therefore ams^cx. 

Cor. AX = CM = BO. 

Prop. 11. 

FX 4- I-M == AC. 

Dem. FX=CY=:cD (cor. prop. 9.) and lm=:a^=:aD (cor. 
pr. 8.); therefore FX + LMi:;CD + AD=AC. 

Prop. 12. 
BD is a mean proportional between FX and LM. 
Dem. CD : DB :: DB : da (cor. 8. vi.), and r3;=CD, and 
LM = AD ; therefore FX : DB :: db : LM. 

vol! III. PART II. k 
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Prop. 13. 

om f kA ::r AC + 2BD Zl XM. 
'D^w. The right-angled triangles Btr, BGu are equal ia all 
respects, because Br=BG ; therefore nizCMizzCD (cor. pr. g.), 
and Ke=AD (cor. pr. 8.), also ttOT=BD=:At, therefore Gm=: 
CD + DB and kA zr: AD -f db, hence * 



Gw + kA =: AC f-2BDzi=xM (bccauae cx = AMrcBD)* 
Cor. 1. The sum of the four perpendicukrs fx, g»i, kA 
and LM IS z: twice the sum of AC and bd. For fx+lm^iac 
(pr. 11./, and c?n + kA=:ac -1- 2BD (this prop.); therefore 
Fx + g;» -f kA -4- LMsr:a(AC + db). 

Cor* 2. D;»irrDA; owsri cA; xAnrAW* 

Prop. 14. 

The rectangle Gwi . kA = twice (bd* H- a cba). 
Dem. got=cd+db, and kA=AD+DB (dem. to prop. 13.); 
thercf. G^. ltArr(tO + I>B)(AD-+-DB)±:2BD*+BDX(0D + AD) 
S=:2(bD* + /iABC)* 

Cor. cm; xAtrraBD . b4. For B/t isrrrrbsrlf GKzrhalf Ac. 

Prop. 15. 

If BD be perpendicular to At it passes thrbugh the point of 
intersection ofcLandAF. 

Dent. Let 2 be the point \n which CL intersects BD/aiid a 
that in which af intersects it ; then 

Ax : AD : : XF : Da (4. vi.) ; but ax=cm (cor. pr. 10.), 
AD =zz LM and XF = DC ; therefore cm : lm : : Dc : Ua : but 
CM : LM : : DC : DZ (4. vi.); therefore Dz = Da^ and z co- 
incides with a» 

Prop. 16. 

The'irlangle asc = bks and the aw6C = cwa. 

Dem. The ^Bxs=: BLS (37. i.); add cb8 to each, then 
/^cHiszzcsLi But cbl = C0A (ibid); therefore Ac KS =1 Cba |^ 
takeaway Acbs, then Aasc=bks.. In the same manner it 
may be proved that A v^bg iz Acwa. 

Cor. 1. The Ai, cxs, cbl, abf, awg areeachzrAABC. 

Cor, 2. The rectangle contained by bs and the sum of the 
sides AB, BC is = twice the Aabc ; for it is r=: twice the 
AcKS. Also, the rectangle contained by bw and the sum of 
the sides ab, bc is = twice the Aabc j^ for it is = twice the 
Aawg which is = ABC, 

Prop. 17. 

, BS z=: bw. 

Dem» fis X (ac + bc) = 2 Aabc = bw x (ac 4- bc) 
(cor. prop* i6.) ; therefore bs =: b w. 
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Prop. i8. 

The A ASC=BWA and the Z!iCWA r= BSC. 

Dim. BS=z BW (prop. 17.) ; therefore Abwa =::BK.s; but 
ABKSrzz Asc (prop. 10.); therefore Aasciz Abwa. In the 
same manner it may be proved that AcwA = bsc. 

Cor. The triangle bsc rzrWBG, and Awab z= bsk. 

Prop. 19. 

The quadrilateral wnsz is=r:to the triangle CZA. 
Dem. The triangle Asc =: b^a (prop. 18.) ; take away the 
common part asz, then the quadrilateral WBSZ r= acza. 

PjlOP. 2Q. 

The angle SDW is a right angle. 
Vcm. AS J Bs : : AL =: AB : bc (4. vi.), and 
AD ; BD : : AB : bc (8. vi.J ; 

AS : bs : : ad ; 3D, ex equo ; therefore DS bisects 
the right-angle bda (3. vi.), or BDS = half a right-angle. 
Again, BW : cw : : ab : cp = 30 (4. vi.) 
BD : DC : : AB : BC (8. vi.), 

BW : cw : : BD : DC ex equo, therefore DW bisects 
the right angle bdc, or BDW::;;^hajf a right angle; conse- 
^cntly SDW is a right angle. 

Prop. 2t. 

BS is a mean proportional between as and cw# 
Dem. AS : bs :: AB : BC and bw : cw :: ab : BC (dem. pr. soO 
therefore AS : bs :: b\^ : cw : but bs = BW (prop. 17,) ; 
therefore AS : bs :: bs : cw. 
CVr.ws* n 2AS ' cw. 

Prop. 22. 

The triangle dwc is similar to dsb, and the i^DWB to BSA. 

Dem. The angle dcw=:D3s, each being the complement 
of dbc ; and Z.CDW = SOR, each being = half a right-angle 
(dem. to prop. 20.);^ therefore Aowc is similar to dsb. In 
a similar manner it may be proved that the Adwb is similar 
to OSA. 

Prop. 23. 

as : cw ; : ad : dc. 
Dem. The iJ^DWC is similar to dsb (prop. 22.) ; therefore 
cw.: CD ;: BS : BD , also the A dwb is similar to dsa (ibid), 
9nd AS : A0 :; bwzi^s : bd ; therefore as : cw :: ad ; DC. 
Cor. AS : cw :: ab* : bc'^ 

Prop. 24, 

The triangles pcf, aln and gbk, formed by lines joining 
the exterior angles of the squares, arc each equal to the triangle 

ABC. 

k 2 
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Dem. CF=C6; therefore A per ^Pftc rand A pqc — abc 
(prop. 8.); therefore Zi pcf = abc. Again, because al - a^ 
fcon I. prop. 3.), the i^ALN= AN^, and the A an^ = abc ; 
therefore the ^ aln = abc. Also A gbk=:abc (prop. 6.j, 

Prop, ag. 

The whole space pfoklnp is = four times the A pbn. 

Dem. The whole space is composed of the four triangles 
PPC, GBK5 NLA^ CBA and the three squares on AC, ab, bc ; 
which (by prop. 24 and i.) are equal to four times the a abc 
and twice the square on ac ; that is = 2AC (ac + bd) = 2PN« 
OB r: four times the ^ pbn. 

Prop. 26. 
The figure ACH(f is a sqaare. 
Dem. AC =: CH = Hrf — //a (cors. prop. 4 and 5.) and the 
angles CA.d and ach right angles; therefore ach(2 is a square. 

Prop. 27. 
The figure lwfi is a square. 
Dem. FizrFG+ giz:cb + bk=:ab + BCrzAGzznF ; but 
Fl- «L, and wj — L| ; and IF« is a right angle ; therefore l«fi 
is a scjuare. 

Prop. 28. 
The parallelogram ocnparall. ci,and parall. AO:=:paralI. Ai. 
Dem. They are on equal bases (pc and CH), (na and ai/) 
and between the same parallels, and therefore equal by 36. i. 
Cor. Parall. 01 +parall. ai ;i=: square on ac 

Prop. 29. 

The figures hfpq, n^^l are parallelograms, and each == to 
four times the triangle abc. 

Dem* PQ is n= fh (cor. 1. prop. 4.], and parallel to it be* 
cause QC, OF are in the same straight line ; therefore pf is = and 
parallel to qh (33. i.) and hfpq is a parallelogram. Also 
the Z^QCH = PCF zz ABC (prop. 24.) and the Apqc=iscfh 
r=;ABC (37. I.) ; therefore the parallelogram hfpq is 2=4 
times the triangle abc. It may be proved in a similar way 
that ikedh is a parallelogram and = 4 A abc. 

Prop. 30. 

The points j.y b, f are in the same straight line. 
Dem. hnfi is a square (prop. 27.); also lb and bf are 
squares by construction, ^nd lbf is the diameter on which 
these' less squares are constructed (4. 11.); therefore iiBPisa 
straight line. 

Prop; 31. 

The points q, s, k are in the same s^traight line. 
Dm. Because BrnBC andBS:::BW (prop. 17.), sr is;=:wc; 
9nd QrisnFC, each being =:bc, and the Z.wAr=:FCW; there- 
fore the AQrs is equal gn4 similar to CWF (4. i.), and the 
. /L^sri^cvfi* Al$o the Absk is equal and similar to BWA. 



(cor. prop. 18.); therefore A bwa — bsk and Z. QsrnBSK.; 
therefore the points q, s, k are in the same straight line 
(1 J. M- l^) 

Prop.' 32. 

The points <?, \v, g are in the same straight line. 
Dtm^ This may be proved as in the last proposition by draw- 
ing a perpendicvilar from t upon bc : then the Z.<fWCzrLSA, and 
ilGWB—BSC ; therefore Aewc — gwb, and the points e^ w, c 
are in the same straight line. 

Prop. 33. 

bn and CL cross each other at right angles. 

Dem. The Z.nac=:bal ; add cab to each, then the /.nab 
zi c A L, and A nab n and similar to cal; iheref. /.ABNrrALC, 
or iiSBJ?z:ALS; and the Z.BSX is — asl (15. 1)5 therefore 
A.BA'S — SAL— a right angle. 

Cor* BiV is a mean proportional between ex and sjc. 

Prop. 34. 

BP and AF cross each other at right angles. 
The demonstration is similar to that of the last proposition. 
Cor. By is a mean proportional between wv and Ay. 

Prop. 35. 
WE is parallel to bt, and sq to bp. 
Titm. The asbjcztals (dem. to prop. 33.) =:scb (8. vi.) 
zrZ.WGB, because the Abcs is z: and similar to bgw (cor. 
prop. 18.); therefore we is parallel to bt (28. i.). It maybe 
proved in a similar manner that sq is parallel to bp. 

Prop. 36. 

The figure n^gb is a parallelogram and = twice the Aabc. 

Dtm. Ntf is ~ and parallel to gb, therefore n^gb is a 
parallelogram ; and it is = to the rectangle , whose base is GB 
(nBC) and altitude Ae(:zAE), or twice the triangle A bc. 

Prop. 37. ,' 

The figure pqkb is a parallelogram and = twice the A abc. 

Dem* PQ isnand parallel to bk, therefore pqkb is a paraU 
lelogram; and it is = to the rectangle whose base is bk (=:ab) 
and altitude co (=:b^)« or twi^e the triangle abc» 

Prop. 38. 

TV is a mean proportional between-AT and vc. 

Bern. SQ is parallel to BV (prop, 35.), therefore as : Bs :: 

at : TV. Also WE is parallel to bt (pr. 35.), therefore bw : cw 

:: TV : cv ; but as : bs :: BwrzBS : cw (prop. 21.J; therefore 

at : TV :: TV : vc. 
Cor. AS : cw r. at : cv. 
For AS \ BS :: at : TV, and ow : BS :: cv : TV ; 
therefore AS ^cw :: AT : CV;. 
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Prop. 39. 

DA : CD :: TA : cv. 
Dcm. A$ : cw :: da : cd (prop. 23.) and as : cw 1: at : ev 
(cor. prop. 38.) ; therefore da : cd :: at : cv. 

Cor. pv : VD :: ta : dt, and da : cd :: dt : vd. 

Prop. 40. 
^ AS and SB, BW and wc» SD and dw are ail in the ratio of th^ 
legs ot" the tiiangle abc. 

Dem. AS : BS:: ab : BC and Bw: wc :: ab: bc (dem. topr.21). 
The triangle DWC is similar to the triangle dsb (prop. 22.) ; 
therefore SD : DW ;: bd : DC, but ab : bc :: bd : DC (8. vi.); 
therefore sD : dw :: ab : bc. 

Prop. 41. 

The Adwc : Adwb :: i^OBs : Adsa :: bc : ab. 

Vem. The 2^dvvc : Adwb:: cw : wb (1. vi.) and bc : 

AB :: cw : wb (dcm. prop. 20.) ; therefore Adwc : Adwb :? 

bc : AB. Again Adbs : Adsa ::bS: as (j.. vi.) and bC : AB 

:: BS : AS (dem. pr. 20.) ; therefore Adbs : Adsa :: bc : AB. 

Pnop. 42. 

LN") + PF* ZL 5AC'. 

Dem. €L IT 2ABand Ne= cb (cor. pr. 3.); qf =2CBand 
PQ z: AB (cor. pr.a.) ; therefore ln* zi ^l*+^n*z=bc*+4AB% 
and PF* z: QF* + PQ* = 4BC* f AB* ; therefore ln* +pf* = 
^(bc* + ab') =: 5AC* (prop. 1.). 

Cor. The sum of the squares of all the sides of the polygon 
PFGKlnp is eight times the square on AC 

Prop. 43. 
A/» : pvr : : s^ : qc^ 
Bern. Because Bp' is pi^ralle.l to cw (prop. 35,), ab : gb z: 
BO : ; Ap : jt>w, and because bv is parallel to KS (ibid), bk zr 
AB : bc : : sy ; gc ; therefore hp : ]&w :: sy : yc. 
Cor^ Ap : AW : : S9 : cs. 

Prop. 44. 

Ap : B^ :: B^ : Cp. 
Dem. The Z-BAy z; wBy and SBp =,BCy (8. vi.) ; thereforo 
the A ApB is similar to the AB^c.and Ap : Bp : i Bq : eg. 

Prop. 45, » 

Bp — sq, ^nA Bq rz: w^. 

Dem. The Z-Wbje)4- Z.^bs z= a right angle, and A j^sb + 
Z.^BS zr Bxs a right angle ; tj^ke away the common angle a7BS ; 
then the angle WB/) =z:y SB. Again Z^yfBq + Z-^bs =a right 
angle, and Z.^wb-4- 4- WB.y z= a right angle; take away the 
common /. WBy, then the angle ^bs zz^wb ; therefore the Aw^b 
is similarto the A s^b, and since bwzzbs (pr. 17.) these triangles 
are equal in all respects ; therefore Bp = 59 and Bq =. v/p. 

Or the proposition may be denK)nstrated aifFeren^ly as follows: 
Ap : pw i\ sq : 9c (pr. 43) ; ApiBp :: Bq : qc (pr. 44) ; 
therefore /?w iBp :: Bq: sq : and the jLBpw z= BJ'S, each being 
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the ccttiplement of pzS ; therefore the A wb^ is similar to b^s 
(6. VI.), and since bw =: bs (pr. 17.) these triangles are equ%l 
in all respects 5 therefore b^ z= s^ and Bq z=. wp. 

Prop. 46. 

DZ is a mean proportional between VD and dt. 

Dfm. The triangle dvb is similar to dza ; therefore vd : db 
: : DZ : Da :but cd : db : : db: da (8. vi.J; therefore vd: iJ£ 
: : CD : db, and vz is parallel to cb« Again the triangle db^ is 
similar to CDZ : therefore dt : db :: Dz : CD,and dt : DZ : : 
da: db. Consequently tz is parallel to ab, and the Z. vzt =i 
ABCrra right angle. Therefore ZD is a mean proportional 
between vd and dt (8. vi.). 

Cor. pr . vqzzpz.zq. For the triangle tz^ is similar to Aj^ft 
and the triangle \zq to Bye : but a^b is similar to bjc (dem. 
to prop. 44.), and consequently tz^ is similar to vzy ; therefore 
pT X pz I : zjf : vy, or/>T • vy = pz . zy. 

Prop. 47. 

BZ zr vt. 

Dim. cv : BZ : : VD : DZ ^nd at : bz : : dt : dz $ therefore 
cv . AT : BZ* :: VD. dt:dz*. ButvD . dt = dz* (pr. 46); 
therefore bz* it cv . at n VT* (pr. 38.),'or bz r: vt. ' •>, 

Cor, ly B2 is a mean proportional between c v and at. 

Cor^ 2. Ba* = vz* .+ zt*. 

Prop. 48. 

BT . BV =: az . zc 

Dem. The Acbv being similar to bza and bat to Bzc, 

cv : Vb t : BZ : z a and at : bt 5 : bz : zc ; therefore at . cv s 

BT . VB : : BZ* : AZ . zc ; but AT . CV n: BZ* ; therefore bt . 

bV z: aZ . ZC. 

Prop. 49. 

If yw and tx; be drawn perpendicular to ac to meet the sides 
bc, ba of the triangle ABC in zt; and t;, the figure vwvIl is a 
square. 

Denik For vja;Bz and zBr/T being parallelograms, vz^is nBZ 
=z Ti/ n: VT ; and the figure Va;t;T is a square. 

Prop. ^o. 
The following rectangles are respectively equal, viz. At) . av 
zr AZ.Ay ; CD . CTziCZ . Cx \ B_y . Bqzz^x . bjd ; zx . zqzz. 
zy . zp \ By . BV n BZ . BD — BT . Bx; CZ . ZO? =r BZ . ZD 

=z AZ . zj^ ; NT . TJc z: CT . ta ; pv . vy ZT cv.VA ; rw.wy 
zrCW.WB ; LS .%x ziAS.SB ; and bat. bn zz bz . bo rz: By. bp. 
Dtm. Because of the right angles at D, j^ and~x, the points v, d, 
z^y are in a circle, thereiore (36, 37. 11 1.) AD . av z: az . Ay 
and B)r . EV z: BZ . BD. Also the points T, D, z, a? are inacir« 
cle, therefore CD . CT— cz .cx, and bt . bo? =:bz . bd. Again 
the points p> x,/, q are in a circle, therefore By . By =: bx. b/>. 
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and zx • Zf = zy • zp. The points Jsi, j?, d, c, are also in a 
circle^ and so are the points b, ^, d, a; tbereibre ;cz . zxz=: 
Bz . ZDzzAz . zy. It may be proved in a similar manner thai 
the other rectangles are respectively equal. 

Cor* 1. BV : BT : : By : E^, 

For By . "Bq -n Bx . b/^ and b/ . bv = bt . bt. 

Or B.r : By : : B^ ; B/> and bx : b^ : : bv : bt ; 

Therefore bv : bt : : b^ : fij». 

Ci?r. s. Therefore p9 is parallel to AC, 

Ci7r. 3. Ap : Az : : c^ : cz. 

Prop. 51. 

Draw SR parallel toes and join wr : then will the figure srwb 
be a square. 

Dem. AS : SR : : ab : bc (4. vi,), as : bs : : ab : bc (dem. 
topr. 20.); therefore SR z: bs •=. bw (pr. 17.) and the figure 
srwb is a square/ 

Cor» ar : CR : : ab : bc. 

Prop. 52. 

si? is a mean proportional between b a and px^ and wy a mean 
proportional between By and qy, 

Dem* ..Ap : pw : : ab : bc (dem. to prop. 43.) 
AS : BS : : AB : BC {dem. to prop.,20.) ; 
therefore Ap : pw : : as : bs, and the points r, p^ s, are in a 
straight line. In a similar way it may be proved that the points 
R, y, w are in a straight Jipie ; therefore the tri^r^gles Bsp and 
BWj are risht-angled at s and vv : consequently so: is a mean 
proportional between bx and a?p, and w^ a mean proportional 
between By and qy. (8. vi.). . . . / 

Cor* BS is a mean proportional between bx and Bp, and also 
between b^ and Bq (8.vi). 

Prop. 53. 

BS =: s^ + w^. 

Dem* Because wrsb is a square (pr. 47.) the triangles /^sB 
and 9 Rs are right angled at s and r ; also b;? =: s^ (pr. 45.) and 
bs=: RS, those triangles are equal in all respects (4. i.) ; therefore 
pS :=: qKl but qK + Wq zz BS, therefore BS = s^ nh \vq* 

Cor* wq zz pK, and;7y* zz $p^ + wq\ 

Prop. 54. 

The points r, d, w, b, s are in a circle, of which sw or rb is 
a disuneter. 

Dem* WBs is a right angle by constr. and wds a right angle 
(pr. 20.), therefore a circle will pass thiough the angles of the 
quadrilateral bsdw (22. iii.): also because rsbw is a squarci 
the angle wrs is a right angle and zz wds ; therefore the cir- 
cle will also pass through the point R : and because of the right 
angles, sw and |iB are evidently diameters. 
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ARTICLE XVII. 
Mathematical Scraps. Sy Mr. Thomas WiiiTE*, 

• r 

To the Editor oj the Mathematical Repository. 

Sir, 

. . » 

If you think that the following Mathematical Scraps 
are worthy of a pl^ce in your Repository, they are at your 
service. 

Dumfries Mathematical School^ 

23cf Nov. i8i2. Thomas Whiti^ 



I. A ntm 4smsw9r to the Vi^gih quest. p« 40, vol. ii. 

Question. Tp pUee i i^rught rod, or beam, loaded wkh any 

given weights, 50 th^t it may be in equilibrio, resting upon an 

upright prop^ and one end touching a smooth vertical wall 

given by position ? 

G (flg. 8. pi. A'^J is the place of the centre of gravity of 
the rod and weights ; w =? weight of the rp^ ^^i weights lodgej 
in G ; g6, in the vertical, represents w ; coniplete the reef- 
angle Qb ; make bc zz aa; complete the rectangle b^ ) and, by 

GI * 
the lever, b/", perpendicular to bk, is = — . ab ; complete 

the rectangle b/1 Then, since bk- is at rest^ Bd must be m Btf, 
which is one equation. 

By* gravity g*, — 7 .go iz — ^ • w iz ca =r bc, and, iij 

this d^r^otioib 

Bd ID ID bi» , • 

— .Bc=z — • — • w = — T • W =: 

Be £t BI Bl' 

„ . *. 1 force Bd, upward. 

By the force Ga, < ^ bd id bd . di 

-^ . BC = — . — . w =r r— • W 

BC Bl BX BI 

zr re-action 4€ of the plant • 
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* Master of the Mathematical School, in the Academy of Dumfries. 
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By gravity ci, -j . Gi> =: — • w = « i, perpendicular 
to th^ rod ; which fprpe, by the lever, is equivalent to tbp 

C f TITk 

forpc , ' ^ . ^y at B, represented by the perpepdigijlar b/, 



B« - BD GI»BD affBD* 



b/ -^ BI ' BI« pi* ^ 

force B^, downwards; 
By the force ^^, -< r ^ ^ ^ 

'^.Bf=z -— • -T-.MTi:: -«!-?--» — i ■ tW 

b/^ •^ Bl BI« Br 

force, or rc-^ctioh^f 
New, 1 str For the equilibrium of the rod : Bd must be = b^; 

, . DI9 GI . BD ^ J L 1 

that IS -*-x • w n : — r-r-r- . w ; and, henee Bl' = bg . bd« : 

Bl* BI' • 

|ience bi is given and the posftioi^ of the rod 15 given, 

fid. For the perpendicular pressure against t)ie vertical pl^ne 

» • . , /. fiG * BD . DI / 1 • .• r 

AB. It IS == cd -Yfi = -^ — ^ • w ?= (§ub?utuMng for 

pi') to — . w; ^nd Diz= /(m'-r-BD*), 

B D 

3d. For the vertical pressure at i, or in direetipn \p, make 
B^ =: cd + 4^; draw the perpendicular ^ij th^p^ • ?^ = -^^^ 

DI DI* • 1 • 1.. 

— . w = — ^ . w = vertical weight or pressure at b \ henee 
that at I, sustamed by the prop, is = w +— • w zz ]— ;. w. 



4th. The pressure a^ j, perpendicular 19 the rod, is — . w; 

. BD . BI* BI 

for — . — i . W =: — - . w. 

BI BD* BD 



( H ) 

11. Question. Let the end b (fig. 9. pL a^) of a given 
beato BA ttst against a giveii point « in a vertical plane 
?B6, when the other end a h sustained by a given weight w 
fastened to a string which passes over a pulley F in the plane : 
Now when the beam is in equilibrioi what is its position, and 
where is the place of the pulley ? 

Solution. Let xa represent the weight w 5 complete the 
rectangle Aa ; the vertical c/| the weight w of the beam ; complete 
the rectangle cf; on ab take Br=A5— c^ ; drop the perpendicular 
cJ. The perpendicular force ce^ at C) is equivalent to the per* 

pendicular force — • c^« at a = perpendicular Ah^ suppose ; 

B A 

and^ ab must be = a^, which is one equations 

Again, the perpendicular force c<f, at c, is equivalent to the 

AC 

perpendicular force ^ — - • c^, at b, = perpendicular B^, suppose; 

AB 

drop the perpendicular .A/; then, since all is at rest, dn must be 
=: b/, which is a second equation. 

We have Ab zz \/(w* — aft'), in which ab is unknown ; draw 
AG perpendicular to the vertical ; then ag is = y^(A b*—bg*} ; 
in which bg is unknown. 

By gravity q/i -^ . a; =: — * . w zz force c^, downward, in 

Cr AB 

direction of the beam ; then . 

'^ Ba 
Bc zi Kb — C^= VK^^ — ab'^)'^ .1^ 

AB 

z= force in direction ab. 

Bi BO r ,, » ,« BC -^ 

By the force c^, < bc ab *- "^ "^ ' ab ^ 

=: force Bflf, vertically upward. 

S^. BC = il£. [/(w*-a6*)-^.w] 

BC AB ^'^ ^ • AB -^ 

c: force erf, horizontal pressure. 
^ ct AG , f 

By gravity cj, ^. mzzj^.wzzX force ce. 

1 2 
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BC Bd .AC ' . p , ^ 

ba ab* /-S fe 



.Cezi ^^ ' t -"« M/zrO- force B^A*^*^ 



AC AC aAG .<• ^ r r ^ tJt 



BA AB 



By the force cc, ^ ^,„A^^ . tt^.ce = ^"^ ' t - 

hk AB AB AB 



5 . W =Z 



force b/, vertically downward. 

li , BG AC AC.AG.BG 

— ;.B«rr — . — .cezz — i • zu 

Bi AB AB AB' 

- zz force kl, horizontal pressure. 



Hence, the first equation is ab =z ^ — . w ; and the 2d is 

AB 

^ . r/{w« — ab*) — ^ . »-] = ^^ • f ° - ; and, substitu- 

AB *-' * •' AB -■ AB' 

ab' w' 
ting for at, &c. we have bg . •( ab" . [ — i • -x — 1] + bg') = 

2 , . 5 AC J , - / AB . AC . n; 

B g' + AB* . • — ; and therefore b g =-—77—^ 



BC* ""VtAB'.W*— BC.(AB + BC).iy«U 

Hence, when Wizza;, bgisstiabj i. e. ab coincides with 

EC TV 

BG ; as it ought. Again, ab == — '-j- . v^{ ab* — bg*), comes 

A B* 
/ w* — - ZU^ 

out==: BC . w . Y r T ; ^ r; and, since 

^ AB'.W» — BC .(AB+AC).a;* 



<iA=w,thesineZ.PABiszzBC, — \/ — g — ^ 



w* — w* 



W '^ AB^.W'^BC.fAJEH-AC),^;*' 

Hence, when the weight w is given, the directipn of pa, or 
^ PAB must be found ; and p may be placed any where on pa. 

III. A new proof of the prop, at p. («), vol. ii, part ii. Re- 
taining the ingenious author's notation : . . . .Since, by the Jaws 
of gravity, 4/a? == t/* ; 4/y = «* ; 4/z = a;*, &c. we have, bjr 
multiplying respectively by a, by b, by c, &c. and adding ' 

4/ . Iax + By + cz+f . . . .] =r Az;* + BU^ + cw* +,»;... 

IV. In art. vi, part ii, vol. i, of the Repository, Mr, Ivoiy 
has solved a dynamical prob. which was first published in Simp- 
son's Miscellaneous Tracts, pa^e 131, prob. 3d; and in art. vi. 
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page 18, vol. H, part 11, of the Repositoryi Mr. Barry observes 
that, the result of that solution differs widely from a solution of 
the same given by Mr. Atwood, p. 189, of his Rec. Mot. and 
add«, " I find that his (Mr.Atwood's) error proceeds from a 
wrong application of his own general theorem in ascertaining 
the ratio of the ad fluxionft of ap and^y.*' But how this happened, 
has not, I believe, bfecn yet shewn. 

Mr. Atwood has y - -/(a* + x^) ; and thence finds |.= 

Several years ago, I met with this apparently erroneous expreft* 
iion, in the work above mentioned, and took the liberty of writing 
to Mr. Atwood concerning it ; but as I was never favored with 
a reply, concluded that either he must have been offended, or 
my Jetter must have been miscarried. The expression is, how- 
«vcr, analytically true ; yet, as shall be seen, it is not applica- 
ble to the dynamical prob. in which Mr. Atwood employs it; 
and may therefore be allowed to be mechanically false. 



•• 



1st. It is analytically true: For by the usual process, %t 






^ J 4 -T-r and -tt-, which, if Mr. Atwood's 

expression be true, must be =z , , , - -I —77-5 7: ; 

' , X* . a* + iX* . 
hence, if this equation be true, — is = — , in finite quan- 



a? 



titles; therefore, (a* + a?') x x — 2xi^ =zo; that is, restoring 
the last multiplier, ^^ / x . ^.a^a = 0; of which the 



X • * 7 / n ■ ^ 



fluent is -5 -= some f«i/^ina6/? fluxion -y, suppose; and 

a^ + X* a "^ . 



a^x 



consequently -i 5 == *» ^^ invariable fluxion of an arc. 



a +0? 
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(rad* a, and tang. x)t whkh is true. Hence -7r> T7f &<^ 



« a? 



andt of course, — , -j- , &c. are' assignable in finite terms, if 



X 



we suppose 1>f (fig. 89.) invariable^ which Mr. Atwood ap-> 
pears to have covertly done. It is known that */[%* + j)*), the 
fluxion of a curvilinear arc; yx^ the fluxion of the area of a 
curve; and other functions of x and^ are frequently conceived 
to flow uniformly, by foreign mathematicians. 

sdly. It is mechanically, or dynamically false : For, in the 
general solution, the expression for inertia is obtained Uy assum- 
ing / invariable; and, therefore, no /unction of x can afterwards 
be assumed constant, as it has been shewn Mr. Atwood has 
done. 

Mr. AtWQod seems to have been led into error by an anxiety 

to step out of the common tract, i. e. a wish to avoid the ob- 

• • •• 

vious substitution of — *for ^, and •- for -rr. 

«f * i; X 

Thus it appears thaf Mr. Atwood's is an oversight in prin.* 

»• 

ciple; it will be seen that if -h- be assumed as really =:= 



tf* flOE?' 



— TT-r—r— -ir» ^iH that follows is duite correct ; i, e. the 
2a?v(a" + X ) 

fluent ol « = (A + B)a'+(B+2A)x- " J"*''y ""ened. 



For the above expression for z is 



-O • 



Bfl* X , B 07-^1? 2 A 

V — r — .— T-r ^'--.-1- x; 



B4-2a • B-h2A 

, i ; put zr mi — ; . a'zzp\ and ^ 

AfB «. a B+2A B + 2A B + 2A 

*— - — • a^-r X 

B + 2A 

= n;thcn«becomesz:jj^^+jj^, ' ■ ^,^^, = 
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and the fluent is 'by restoring 7n,;z and & in all the terms save the last) 

^ f{ b^^rW^)Z{a- 4-x^) • ^°'^* ^'y P""^"g ^' f^*^ ^* + ^'' 
the member under the integral $ign is transfqrmed to /-r~7i — \ 

_ r i ^ r i __ _t r ^^^^'^ 

"^ w * ^^^' ^^* ^^ = (restoring n and ;r) 

2 2 

8a V A "^ ^ a y A — /((B +2A) . {a'-+-x^)} ' °®°" 
^ne 'vhole fluent js r- = + ~ — ""■v t** -r» ; 

' ^ * . hy, lo. av/A+W(B + 2A).(aH^)) . 



(B + *A)* 



4 

2aA . «A' 



when » = o, is = ^ - . - . + r - hP- % 

•* + '* (B + 2A)* 

g v^ A + a a/(B + aA) ^^ ^^^ correct fluent (after some redue. 
ay A — ay(9 + zA) 

,, AB«M* , BX+2d:A— 2Ai/('a*+a?') 
tiontj become* ^— ■ — -r H — — t-i — ZZJ. 

/(A + b).(b + 2A)* . ^ + *^ • 

^ (B + aA)^ ' ^' V((B t A)a«+ (b t aA^^r "^ 

\/(a4-b) 

V'A+y'iB + tAj' 



( 8« ) 

V. Th^ only manner of shewing that the square root of ii« 
for instance, may be either "i- \/{a), or, — \/(^)» ^^^ ^^^^ 
kitheito by inference, and not by actual extraction^ yet it may 
be obtained by the latter method^ as follows €/ 

We have a, = a — 4^ + 4^; then, by the usual way, . 

a — 4^ + 4^ J y'(a)— a^(a)=:— /(a),theneg.rooi* 
a 

• /(^)"~«V^WI — 4« + 4« 

— 4a + 4<a 






^. 



/ 
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MATHEMATICAL REPOSITORY. 



VOL.111. PART III. 

MATHEMATICAL MEMOIRS, 

EXTRACTED FROM WORKS OF EMINENCE. 



ARTICLE I. 

Continuation o/M. Le Gendre's Memoir on EUiptie 

Transcendental!, 

approximations for Elliptic /unctions of the second kind. 
30. Theformulaof these functions is 

G=f(A + B sin»9)^: 

If the same substitutions be made as in^Art. 07, and there be 
put 

2 2 

the formula will be transformed to 

G = *-i-^(— -sin9 + G*). * 

2*2 

G*^ being put instead of y (A* + B' sin« (p*^) ^ . By new 
Iransfdrmations we have similarly 

G«= i-^tiT r _ A' sin (p^^+ GH 
2^2^ 

G«^— ^^^ r— :E-sinfi*^ + Gn 
2 ^ . 2 

&c. ' 
Thus the integral formula G is easily reduced to any one wc 
please of the succes.siye transformed expressions G®, G , &c.— 
Let us 8uppt)se that this series is continued to a very remote term 

C*, then we shall have c^ = o, A^ = i, and the value of G^ 
VOL. III. PART III. (a) will 
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will become simply A A-* + B** lin* (f** )4,'*' Now it is to 
be observed that we haveB» =— ,«nd similarlyB'*=5_i!l,B«>»o= 

T»00 OOO 

, therefore the scries B*", B^*, &c. decreases more 

rapidly than the series c^^ c^^, &c. and thus in the end we may 

safely make b^= o; With respect to A**, «itice A^ ir A + 
iB, A^ = A» 4. |B^ &c. it follows that 

A^ = A+— 4- 4 t ■■ ■ ■■ -4- *»- — 7 — + &c. 

248 10 

In short, if, as before, ^ be put for the limit of the angles (p, 
— ,-^, &c. we shall have (b =; -^, ore'*' = fi'* <t. 

Therefore the value of G^ will be 

C^ss: 2^$(A+ — + h —5 h &c.) 

2 48 

Now it is easy to see that the value of G will be cbmposed of 

• A. ^ . A B . Bco , 

two parts, the one rr oi<P^ by supposing a = (A 4 — i — — + 

5~fr + &c.) (1 + e) (1 + c^) &c. * 
the other is algebraic or, periodical, viz. 



f 



_(.i£)_B..,..(i±i!)(i±ir)^-.. ,»_^, 

But because 1 + ^:*=;-^— . 1 + c'** = -51^— ,&c.thi$ 
second part may be put under the form •- fJ^ sin <p** + 

^- sin 9"", &c« Therefore the complete value of G 

4 

will be • r 

G=a<5 — {-- — sm^^H sm (}>^+>^.- ■■ — siik{^+&c,) 

C \ 2 4 "^^ ^ 

and wbem,$ ^90**, thep we shall have simply Gi = « -• In 

* ^hc appUb^ions a' few 4Crros of tjiese serieswiillibe suffident; ^1^ 

the 
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the tenns omitted wiU shew the degree tp whii;h t^pappro?^* 
matioH is carried. 

91. Thete formulas apply directly tothe rectification of the 
ellipse. Suppose always the greater axis to be unity, the eccen- 
tricity = c ; Let us consider the arc E, the origin ol which is • 
the lesser axis, and the extremity of which is determined by the 
ordinate to the greater axis b sin ^, and the abcissa coi.(p, this arc • 

is equal to the integral / d^ \^(i — c^ sin* (p) ; thus, making 

A = 1, and B r: — r*, we have G =: E, hence it follows that 
the elliptic quadrant will be expressed by this very convergent 
series 

■ 

S 2 ^ O 

The rectification of the hyperbola is comprehended in the same 
formulas, ^et c be the semi-transverse axis, ^ its semUconjugate, 
1 the excentricity. Let b* tan* <p be an ordinate to the transverse 
axis, and T the hyperbolic arc comprehended between the vertex 

of the curve and- this ordinate* We have T t=z /-- — v- — 

J Acos*(p 

A tan f — / ^- ^. This last integral compared with 

the formula G gives A = c\ and B ;= — c*, and thus we have 

T x: A tan (p — Q. 

Hence it follows^ that the difference between the iibfinite arc ot 
an hyperbola and its asymptote is equal to Gi, and has for its 

value 



c^ c^f~ c^'c'^c'^ 



4^24 8 '* '^ '. 

It does not appear that any thjng more simple can be found , 
for the rectification of the conic sections. 

32. Let us now consider for a moment the relations which 
subsist between these different transcendentals, namely Fzry-^, 

E5:; / A dpg %nd in general G TfZsf^A **" ^ sia*<p) ^. Iq 

- ^,» 

the first place, since sin*^=:^ — ^ — , it is evident that G = 

R B 

(A+-5-)F a-E» ?tid thus G is determined ky means of F 

(a a) and 
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and E. But ih Kkc manner we have G« = (A' + -31 jF*— 

•^E®; these values being substituted in ttie cqualioti bet;ween 

G and G^ (Art. 30*), at the same time taking care to substitute 
far Ao and B® their values as exprcssvid by A and B, there will 
result a new equation, which mutt hold true whatever be the 
values of A and B. This equation will give two others, the one 

F — F% which we already know, and the other 

2 . ^ - . 

3F = — E { E° H sm -j)**. • 

a 2 

. From this it.appqars that the function F of »the first kind may 
be expressed by the two elliptic arcs E, E^ The same is there- 
fore true of the function G ingeneral, and of the hyperbolic aic 
Y in particular. In like niamier we hare 



■ sm (p^ 



PF- ;i: — E- + ^—^ E^°-h-^ ''' "" ^'^ 



2 2 

From'thes^ two ecfuations we may eliminate F and . F°, since 

we have also F =: — — Y"^ and there will result this relation 

between the thr?e arcs E, E°^ E^*^ taken upon three consecutive 
ellip^fes if trf one and the same series, " 

(1 f c°) E- =r c"" sm f ^ &i|iif.**^+ (1.+ -]E° -^ ^E • 

*Tn the case when (p ='go^, then ^'^ zi 180", <p^^ r= 360*^, and 
the formula becomes , 

( 1 -h f ^) El := (2 + i*^) Eio — ^o ( 1 _^.. ^o)^£ j 00 . • 

Hence it follows that the elliptic quadrant Ei "may be deter- 
mined by two other elliptic quadrants Ei% Ei^, the excentricities 
of which are less ; and in general it appeart fr<?m the formulas 
that in the series of ellipses having their excentricities c, c°, c°% 
Sic. the rectification ot any one of the ellipses imay always be 
• reduced to the rectification of* t, wo others taken at pleasure. These 
consequences may be found developed at greater length in the 
Memoirs of the Academy for 1786; but the method ot approxi- 
mation which thence follows is not so simple 4s t!»at es^plained in 
Art. 30. 

• Particular developtment of thefdrtnula. 



Z IT f ^^^-c^-^')^^ 

y |/(a*-i^'2(r/3;tf*COs6 f d" X^^ 



.. t« A 



33- 
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33- This formula frequently occurs* iti «jpplicatioos» and besides 
It is necessary to examine the case of imaginary factors off ^hich- 
wehave spokcn(Art, 7.) ' ' . c • ' 

The variable ^uafitity x may have all valines froni o to infijaity ; 

bu^ ^s in making ;t = 00 we hkve Z p=y | ^ to . 

'^ get rid of the term which may t^ecome infinite, we shall coiisidcr 
simply the Formula 

^-J i^{x' V 2GLCX'' COS^-^^'X') '^ i ^ 

which by this means will al ways have a finite value. . 

The first thintc to be donp is to transform this expression a© 
that the binomial factors of the qua»>li.y under the radical may 
become real. For. this purpose different suppositions may be - 
made which will all equally succeed. For example 

1 -r* V M 

'-/(a* + fia^^f* cos 9 4- i8* a?*) := 2xy /«/3 

■/3x* + a cos 9 + v^(a* + 25fc/3x» cos 9 V &^ «*j s=: 2dey*. ^ 
We shall consider only the result of the fourth supposition; 

• a • /v sin* 9. J 
it gives a?' z= -- {'f — cos 9 i^)y and 



X 



=/: 



where it appears that the two factors of the quantity under the 
radical sign are real. It also, s^ppears that the least value of y 

bring co^ |9,' we may make ;y rn ^^- ., :and it wiir follow, 
putting wn';^ 9 =5 c» thai , . .< . . '^ 

By this transformation the formula X becomes an elliptic func- 
tion of the sficdnd kind to which the fofmlas of Art. 30 may be 
immediately applied, making 

It is to be riemarked that we have supposed ^^^ real, for a 
and may always betaken positive, and if the term 2agi* dos % 
ought to be negative the sign — may be made to fall upon cos 9. 

The 
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The immediate relation between p and x is given by the 
equation 

s» sin* |0 cos* (p =— -/Sjt*— .« cos 9+ V(ot*+ 2at^x* coi 9-+-/8*a^) 
from which it appears that when ;ip r: o, ^ = o, and when at = 
00, ^ =: 90 • The transformed equation containing (p therefore 
expresses the integral X taken from x =: o to the value of x 
which corresponds to ^* 
The integral X may be expressed by means of the two simple 

formulas Fste / ^» ^ =z / A dp^ and in this way we have * 

X^fLtJfLF M?L E. 

Here are some applications of the last formula, which lead t«i 
results sufficiently remarkable, ^ 

Example i. 
34. Let it be proposed to value the two integrals 

M = /Ij ^, N :r /LJ^^l—, both taken from zz^o 

to z =^ u It is known that the product of the two integrals 
= T^t (see Mem. of the Acad. 1^7861 page 6f9.) 

If in the first We make z zz {t -|r«') ^, wc sliall have the 

transformed equation M zz §—, 2—- — ;— ^ , 'which it is 

necessary to integrate from x zz oto x zz oa. The cotnparison 
with tbe formula X gives f zz ^^ g zz Or » =^ v^3* ^ = ^» 
cos 8 3.4'V'3t^ = sia '7^ = •!••(« — v^3) ; whence it fol- 

lows (hat M £= 4^F>t ^"^ ^ the integral oug.Qt to be takca 

V 3 

from X = o'to X =00^ or from 9 == o to (p zz. ^/ F will bej< 

come Ft and the whole integral will be M =t^Fi. 

• 3 

'Jn the second formula we make z zz ( 1 •-— ,x*y^ and the tranJ- 

formed equation will be N =: f — ^^ ^ ^ ^J^ ^ » which 

ought to be integrated from * =z o to j? = 1. This formula 
being compared with the formula X we have^ :r 3, g =: -—3, 

« ^ /a* ^ = ji, cos fl = ~ 1/3, cz=z sin ^9 :;: */(»+ V3) 
arid hence 

N = 
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but (he relation between p xaA x being 

if we make x ;==? i, we shall have cai> == tt^^ — 3, that 
is, ^antp = V~. But we ha« seen {aij.Q8:) ^hftl m the 

case of c 1= ^ v^(2 + v's), and tan f» ^sl^-^, wc have exactly 
F(^) = iFi. Hence it is easy to conclude by the formulas of 
Art. 22 that E((p) = ^Ei -t- ^rf-. therefore the integral N taken 
fromN^ = o to 07 = 1 is reduced to this value 

N=i;^3ri + J4^E,. 

Iiris to be remarked that these values of F 1 and E 1 correspond 
^^^ fodulu^ c 5S= 4\/(2 + •a), while thjit ^he value of F i 
which enters into M answers to a modulus c =3 4/(2 — . ^3! 
To distinguish this last modulus, we stoH demgn it by i{. and tlie 
corresponding value of F 1 by F i /i : thus by taking the product 
of the two mtegrals wc shall have the equation 

whence it follows that in this particular case the elliptic ^rc Ei 
which is a function of the second kind, may be expressed by F 1 
and F 1 k, functions of the first kind. These calculations are 
done differently in the Memoir quotei, and.we have not thcr<5 
deduced any result from them, not having dl>s6rved that the arit 
E may be determined by the third of £ 1. We shall find some- 
, thing similar in the following example, i 



Example «• 



Vz 



85. Itjs proposed to value the two integrals P 55= /^t — ^f, 

^ ^ J y/[x^ix\ fr^™ 2 = o to z r= t : their product is 
known to be l^-. 

' If ill the jSf'St.^wemak^ z z= (t -^ AC')* wp AjJI have the trans. 

formed 



# 
formed eqbailion P = / ;/ ■■ - ^ ^^ ' * , — 1\* Which is to be inte- 

Srrat ed from x r o to ^ r: i . 'Phis being compared with Ihfe 
brmula X, wc have/=: 3, ^.r= o, a z: ^^^^ =: 1, cos fi zn — 

|V3, c rz Xy/. 2 -h ^3), which gives P zz ^r-;- F (?). With 

tespcct to f , it may be deduced from the c^juation ^ ' ^ x 

cos" (p =: — j;*+ 4 + ./(s — 3a?* + x^), in which, if we 
make ^ z; 1, we shall have cos"^ <p r: 2v'3—- 3, or tan <f =^ 

y'— . • This case having already occurred, we in like manner 

conclude that F ((p) rz -J- F t and consequently P =^— Fi» 

V 3 

Let us now consider the formula Q> and in the first place^ 
making z* zi ^ ^ we have the transformed equation Q = 

%h , , V , to be integrated from v = I to y = 00 . By 

partial integration we have 

Now let jy m + ;if*, and we have ij .,-i^ \\ = 

f T (^ i",l ^^ -■-, a formula which must be integrated frona 

1? = o to ;^ = GO . This being premised, the value of Q may 
be put under this form 

^ ^ y 

V.lv'O t-3* +**) J 

but the part without the sign y vanishes at the beginning and at 

the end of the integral, thus we have simply 

^-1/ I ^(3 + 3** + **) ^ '"^ J 

« 

Comparing now with the formula X we have/zi— | g^ =— 4f 

a=:\^3,iS= i,co&e^ i/3,c=:i^(2— 'V3)» »^ ^^ ^^^ 

integial 
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integral ought' to.be taken from ^ =: o to ?> = 90*^, the fault is 
(distinguishing the second chy A) 

Now since we know that PQ = |gr, this equality and that 
which was similarly obtained in the preceding example, giv* 
these two results 

~ = Fi{EiA~(2i^)Eii). . 

Ti O 

(*0 

«==:Fi* (El — (8.JO; Fi). 

Therefore in this case the elliptic quadrants Ei, Eti, which 
^e functions of the second kind, may be expressed by Fi, Fii, 
functions of the first kind and consequently the same thing 
» must hold for all the ellipses of which the excentricities are 
TOmprehended in either of the two series c. c\ c^, &c. i, k\ i\ 
&c. which series may also be continued to infinity in the other 
direption. To these relations we may join that of Fi =: /gFii, 
which is to be determined in the next example. 

Example hi. 
36. Let it be proposed to integrate the formula R = /-— — r 

from ;rz=o to 2zri. 

J, 
In the first place we make 1 — -i* = (•) , which gives 

R ^ /T/i — 11, \ * ^^ ^^ integrated from ^ = o to y z=z». 

Next let m = ^ 4, and myzisLX^ — 1 , and we have the trans- 
formed equation R z= — f-yr-r — ^^-^— — , which is to be inte- 

grated from xzszt to x =: 00. This integral is easily deduced 
from the value of P in the preceeding example, and thence we 

get R = — 4 — Fi,themodulusofFibeingalways cs^iVi^+Vi)* 

But there is another way of finding the value of R* 

X ' 

I^ I — z^zz (1 — ) > and we immediately get the trans* 
formed equation R == /^/ z^. 7 ) *^^^'^^ must be intejgrfiled 

▼OL, 111. PART 111. lb} 



( to .) 
frdM jr =f 1 to j^ =r ^. Again, Idt w' 2: 4 and My:s:i + ar', zxtd 
wc have R z: ^ /"rrzr: ri — t» * J^w formula which must 

be integrated from a: n \/ (m — 1), to jc=oo: but by com-* 
^rinf with the formula X, we have /ini, gr:o, a::zi, ^nrVg, 
cos 6 sr iv^3, and <rsr= f v^ (a-^y/g), besides, when jf*zi 2771 — 1, 

, ,^ — m — f 4- v^ (w* + »j 4- 1) (wi — i)* 
we have cos 'Oz:: -= — >■ > ■ *■ • =;= — --t . 

V%~i »V^3 — 3 

But it will be found by trisect^on (Art. 18.) that this value 
of <p answers to a function F z= -g-Fi, whence it follows that the 
function F, taken from tliis value of (2> to that of 00^, where 
, , 1. Moreover^ this Fi, ought to be de- 

noted by Fi^, because the modulus is here kzi\ y^ (2 — y^^) ; 

therefore we have R = ^ . t— • \ ?\L Comparing thit 

value with that found by the other method we ^hall have this 
very simple relation 

Fizr^/ 3.F1A. 
>vhich joined to the two equations (6^), makes it appear that 
if one only of the tour quantities Fi, Fi4, Ei, El^ be known, 
the three others may be determined. We have for example 

It appears also that a single known ellipse in the two series 
formed from the excentricities c and k is sufficient to determine 
iall the others. 

We particularly notipe these comparisons, because there are 
very fe^ cases which admit of them, and in which E can be 
deduced from F ; here there is a double relation' between the 
quantities E and F of one series, and those of another, formed 
according to a dtfierent modulus, which i& yet more rare and 
remarkable. 

BesiUes, a« the formula R may be integrated indefinitely by 
i>otfa methods^ it appears that the functions F, to the modulus 
r =;:= I -•(2 + v^ 3), may be always deduced from a Uke function 
to the modulus ^=:|\/(2--\/3J, by taking proper amplitudes, 
and the same i« true of ellipses of which c and k are the excen« 
triciti^. These ellipses enter into the integration of the for- 
mula /- J, which may be efFe'cted by the sinie two me- 

thodt as those of the formula R ; and thuft «re know two infinite 
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series of cllipics, such, that the indefinite rectification of any 
one of these ellipses gives that of all the others. These reduc- 
tions depend upon the peculiar nature of the radical v/(i>^-3**-f 3)» 
which admits of being transformed to v'l** f3^' + 3'» but it 
do^s not appear that such reductions are always practicable. 

Theorem relating to definite functions of which the moduU art^ 
the comple^nents of each other. 

37. In the comparisons which have been established, the 
moduli c and i are such that kz=z t — c*, or i = 6, and thus 
they are the complements of each other. 

If b be put instead of A, the better to represent the relaii6n 
that the functions Ei^, Fi^ have to the functions Ei, Fi, which 
may also be denotM by Eic, Fir, the equations (^''), beirtg 
added, give 

- — FicEi5 + Fi^Eic — F16F1C (c'). 

This equation it demonstrated in the case 6f c=|y^(A-ft v'^3)| 
also in the case of c=y^|, for then bziCy and it becomes 

J=cFi{2Ei — Fi): 

This has however been expressed in a different manner in the 
Memoirs of 1786. But these 6ases are only particular, and wf 
shall now prove that the equation (c^) is generally true, what- 
ever be the value of r, which is a new and remarkable theorem 
relating to definite integrals* 

To abridge the notation, we shall take away the 1 which itu 
4icates that the functions have an amplitude of oo^, and 6nly 
distinguish the functions of h from thoHe of c\y an acci^ 
placed over the former* Then the equation to be dcmonitratfed 
will bQ 

2^=FE^ + F'E — FF' [d') 

I regard the first member as unknown, and call it IT, I now 
difference the two members with respect to r^ which is the only^ 
variable quantity they contain. 

But having E =/Adf, F =/^ » A*i=:=>i — ^ s^n* f^ we 
get, by known principles, "T" = ~ y ■ , ■ « 1 c ^^ (ji, — !« j, 

«aulaa of Art. 9, we have /^ zz j^J Adf — » 1 j;^ ■ ,- ■ ■ ^ , and 



( li I 

in the case of ^=190% which is that under consideration, the second 

term vanishes, and thus we have-r- =r -— ri • The variations 

of E^ and F' are similarly expressed in respect of 6, and be- 
cause hdb'\'Cdezzo9 we therefore get -j- = — r (E' — F'^jt ^^^ 

_• — ■ i ■ » This premised, if we difference the cqua^ 

tion (d/)^ of which the first member is supposed FI, and sub- 
stitute the values which have been found for (/£> dF, &c. we 
ahaU find 

rfn = o. 
and thus the quantity XI is constant ; it is therefore only ne* 
cessary to find its value in one particular case. 

Let c = o, ox b zzi^ we then have E = F zz !», '£/:=: x ; as 

to F' it is infinite ; for having F''zi f—~ = log- tan (45°+f <p)» 

if we make (p^go^ F^ becomes infinite. But as this infinity is 
logarithmic, and is multiplied by E — F = o, the product is also 
equal to o. Therefore the second member of the equation idf) 

becomes in thjs case, simply, -; therefore it is .always equal 

to^lfr, and thus the equation (^Ot ^hich is expressed more ac- 
curately by"{c'), is true, whatever be the value off. 

This theorem gives a relation between the functions Ei, Ff, 
which belong to the modulus c, and the like functions to the 
modulus^* Another relation of this kind is necessary, to be 
able to determine the functions- of the second species Ci^, Eif 
by those of the first Fii, Fic, but it does not appear that it can 
be generally foundo 

We have already remarked two cases which' adniit of these 
reductions ; this new theorem furnishes a third, l^et us sup* 

pose £ = f • =—-7-r. which gives*:r:-i + V^2,c*z:->+fv^a; 

inthis case Eli and Fi& become £^1 and F^i, and the equa* 
tion (c^) will give 

-= FiE^i + PiEi — FiF^i ; 

but by the formulas of Art. 32, we have Fis=:(i ^^^jF'i 
^^•aF*!, and 

. i^F| = — Ei.+ (i+ft)E'i. 

Hence it follows that the elliptic quadrants £1, E^i may b# 
determined by the function Fi, alone, and that 
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I 

' ^ = Fi 52E^j — Fi?. 
2 } s 

The same will be true of all the other elliptic functions formed 
according to the series of exceniricities, r, c% c°°, &c. 

Remark upon the Integral Formula. 

38. This formula may always be decomposed into two parts, 
one disengaged from the denonanator i ± Af% and having the 
form 

\( ^'•^W^^ + C'x^-^^ &c.)d:c 
and the other having the form 

. y (1 =i= x^]^^ (a + ^X^ + aaf^y . 
The first may be reduced easily to elliptic functions of the first 
and second species, the second seems, at first, to depend on 
functions of the third species; but by a very simple substitu- 
tion, it will be found absolutely integrable by circular arcs or 

by logarithms. For, let 1 ± x* = — , and this second intc- 
gral becomes 



/ 



o/v 



Therefore the formula Z may always be integrated by elliptic 
arcs. 

Approximation Jor elliptic functions of the third kind. 

39. Let us now consider the functions.of the third speciei i^c- 
presented by the general formula. 
TT _ / "A -hB sin*(p d<p 
J 1 -h « sm *<p ^ 
in which the coefficients A, B, n may have any values, real or 
imaginary. The method we have hitherto followed consists in 
reducing the proposed integral formula to another of the same 
kind, the modulus of which is smaller, and in continuing this 
reduction, until we come to a modulus so small as to admit of 
being entirely rejected, in which case the formula integrates 
itself. The same method applies, with equal sftccess to func- 
tions of the third kind, and it fortunately happens that the same 
fiubstitutior, which serves to diminish continually the modulus e 
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produces the same effect on the coeiScient n^ and soon renders 
it less than any given quantity. This is the more remarkable, 
that it takes place alike, whether the value of n in the proposed 
formula be positive or negative : however, it appears at first 
sight that the nature of the function should change when n is 
tiegative and greater than unity, because it may then be infinite, 
and indeed becomes so, as often as i + ^sin^^ = o* 

To put the matter in a clear light, we shall prove that whe- 
ther n be positive or negative, the proposed formula may always 
be reduced to another, in which « is less than unity, and even 
]ess than c* 

In the first place, it is to be observed that the formula H may 
be written thus 

-J An-^Bfdp , An— Bri— « 8in'(p dip 
2n J A Qn J i+«sm'(p A 

There being no difficulty in the first part, let us consider the 
second, and put 



P 



__ fi — n sin *<p dp 



=/^ 



n sin *(p ' A* 
and at the same time make 

-3 



--/- 



c . ^ 



— sm ^ , 

n \ dp 

1 + — sm p 

71 ^ 



by adding these two formulas we get 

_ 1 — c» sin *(f) 2dp, 

r + y~ — ^ — ; ^— -• -^^ 

1 -{- (n ~\ — =) sin '<p + c* sin *(p 
^ n 

Let >!/ be such an angle that sin %!/ 3: - — : ; — r~-» and to 

abridge. let ?»r: — '^ — =, the substitution will give 

^ 1 -h r 1 + w sin ■>(/ 
and thus We have this very remakable result 

c* 
ri^n%\x^p^ dp , r w ^P^ ® r ^^ 

^ ^ r ^ i + -~sm (p 

n 

Kow, of the two numbers «, — , if one is "greater than Cf the 

n 
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otTicr is smaller, therefore, the integral formula H may always 
kc reduced to a similar function in whicti n is less than c. 

Hence, when n is negative, and greater than unity, the in- 
convenience, arising from the formula H becoming infinite for 
certain valiiesof (p, is in a manner thrown upon the transccnd^ttl 

of the infe:rior prder -^ r—rr* and thus there only remainc 

i-k-m sin \j/ '' 

a regular elliptic function to be considered, the value of whick 
is always finite. 

It may be remarked, that in the particular case of 9ir=rj wt 
have, by an absolute integration, 

't — c sin *^ dp_ -4/ ' 



/i 



1 + c sin '9' A "" 1 -f- c ' 
«nd in like manner, in the case of « = — c, if we makf 

(1 — ^ c) sin O 

1 — c) sin 'f 
we have 



fi 



+ c sin '(p dp__ » 



1 — c sin V A ~ I — ^ 
These two formulas are both comprised in that of Art. 57, 

Lastly, if « were imaginary , and of the form v ( cos dE-+-v/i- sin dt), 
jt appears by the general formula that the case where v is of any 
inagnitude may, at length be reduced to the case of v less then c. 

40. This being premised, let us proceed to the transfomuu 
lion of the formula H, which we put under the form 

TT _ ff. , Bsin*(p , dV 
/^-/(^"*"i+«sin^?) A' 
mid in which we may suppose n less than c. 

We make, as usual, sin *(p = i ( 1 + c° sin '^^ — A° cos (p*% 
and this substitution will give 

H-*+^''5mo tB r dp^ cos f ^ 

a formula where we have similarly H° n /(A* I ; — „ • ■ ; ■■ ; ) ---3-, 

^ ■ J ^ 1 -f « sin (p ' A 

and where the new coefficients are 

The same law takes place also in the subsequent transforma* 
tions, so that^ making 

we shall have 
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4U-fl#.*¥^.f 07 «»qnre. particularly, ^yiy^ ig^ tjjc lafi^ (jT^ 
progrj^sion. 01 tne co-cfficicnts ru n°,^°°, &c. .If we make 

n zz mc, and similarly tf zz m'^t^, we get m!" zz ■ ' ^jL^^ ^^ffa^. j^ 

a for&tiIa''^ofidMnt4y simiijk for the detenhinaiioii of m? (t¥Ul m ; 
and in like manner m°° is found from in°^ &c. No^^'Sin^^ \SFe* 
suppose » < c^ we :fawa m <'i^«> But iiiQip thence it ^fol- 
lows tha^ we'filvc also ;»<» <^ t, and^cven^z?*^ ^ »i, forjHet us 

for a moment niake «^ d» )^. or S c=r-£i^vti|tii mriitMtew ' 

that / -l-S z^iiMBl^. and \ i4. S -liil^lizd!^ . .«e«f '• 

valueVi^ew'Tllat 1' V^ ind^i -i— > arc afw^ys positive, arti, ti|eTe<« ^ • 
fore, that J is alw^s . less than unity. , Therefpre tn'^ ^ m^ 

Hence it appears not only that the terms m^ m% 7»°*, are ItsS A 
than fiskidfi nilotliU' €h0y>d6croaB«' oi{ftfmiAllfr;vfii)c» vihjicli it< |. 
follows tlUitt^iSMes 92, nt, n^i' tfTv £u£^' drf apy |il»(|rti si|^iiix' < 1 
than the^j^rig^c, c"^ c°°, &c. cfvery tq|W of flfzformefj being 
less than^tlieicdrreiponyfng term of the Jattpr J -^ *j * -—7^ * A| 

With respect to the signs ol the coefficients, there igre two , 
^ses to be considered : », , . v. t^-. ^* ' »' ^ ^ 

i"". If n is positive, or that bein^ neg3||^ive^it is greatei&ihaJD ^ 
then «% will be positive; the same win '«be?tfue ol n"^; and thus 
all the terms n% n°^l' n**,. &€. ^without exceptft^, wiltjbfc posi« 
tive. The first caaie contains tiiep^ticular iistance*oR7iz + c, 
which ^tVe^-ii*-^ c%^°^=s?0 and apjon't9 infinity j^ljut 11 is 
needless-' to^consid^f ttis, as ^^t appe^s froWl'Art. 38, that then 
the function H is reducible to the first species. . ^ 

2°. , M « <i« p^ative and le5^il»ii;f %|let^^;;;r/V5W ^Cwc, ,^; 
may, ia like manner, ni^e ^ =^—4^\^^^MM^^k%y^^^^ 
that the anjled is real^ j^pd (Jyterrai/i^d^by thj foio^Uia^^ ^ ^ 



cases 
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..,, ,, tan.(6^^e)=;6ta|8. ^' 7.'^,-'. ^'. 7" • 
here the law is the same as that^by yUijch fr^is^erivectfrona (?• 
Therefore, calculating.^ d", 0°,' Q^,'^uccessiv<;Iy by' this*Iaw,' wi' 
have ri^'± —'€<>* siii 'd'*^ '7i?ici2'-r ic*»^».^iti ?ar^ foonr ^hiscli. k ^p. 
pears, that in the second case, all the cjuamitjie^^ w, «% &cu* arc 
negative, axid .smaller than tlie corresp'bnding quantftfe c, V*^ fe'c. . 
which repdgrs the series '«, n% rt°*, Ac. yet more 1:bnV(5rgthg. " ^ 

42. ThelaVof the coefficients n being dettrlntnod, vie ooms ;* 
now to\hat of the co-efficients A and B. In* order tb abridge, Ut^^y 
' jT c*4-gyi + «' ". ^ . " .V . ».^ • 



ift» «..* -*.'. 
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atid let k* denote a Kke function of c^ and ir, and,toon, we hate^ 
therefore 

But since u tail ibe noaabert ^ and n. which nay bt denotel 
by c^ and n^, dn ao aoaaU as to admit of being considered 
^ =s o^ it is evident that i^ is also s= o» and thesefbic^ that wo 
may safely make B^sszo* 

As to the value of A^, is will readily appear to be given b^ 
the indefinite series 

A-= A + Jl- + -^+ i^ + fcc. 

t-hn • s+« t + n**^^ 

which converges rapidly, and of which moie or fewer terns 
may be calculated according to the degree of appnoximation thai 
may be wished for. Let ^ always denote the limit of the an|^ 

9. -^ t ~-» &c. from which it follows, that after a snficieni 
oumber of temu f^ sss %^9 ; then the value of h^ will be sa 

43* It is now easy to develope the complete value of H which 
reauTts from the successive transformations. To abridge, let 

*=(A+ j^+ 1^*4- ^ + &e.) (. +C) (. +.-) Ace. 
nad we shall have 

a t + mjt +n sin V 

s 4- c* t4-^ |<B rdp^cmf^ 
~ a * t * 1 4- nv 1 -h ii'*sin* 9** 

t » a t + n'V * +« J^ia >•• 

Tbe terms' which fcmain to ^ integrated depend on arcs' of a 
circle, when all the co-oficientt n*, n"^, &c. are positive^ and on 
loganthms when they ere negative. When f =: 90% or any 
multiple of 90% these int^rals dis^pear, and then we have 
limply H :=: «0, therefore H s = « • |ir. 

If we make ji s o, then i := -^ » It* ss — , &c. and the 

value of H i\g[rees with that of G in art. 90. 
' It IS to be remained that the value of H terminates, as wdl a^ 

that of the limit A*** if any one of the nuraben A, i', i**, i***, fcc. 
be equal to o, or if we have one of these equalities ft = — 1 +^, 
n* == — s +-*% !!'•=: — I + ***, &c. Wc therefore know an in- 
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^fiit}^ o^ <Wff^. vdierc^ this. fnuctAon, ^ may be reduced to the first 
species. 'The cases alluded to are those where, by makiog 
11= —c' sin'd, we have for 9 Qift of Ib.e values, which satisty the 

aqiiadon S (^ sc- ■■■ ' Fi^, /^ and v being- any whole numbert 
i^hatcy^r. 

Second method of transformation appUed to the function H: 

s <44. Tbiii other method consists in taking, a« in art., 39, a 
new angle 9^ such that 

• ^/ fi+c)!sin'g 

This aogk ^' inoreiMiefr oontinuaMy with ttie angl'C' % and ibey 
ooincMrenttrely. when ^ i» a- multif|lli oF 99^. J^et us, as usual, 

make if = "-T"» and 1/ zz ^[t — c* sin'|)^,. thfcn we have 
. , 1— A^ dp I </(?' 

these values being substituted in the fonnula 

give 

H = -i- H' — ^ /• d^ 

t-Vc 2«(^i + c) y 1 + »' sin?^)"' 

«/ .• /-/A/. B'sinV N*'?'' j^ 

H' repre8eming/(A' + ,.^„/,;^y j^» an^the new co- 
efficients being 

Thus we find that the formula H depends on a similar for- 
mula H^ in which c and n are different. We must now exa- 
mine whether this, transformation has any advantage. 

With respectito c, the change appears disadvantageotis, be- 
cause that c^ being greater than r, the radical ^^ differs more 
from unity than i^. • However, if the transformations be re« 
peated, the limit of the quantities- c^ c\ c-\ &c. being uoitjFj 
we may take cos ^ for the la^t radical A, and them. the Integra- 
lion niay be accomplished by known methods. But this kind 
of approximation, which we have not hitherto noticed, is not 
the most convenient, and it is much better that the successive 
Iransforpiations should tend; to diminish c. Now it is evident 
tbs^t this, effect may be prodi|ced by r^yers^^- tb<^ precediog^re* 
sultj.or^ which comes to the same, by wipitiog it Uiui^* t 
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H t= f t + C»9 H« + -^ f\ , ^ . :. . 



then we have 






and the new co-^llicientls are 

ft I 






B'rr+B ^^'' 



Because of the 4ouUe sign i: we must cWosib \)etween two 
trattfoiiiB^ioks; ulid it«eein9 cOnv^ieBt to (^k^ thaft i^ifire fi"" is 
the amftUeK. Bat /the vahies of «'' are such that; pl}eir pro- 
duct — c^*. Thus we may always se manage, that in the tram- 
formed expressions^ n^ahail be smaller than r% however great n may 
be. The same advantage may also be obtained in the ulterior trans- 
formations ; so that by this method we ihay readily find a value 
of H as near to ils^i-tie valW ^b iht f)leas^^ without -any pre- 
paration bdng necl^ssary when n is somewhat great. However 
'this inerhod is in %x>tskt respects inferior to the first, inasmuch 
as (he value of n'' is irrational and that it even becomes imagi- 
nary if H ik n&gative and < c*. A second disadvantaged of tbh 
method isy, thatf"* cannot be deduced conveniently frpni^^ but 
'by employing ah auxiliary angle -4>» such, that 4" ±: c slli ^'; 

' tbcn wk havi nin ^ '= -i- tan 14^. 

yc 

, - • * f « * . 

Third method of transformation applied to tneformuta Hm » 

4j. The ifi^thod we have f6lla^M it) aft. 2i>, ^mXt apply io 
the formula H. ^ For this purpose it muttt be observed that if, 
according to ^rt.i/i we mkke 

. a^ 1 — cos -J/ ' 

we shall have — ^ =r ^7^ • substituting these values iij the 
formula of art. 40, and in order to Wwklge, patlitlg 
■k=z i' "*" ,,^e stall Bh4. 
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. ':, ; The .AtH^part is inftf^rabk by arcsof^ circlcniaa^^by loga. 
^ . . r.'ijd^bl9^K:TWfitstift^.fonkn>i9>&imil9'to in which £ is the ' 
•.^IMM9r9i^li4iffQrMlu The new V^Iuo >Qf n <l^dag;^l|:d v, we 

It weuid benecettary to .reverse the preceding resuh, if we 
wished ti:^ .dcdi^cefirQ^B it an .approximation aimilar to that in* 
^icated in art. ao ; but as this method is much less convenient 
than the two preceding^we ^\\ not insist on it farther, and, in 
^oiududingf only observe tiiat if the integral H is j|^nown when 
tb z;^ «, it will also be known when 

And by the 'reverse of this formula w^ shall find that if the 
integral Hls'knowit Vheh ktrnfi, it wllt^iil^ be khOwn in the 
fytit casies~<eohtained rnfhe expressioit ' ' *' 
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This also appean» by combining the two first methods, for the 
& lirst"gi\^s thWrefatTdh between (p ^hd <P*^-^^ 'i= ^^^ . ^ , 

^^rF.<i:,#4r:^-**'^^-*^ . F(cVf*^>; th«-iccoid, by putting ^ ifl 
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f l^e ^f f ; ^y^ F (f, >V) = (i 4^ <f )'* fe^, 4r|^Htherefore, 
r liAfltbinin^ th^ two, * we have ;f [c^^ af f f {c , ^'It •«* ^-p; =;= 

ijj-i this is jhe foufj^ation <rf tb? ti^ij,4 mfJthpd, and tbcre, 

fore the conclusions drawn from this ro^hodare in eObpt-con- 
^ 4ajxiefi«lithetwo^otiw5/ * ' ( 
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We now propose to shew, by the help of these trans&mig- 
' * *^tions» in what casesAii'-'eWiptiirluhciiM reduced to 

functipnsof the second kind./s6 as fo ^depend* on elliptic arcs 

'0n^. ••''*' f- ■-• ^ ^ "•:—-• ,' . 

^. J. -- ~ ''r ;!r>"auc] a . *^: -..:. . ; i,? .::y :'•* : • .. 

Of /l^ ciMCj in which the function Hmay^ rtduceiio elliptic 
fancpipns l^4hfi,je^i§4 I^n4^^ *a 4^ ,. _ 

46^ The most <iihplr c^sTwEefe the reductioi) has place 

l«ee art. 10 and^jp)* If, therefore among the successive trans* 

^fpnifLiskr^ix^r^ methods we 

kav'e explained, one is found which agreed wit|i one of these 

)iase|^,. we fnay be certain that the propofse^d formtilai, aqd aU ^ 
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•th^n resulting from the trati^lbrTiiationfr the^HufilBer of vrhich 
is infinite, jinay be reduc^ to the second ipecitfii;! Sometimes 
«veh t6 ^e firsif;* and thus will ctepend oft '^thptit^^cs only;^ 
Hence it appears that it is possible to find aninfi^itydf valuetof 
«» real and imaginary, expressed as functions of c, which give oc« 
casioh to this reduction* ^. This i$ whal we are now to explain. 

By tit first mtisk^* • Erotn^ ih&vftlaeorr' k evrrtfpoiidiog t# 
r we draMT this vakieof^n** ^iiFe8pot»dii^gto^f%^ 






o 
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(1 + «>,{i+-n) • ' ' ' 
Reciprocal^, from the value of n* cbrrc«p6ttcKti|r to c* ure 
'Reduce this value of n corresponding to ir: ' * "^ ' 

Sl^c jpic 6j[ 4»c«e iarmul?s it now. to be fi^ewm . , 

_ \% in the first we maken = — a , or i? =^ r-^4^^vtc i*vc no «- 

^ult, if we iiiale ^ = i c, we have n* = ^ Ti = c\ whence 

w :^ r, from which we lejarn nothing new. , - . -^ 

J _If in thi.ftecond.we puke »° =: --^ i, v^r^Y.^ » ^ ■ - ^ 

The second member is a function pf r\ but it must be made a 
fuoaion oi f » and to effect this, weiiuist.iHit foi^^Mts value 

,~^^; we ihm get 9 = -- i ~ irVbl^Ms %few caie<. 

But J^t, .actofding to aru 39, At valuet qfr 9» wUtb are lesa 
than € are to be considered, and those which exceed^ are to be 

reduced to the value ^1 in this c^e^ instead of the valiie 



c« 



— I — it we may take ^ LL ' i* ^^^^ 1 + 4.- The same 

result i$ al^ obtaiiied imm^ediately . by h^alung »* q; -» #* for 
,ilicn we get »:=:•—- i+.A* , . , -. - ..i 

The case » = «--> 1 «4- i may lead to an infinite number of 
of others. Let us make in the second formula is* i= «-^ 1 4- 4*, 

The secofiid ttpaAtt mmt be ckiMi^d ifito e funoiiirtf of c or i. 
Mid t&4o tbif,] y^ fliuft maki; i^ ». -^^i ^^ste ^*Tfi^* which 



• ' ;«±l/(rTl) 

*. I'^rorri these two values oT «, four others may be found by a 

'liew.suVstitutioh^ and from these eight others may be found, 
arid so on. ' 

' 3Ml'tlie vaSoe* 6f n thus fouhd are negative, and less than c% 
they may therefoie be represented by the formula « = — c* sin*9* 
We have already remarked, in art. 43, that the values which 
make some one of the quantities n -+- i" — ^, n" -+■ 1 — J% 

f^y c^ I — i% &C. equal tx> o, at the same time also make 
one of those of the series i, A\ A^, &c. equal to o, and tbu|, 
in all these cases, the general iormula of art. 43, will terminate 
of itself, and the function ii be-i^duced to the first speotes. 

Again, in the second formula, let n" zz f% then rt — =fcr, here 
we get no new r^tttlt ; but let !*'*='•»--- ^% and we »hdl have for 

•i*feir vaht« n 12 — t^^ic y^*-^ 1, hence, ^y re{>eated Substitu- 

^tions, there resvks an infinity of others* 

In general, it e^pi^ars that every value of n which is negative 
and greater than c* gives two imaginary values/ and tkat eyei|r 

X' lye value gives two real values, the one positive and the 
negativte. But aipD»g the ^^siirve Taloes the otfiy^tase 
^^"yet*kpow is that of «. ~ c, which does not lead to any more; 
•the other metitods furnish new cases. 

^7 •By the second method. *From a value of « corresponding 
^x we 4raw this value of n* corresponding to(f^ 

Reciprocally, from a value of fC corresponding to c*, we get 
^w viitte of n eorrespoiiding to d^ ^ « 

^ ^n the first formula Jet n zz c^ anfl we ^hall have ji* sss 

c I — i \ . but It IS necessaty to change the second 

<ip^bei intoa fiu2/9f{o|i of c^ and for tfiiA^piypoae, to make e 
= • i = T-rrrTk* ^^^ substitution being made, the 



1-l-C 



index o is to be'tak^n away^ ^sdihr , result will be 

If webatl taken n =t — r^ tiro. ihouM have foiiikd^ia'V^kie 
of »,'**. 



Tbese two new values are less ih^n c^ and eaeb/itty MoMtki 
an infinity of others, by the formula of this sejcoHdvnvQlfaii aax 
well as by that of the first. 

48. By the third method. Supposing c to remain the $ame» 
if V is one value of riy another is Known by the formula 

._ (c* — vT ! 

4('-H i){' + c*)' 



1- . - .-. I 



and alio another by the inverse of^ this formula, which- gives* 



+ 1. 



c« 



In this we may put ^ instead of ^ and there will result a 
a third formula 

^/(i + -,) + ! ] 

This third method is, as we have already remarked, a con-* 
•equence of the two others, but it is better adapted to the object, 
mview, because the value of: « is expressed immediately as a 
function of c, and because there is no reduction to make from a 
function of c^ to a function of. c. 

The first, formula producing nothing in the more simple cases, 
we go to the second, and making » zr — 1, werget it = :±:^ -7- 1„ 
but this value is already known. Let us nbw*make-»*= i —- 1 
in the third formula, and we shall have - . ' 



V 



(rb)+*' 



a value which has been aleeady found by the finst method,, but 
less- directly. Here the sign of« h may- be changed, and \!6tt€ 
will result two imaginary values. 

Let V z= — c* in the second formula, » = r— 1 in the third,, 
and we'shall have n = — e±Lbc'/— 1, a.result which is alreadjs, 
known. 

In short, let us makey = c, in the second 01: thirdi formula, 
and we shall have , 



- ' • ' - :y 



^Ot^)-^ : (. 



a value which is the same as .W)e have found by the iSialfend 
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fli^hod* If we had madev = -^c^ we should have had thttfe 
imagiosrjr ▼alues 

_ ±i/(i— c)^i 



v(-:-)- 



It it useless to enter into greater details^ and it appears that 
by the combination of these formulas we may obtain an infinite 
number ot values of n expressed by functions of c^ teal orima« 
ginary» by means of which the formula li may be freed from 
tiie denominator i + n sin'f by one or several suitable trans- 
formations, and which may be eifected by the preceding me- 
thods. Thus this elliptic function of the third kind may be re* 
dlicedy in an infinity of cases, to a function of the second kind^ 
M as to depend only on arcs of an ellipse* 

Another manner of valuing elliptic fimctionSm 

M* . It nuiy be necessary in certacin cases, particularly in 
prdalems of mechanics, to express the elliptic functions on 
which the problems depend in terms ot the variable quantity f 
alone* 

Tbea the developement may be made in the usual manner ;. 
bu^the determination of the co-efficientsmay always be greatly 
sim^ified by the preceding methods. 

Let tts c<mitder in the $rst place the functioa F = Ax* ^"oA 

Ifet OS suppose <^ =: A -* 2B cos ef + 4C cos 4^ — Sec. in 

Cflpder thait wc may have 

F rr A ^— B sin 8^-}" ^ ^^^iV — O ^^^ 6^ + &c. 
The values of die co-efficients A, B, C, D^ &c. are now te 
be found to as Miple a manner us is possible. But, by a first 

4evelopement -r =si + 1 c* sin V + i-;-2 tf sin*^ + &c. After- 

wards, putting instead of the powers of the sines their values in 
terms of the hncar cosines we find a series of the required form 
•f which the co-efficienu are 

B= iS + ^ + I S + . 4 S + &c, 
Csr it 4- tVS + AS +&C. 
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In each value, the letter S represents the teriii|ra]9ft^yi(sof ^ 
the preceding value. And by this ^m^anj^ the law of these 
series is sufficiently evident. The multipTicatoffe to be em- 
ployed in passing from one line to* )ttt>l^r are in general 

_____ n ' 271 ^ 3« II. T 

Their Jaw dops oot.serve,to fiad B from.4*^ hu|; it.sefyeMOcfifld.-.^*: 
C from B \iy mvkxngn :^ t, DjFrom Q«bjp wkMgin^^^ii^ &,q.\^. ^ 
We may, therefore, by tbes^ scries calculate ^lifi^kuAy^ the." - » 
values pi A, fi, C^.&c* i}Ut when c 'diflfer$,little.,iroJii>ttniiy,.a. ^' 
great number of terips would be requiFe4 '^9 baw« a JJicKkfttely . > 
accurate approxijpatiot\» . . ., ;,*; , i- : . t. ,r- vfc 

50. The value of — being multiplied 'fttfccessively by"^, .* 

^*pcos2?), J^ €0$ 4;fr; ' *&c. and then integrated ffttni -9' = o 
to (p = 9p!^ wi^l^ive , .-':!«. 

Thus each of the coefficients A, B, &c. is found by \ definite^']/ * 
integral, and theiw integrals depend only on the quantiti*es-Fi, HiV^ * 

We have immediately for the two first A ^z^ Ft, si^^&i^^^X* •: ' - ^ 

(.Fi -^Ei) — Vi* and by substituting the vahiefc K^rt^mmA fti> i 
(Art. 27 and 31) we find 

A XI (1 4- ^) (1 + O (t + co^°), &c. . * ^^11^^ :- .'* 



~ zi — |- ^ ^ ' ^ + ' ^ ■ >> + wcc* ^' ** 5b. — • V /i — ■ 

A 2 4 Q \ - i 4^ • 

These two fiat co-efficients beinftiound,^lj^ig5S|s^|qjy|jjgi^ ^j * • 

^ ***** ' * i(> 

deduced f^o{n th,eai ; for byf omp^ringthe dif&opi^tial £^%i|Mit^-i «;.^ 
that of its value, wc^ obtain 






3-5D = ITS C f * ^ >\ — t -aB t.^^r.tlSj* tr:A 

However, the accuracy of the re^ij^t obtained from thesQ^j;. 
equations is not altogether to be relied on, if c is very smah, tor 
then A and B must have been calculated to a very greac degree 

VojLt III. Part hi. (dj 



( fi6 ) 

of accuracy, if the errors produced in the other co-efficients do 
not soon become considerable. In tbis case, the series ot the 
preceding article mav be employed ; but it will still be better to 
make use of the equations (/3) themselves in an inverse order. 

For example, if the approximation does not require to go be- 
yond the term D, we may neglect E in the third of the equa- 
tions (/3) and we shall have the ratio of D to C. The second 
will give the ratio of C to B, and the first the ratio ot B to A, 
which may serve as a verification. It appears that thence all 
the co-efficients are known unto that, which admits ot peing 
neglected. Besides, the co-efficient A is that which requires 
to be determined with the greatest precision, for A? is the 
principal part of F, and that which increases indefanitely. 
The others are only inequalities, or equations of that mean 

51! Elliptic functions of the second species may be repre- 

sented by the formula G zz/(a + ^ cos 2(p) ^, it is easy to sec 

» 
that 

G zra[A(p — B sin 2(p + C sin 4<p — D sin 6$ + &c.] 

A+2C . . B4-3D . 2C+4E . - . o T. 
— 3 [B^ — - ^ sm2^ + ^- sin4^ g^— sm6<p + &c. J ; 

thus the developement does not present any new difficulty, and 

may be made by the same co-efficients* ' . 

With respect to functions of the third kind, it will be 

sufficient to consider the formula H = Aqp^^ipS * a" *' ^"^ 

if we suppose 

H = M? — N sin 2(p + P sin ^(p — Q sin 6f 4- &c. 

and take the differential of every member ; a value of --. will be 

found, which being compared with that'of article 49, will give 



N =: — M+ - (A ~ M), 
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2P = — aN — M+ i(B— N). 

n 

3Q=-4P-N+ l(C-P), 



4R = ~6Q-2P+-(D_Q), 

&c. 

Hence it follows, that by supposing A, B, C, &c. known, it 
is sufficient to determine the first co-efficient M, to find thence 
all the others. But by article 43 we have 
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M 






a 



+ — ; — 53 + &c. : 
1 + « J 



1 -t-w 1 + 
we may also deduce M from A, B, C, &c. for we have the 

formula — ^ — .- _' = i + 2a cos 2$ + 2ai* cos Afb &c. in 

i+«sin*(p ^ * ^^ 

which a r: — \--. — ; multiplyinff this formula by -^ , and 

integrating from (p rz o to <p zr go" we have 

M/(i+w) = A— 2B« + 4Ca* — 6Da' + &c, 

52, In order to facilitate these determinations it only remains to 
construct a table of the values qf Aand B, or of their logarithms, 
for different values of the modulus c, which may easily be done by 
the formulas («). It maybe convenient to represent each by the sine 
of an angle, and then the complement of the modulus answers to 
the complement of the angle. Let A and B be the numbers of the 
modulus sin 0, h! and B^ those of its complement cos 9, then, ac- 
cording to the theorem of art, 37, we have this relation, which 

A B B' 

may serve for continual verification, !r., ^ l—r sin*9 — tt ^ 
^ ' grAA' A A'^ "^ 

co8*d. What follows is a slight specimen of such a table, which 
has been carefully verified, and should be extended farther, but 
which cannot fail to be useful on many occasions : 



Angle of 
modulus. 



Od 

1 

2 


3 
6 
9 


12 
15 
18 



3^ 
42 
45 




Log. of A. 



Zero. 
0,0000331 
0,0001323 

0,0002978 
0,0011920 
0,0026860 

0,0047846 
0,0074955 
0,0108284 

0,0147959 
0,0194130 
0,0246981 

0,0306733 
0,0373648 
0.0448034 



0,0530260 
0,0620766 
0,0720074 



Log. of B. 


Angle of 
modulus. 


Inf, ntg. 

5,5807199 
6,1829453 


90i/ 

89 

88 


6,5354036 
7,1389540 
7,4936265 


87 
84 

81 


7,7470016 
7,9453400 
8,1092576 


.78 
75 

72 


8,2497638 

8,3734429 
8,4845561 


69 

66 
63 


8,5860288 
8,6799638 
8,7679334 


60 

57 
54 


8,8511530 
8,9305914 
9,0070451 


51 

48 
45 



Log, of A. 



Inf. pos. 
0,5390725 
0,4799075 



0,4412352 
0,3663934 
0,3164715 



0,2778878 
0,2460561 
0,2188^33 



0,1949916 
0,1738201 
0,1548157 



0,1376327 
0,1220183 
0,1077813 

0,0947747 
0,0828812 
0.0720074 



Log, of B. 



(d}2 



Inf. pos. 

0,3399469 
0,2426870 

0,1742911 
0,0280475 
9,9175495 



9,8229717 
9,7374504 
9,6576703 



9,5817130 
9,5083232 
9,4365965 



9,3658278 
9,2954244 
9,2248545 



9,1536124 
9,0811882 
9,0070451 
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To facilitate the construction of this table, it is proper to remark 
that having accurately A= A°, we have nearly -^r: — y^Ao; 

and this value only errs in excess by the small part yV ^°^^* 
hence, the error will not be so much as a decimal unit of the 
7th order, so long as c does not exceed 52° 40', and with 
the correction, we may suppose c still greater. But as the value 
of A is calculated by successive factors of which the first is 

— *^ — , the value of log. A"* is known immediately by the calcu- 

lation of A, and thus we have B in a very expeditious way. 
The same property may also be applied beyond the fixed limit ; 

for we have equally A 5= — — . — - — A**, and hence it 

B c' 
follows, with a greater degree of approximation^ that — ~ — X 



A 



c^** 



li-i \/A^°). This value does not differ from the truth by 

more than two units of the 8th order, if we have c z: 84°: But 
it is not necessary to go farther, or even so far, because, when e 
18 nearly equal to unity, A and B may be calculated by formulas 
which converge faster. ^ 

One of the chief uses of these numbers is to determine the 

functions Fi and Ei by the formulas Fi zi — A, E 1 =: — A— ' 

- c* (A+ B). Thus, in th6 case where c is not very near equal 
4 

to unity, we have at once Fi = — (1 -i- c°) A% and Ei = 

- . ^° ^ (1 + C-* — c^' v/A'), but this object is readily ob- 
a 1 + ^ 

tained by employing the exact formula 

2j+r^ 2 4 J 

which is the same as that of art. 31, but under another form. 
This formula however is not cpnvenient in practice, if c is 
nearly equal to unity. In that case 6 will be very liule and it 
will be proper to employ the formula 

E 1 = I .+ it» (log. i _ I) + ^ J* (log. 1- H) + &c. 

which we have demonstrated elsewhere, and which leads very 
expeditiously to a result. It is therefore convenient to have 
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similar formulas for calculating A and B in the case of i very. 
Httl/* ; these formulas may be deduced from the value of Ei 
and other known relations, but they may be found directly as 
follows. 

53. From the values of A and B developed in art. 49, these 
two equations may be found. 



B 






The first shews how B may be found from A ; the difFercntial 
of the second being taken, we get 

, jv ddA .1 — 3c* rfA . , , 

(*-'^-5?+— r-'-s?- ^ = ^ w 

As we wish to develope A according to the powers of i, w« 
must substitute in this equation \/(i — 6') instead of c and it 
will become 

. .,. ddA 1 — 3** ^A . ^^^ 

It therefore happens, which is very remarkable, that the equa- 
tion has absolutely the same form in respect of b that it has in 
respect of c. Hence we may conclude that we shall satisfy the 
equation (Sj by putting in place of A the value A' zz 1 + j 6*-^ 

I o ' ' 

— ^ b^'{-8cc\ This value A^ is not that which we seek (seeing 

that it answers to the complement of the modulus), but it leads to it. 
hetAzzA^pjthc substitution in equation (J) giv^s, after the usual 

A* //h 

reductions, p = » / i, h^\A^^ This value being developed 

into a series, and the constant quantity x determined by the 
known value of Ei, we have 

fA=A'[log.|_i6«~±|5*-gi«_&c.]...(0 ^ 

a formula which converges very fast, when b is small, and 
which may be conveniently employed when c is greater than 
sin 80°, or i less than sin 10°. In the construction of a table 
we have this advantage, that A'^ is already calculated for a 
small angle when A has been calculated for its complement. 
For the object of these approximations it is not necessary to 
continue the series (g) farther ; however, the form of the ex- 
pression being known, it is easy to find this law from equation (y), 

f A = log. 1 + y (log. i _ .) + ilA^ ». (log. I- , - ji^) 
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where it must be observed that the fractions , , arc 

2.3 3.5 

followed by , , &c. When A is known, we have B 

4-7 5-9 

either by the formula 

ZB=z(A'+2bi^Y\ogA—kb*^-^.l>^^8cc.) ^5^^ . . (73) 

£ ^ db )\ ^ b ^ 128 ^ (1— **)A.^ ^^ 

(in which, instead of A'+ 2b -jr^ we may put -r^— , or its 

developed value i+f , ^1?A ^ gi"^ &c.), or else by the series 

^ • 10 

\& =:_aA'-i.log.4+^5^Mlog-|-0+^96*x 

The other co-efficients C, D, &c, may be calculated by the 
equations (^) which apply with certainty and convenience to the 
case in question : It also appears that the combination ot equa- 

lions (oq) and (g) leads directly to the equation ^., ■=: \ — ~c* 

• — -A/ ^*» which is the theorem of art. 37. 

Finally, to come to an equation of another kind, if we con- 
sider the series of functions Fi, which answer to the series of 
moduli • . . c^\ c\ c, c°, c^\ ... of which the mean c =: sin 
45% it will easily appear, that the moduli of the functions F' 
and F" are complements of one another, and the same is true of 
F"and f% &c. besides, we have F z= 7,Y\ Y" =z 4F"', &c. 
Hence, and from the preceding formula, it follows that «• is 

equal to the limit of the quantities log. % , | log. -~, ^ log. —^ 

(f c c 

&c. and, after the 6th term, this approximation is true to at 
least 100 decimal places. 

Of the surface of the Oblique Cone. * 

54. Let the radius of the base zz 1, the height of the cone zr/, 
the distance of the bottom of the perpendicular from the centre 
oi the k>ase n g, the angle at the centre, contained by the line 
g And any radius whatever, = a/, the part of the surface oi the 
cone which corresponds to the angle w will be 

C =:f{da; v/[/* + (l — ^ COS rw)»]. 

To reduce this integral to the common form»« let us make 



COS ft/ rz - 



« = — - — ^~ ■ ... 

1g ' L\ ig 
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— - -I !L or tan Jo; zi 1/ I , ." I tan |(p, and 

let us take the indeterminate quantity m^ such that f^m + 
(i — m%) \in — g) — o, which gives 

V[(i^^)*-.]. 

let us further make c* ~ 7:^—7 ^^"Ta » ^t"^ ^^ shall have the 

transformed equation 

* ^ ' •^ \m)J (1 -f ?»cos(p) 

a formula where m is less than unity as it ought to be, in order 

that (p may be real, and where it may be remarked that y (s- J 

IS the arithmetical mean betweeii the greatest and least distance 
of the vertex from the circumference of the base. 

If, in order to abridge, we now make c — f (1 — nfC')^ x 

Z V f~ j ^^ ^^^ ^^^^ 

i^_*"^^ sinip r md(pcos(p C dp rchin^(pdp 

"'i+OTCosjp"T/(i-w*cos*(p) A y(i-w*cos*(p)A J A * 
Of these three integrals, the first is reducible to the arch 

ot a circle ; for let tan s = 7 — - — , the integral will be 

A /( --) 

j-z . If again we make — j = «, a po- 

v(.-™.,-V(i) 

sitive quantity, the two other integrals may be put under this 
form. 

/n — n sin'(p ^P . r 1 j^ 
1 -\- n sixr(p A -^ ^ 

Therefore, as usual, let Ezr/A^^p, H zi / — ■ r-~. -^, 

J J % +nsm(p A 

and we have 

__ — ;» Asin(p %»/m . t? , rr 

1 4- 7» cos (p v^ i 1 — z»') */[g) 
In the case of the entire cone, we have simply Z zz 4E1 
+ 4H1. 

The quantity H is an elliptic function of the third kind, 
which cannot be reduced, in general, to functions of the 
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secdnd ; thus the surface of aa qblique cone is a transcendental 
iuperior to elliptic arcs, but it is comj^rehended in elliptic 
transcendentals, and consequently enjoys their properties, that 
is, an infinite number of portions of the* surface may be com- 
pared with each other in such a manner, that their differences 
combined are determinable by circular arcs ; for since n is po- 
sitive, logarithms do not enter into these comparisons. 

An infinity of obliqup cQ^nes may be assigned, the surfaces 
of which are determinable by elliptic arcs ; that this may be the 
case, n must be equal to one of the functions of r, for then we 
have f®und that the function H may be depressed to a lower 
degree. As n ought to be positive, the most simple case is that 
oi n zz c^ which gives g r: ^[c -f c'}, f = \/[c — c*) ; so 
that if we have bet\^een the lines^, g^ and the radius of the base 
1 or r, the equation 

the surface of the cone, either whole or in part, may be de- 
termined by elliptic arcs. For example, it will be found that 

the whole surface = - + ^^^ — (^ — ^^» 

The deveiopement of the surface of an oblique cone upon a 
plane produces a sector, the angle of which is determined by 
the formula. 



=/ 



do) v^[./*+ (i — g cos ft/)*] 
1 +y*H"^* — a^coso; * 
or by the transformed equation 

y \^) ■ J ^-^n sm*(p 

This quantity therefore depends always on the same transcen- 
dentals, but it is a little more simple, because it contains only 
one term which belongs to elliptic functions of the third kind. 
In the particular case of which we have spoken, the whole 
sector is gar + 2(i — c) Fi.' 

Of some general Formulas zohick may be reduced to Elliptic 

Functions. 

The nature of elliptic trans cendentals being investigated and 
known, it is of advantage to reduce as great a number of integral 
formulas to these quantities as possible. As these are infinite 
in number, and as various as the substitutions which may be em- 
ployed, we shall be satisfied with indicating some cases where 
this reduction takes place. 
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.-. The inUgral f^^^ ^ J^-^y^^+lx^^ *" *'*''* ^ ^ 
4 rational value of x, may ^^ reduced to elliptic/unctions. 

For if we make x^ ^ z^ we may suppose P = M + N\/z, 

M and N being rational funciions'of z, and the integral pro- 
posed will become 

r \yidz r jNcfz 

J ^((az + ^2" '+ yz* + ^2*) "^y •(« ^.^z + 7z* 4- fa')* 
both which are comprehended in elliptic formulas. 

a*. £w^v function /r— — ■■ , ^ ' ' ax * »« a^AtcA P is a ra» 

tionalfunction of x, may ^« reduced to elliptic functions. 

For we may always maLe P iz M 4- No?, M and N being 
rational, and even functions df x. }jex us consider the part 

^xdx 
V(^+/3^-i-yxS ' *"** '** "• make V (« + ^a:» 4- y**) = i, 
which gives 

JIf • „^ ■ ■ 1, ii» .1 , III , I I Mi ni II , 

ay . 
It is evident that by the substitution of the value of «^^ 
^xdx will not contain any other radical besidet \/(|8' — 497 + 
4vz^); therefore the whole difficuky is reduced to the integra- 
tion of a quantity of the form 

Qfdz 

in which Q is a rational function of z^. With respect to the 

f^dx ' 

we shall have 

fi(y — /) 
4b _ SLX^y^d y 

*y "" v^(/3* — 4«v + 4 */)* 

from which it appears that the transformed expression com« 

!tosed of y comains also a part entirely rational, and one of the 
onn 

ViyUy 

•0*— 4ay + 4iny*/ 

R being a rational function ot ^« Therefore the proposed 
foTHiula is always reducible to elliptic functions* 

\ Voh. lu. Paux iiu (ej 



( 34 ) 

3'* T*^ formula f?dx V (« + /S*» + y**) may he resolved 
absolutely in tl^ same manner y P being any rational function 

of X. 

These two cases comprehend the formula / Ydx (« -V p^ 

±1 / a—? 

^ 7X')""* and also the formula /^dy (a + /3y -i" vy ) • 
where Q is a rational fui^tion of y; for making y zz x^, this 
last i« reduced to the others. 

4^ The formula fPdx (a -f- 0a? -f- yx* -f- J*')*^, »A«r« 
Ptj a rational function of x^ may be reduced to elliptic functions. 
This reduction may be effected in various ways. In the first 
place we may make one or other of the suppositions 
i/ (a -H /3;c + yx" + Ix^) =. \/oc -\' xz, 
V (at + gjc + yx^ 4- Ix^) - ;cV ^ •+• «» 
and the transformed expressions composed of z will be com. 
prehended in elliptic functions. Either of the co-efiicients m 
and ^ under the radical may also be made to disappear by 

making x — m + y» or x = ;» + -^ andlaking for m a real root 

of the equation « -f 0»i 4- ym^ -f- Im^ =: o. Let us suppose 
that we have made I to disappear in this way, then we make 
V (a + 0* +7"**) = ^» and hence 

^y 
»nd by substituting this value in the proposed formyla» all the 
difficulty is reduced to the integration of a differential of the 

form ._^ ^ . ~, Q being a rational fuiiction of z. 

r Pdx 

in which P is a rationalfunctipn of x, may be reduced to elliptic 
functions. 

For if we make ;t* -f i zr afz, this formula becpmes imme* 

diately 

?x'^^dx 

y/L<^^ — 3^) + ^[z^ — a) + 72 +. S] • 

Next, the value of x, which is iz dz i •(z* — 4), being 
substituted in P, it is evident that the result will be of the 
form M =4= N \/{z^ — 4), M and N being rational functions 

pf 2, Again, we h^uve x+ 1 = ;f* 4/{z + i), ;ip — i i= d; >* ^ 
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^[z — ^) ; hence there results 2^'^*£= */[Z'4^%)^: •(«—«), 
and 

;e * ax =: — ; - — r :p - 



k 



/ t 



• (2 4-2) "^ -/.(Z — 2r 

therefore, the transformed exprassioTW composed of 2 have all 
their terms integrable by elliptic functions. 

6^. Lastly^ we may integrate in like manner the formula 

^/(g+yyH!y.^y/.^-,.y* ' P ^""^ ""y rahoml function ofy. 
For if we make P z: M + N/, M and N being even func- 
tlons of y, and put R for the radical, the part -n^^^ reduced 
to 'the preceding case, by making « =: o, and y* = x« Thir 
other part — ^-^ may in like manner be reduced to an elliptic 
tuilction by making j^* zz jc. 

Example. 
j6. Let it be proposed to integrate the differential 

(3— ^')VU — 3^'^) 
' We make V (^ — 3^') = i — - which gives a: = 3L (i + ;g*j 

— -^ \/(z*+2z2 — ^) and the transformed expression will be 

^fj^ Ki— ^')^^ 1_ _3g^+Jt rfg 

(i+2*jl3z*— i) 2v^3' 32*-t-22«-i • •(3z*4-6zVi)' 

The first part is rational; the second would seem to require 
to be decomposed into elliptic functions of the third species^ be« 
cause of the two factors of Jthe denomi^nator 32*+ 22* — 1. But 
with a little attention it appears that by making y^ ( 32^+62'*— 1} 

= pZj the second part of the value of ^ n becomes ? — , 

di> • ^^^ 

"■^ — . Thus the propdsed differential may be absolutely in- 

tegrated without elliptic functions, and it is reducible to tht 
' rational expression 

^^^ - [hF?) (32»-i) ITi • P^-4 

A like simplification takes place in general for the formula 

(e2) . 



Jly^^ 



I 8^ ) 



l> I I — .«— I^IW 



for if thcradicil be f\xi=zpz^ this formula will become / ^ ; 

a reduction sufEcienily remarkable, and analogous to tbat of 
irt. 38 and 39. 

Of Transcendents contained in the formula 

y^ m^^^ dx 
I : «Tii^ » tt/AwA is supposed to be integrated from 

Sj* £uler has considered thi$ transcendental in his Calculus 
IntegraUs^ cap. ix. torn. i. and he has demonstrated a great 
AuaiDer of its beautiful properties. l^et us with this author 

denote the formula in question by the character f'^ 1 1 which is 

convenient ior comparing difierent formulas of this kind in which 

(1) « is ifte same ; we have in the first place j"^ 1 — ff 1» ^^* ^^^* 

property, fron» which it appears that the numbers p and q 
may be changed the one into the other* In the next place 

(a) [ PjLit ] ~ £ _L- J [i J, from which it follows that the 

^ I may ahvays be reduced to formulas of the same 

kind in which ^and.^ do not exceed n; thus we may always 
suppose that p and q do not exceed «• 

•-J = •, and in 

thecaie^ + y rr », the integral F^ | depends on the circle 
alone^ and we have generally 

(4) L~7~]^L^niJ = 



aif 
n sin •*• 
n 



These two are the only cases in which the function f^ J can 

hi? exactly determined ; all the others present so many transcen«^ 
dants superior to arcs of a circle, and these, for every value of «, 
must be reduced to the least numberpossiblef For this purpose we 



N 
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have the general equation [^] [l±i].^ [J] [/Lt!!] (5) 

which is true, whatever be the values oi p, q^ and r, and which 
furnishes several others, remarking that every expression may 
be reversed. By means of this equation we may, for every 

value of If, form a table of all the values of [ ^1 where there 
only remains to be determined the transcendentals f? ~.^. \ 
[ ^^ ]' [r^ ] • &c- '^f ^1^'ch the number i« i - 1. if 

n is even, and ^-^^ if n is odd. We shall refer for the de- 

monstrations to the work of Eulen Here are some othir rc-» 
•ults relating to the same subject. 

58. According to equation (5) we have f^T T --iJlJL"! 

= [r-r^} [ n-^J— y ]' Multiplying these two equa- 
tions, and putting the values known by the formulas (3) and (4! 
-we have ^** ^'' 

' «(w— ]^-^j) sm^ sm^ 
^ n n 

from which it follows that the formula f^LZlj^n may always be 

determined by the formula [^jt of which it is in tome re- , 
spects the complement. la particular we have 



29 cot ** 



[a] [„_a] - »{« — 2a)" ^'^ 



[n — 2a-| r 2^ ^ 



. 8^l9r 
itasm — 
n 



(8) 



Equation (5) gives aho [|] [^] =[ji^] [?} 
whence, by putting known values. 
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'" [f] [B;1 = ~T. 



qn sin - — 
ft 



From this it follows that ' 

% 



r^i r ^^ 1 _ 



an sm — 
n 



and combining this result with equation (8) we have 

from which it appears that the formulas I - J, j^ — J» 

^ n a -I ^^y, j^^ deduced immediately from [" -'"J- 

(59)» Let us now come to transformations by which we may 
know more precisely the nature of these functions. The.substi- 
' s imion of 1 — a:" rr / leads to equation (i); the substitution 
g .--. a?" r: x^z^ gives a rational transformed expression when 
A + g =z w, and thence equation {4) is deduced: in the case 
wh^n n is even, and when we have /> -f y =: i?i, the same sub« 
- stitution gives the formula 

which should be integrated from 2 — o to 2 = 00 . 



n %* 



To obtain other results, let us suppose 1 — a? =: , or 

a^ zz i:t i \/(i — «^)v and we shall have, in the case of 

p zz q =1 a^the transformed expression j- 2 ^ P- ; — ^;and 

with regard to limits it must be observed that a? ~ o gives « zro, 
0?" = I gives z :=. \ and x zz \ gives « r: o. From which it 
follows, that the integral ought to be taken twice from 2; =: o to 
%zz u Thus, as X may be put in place of x we have 



L«j V-zd — 



(13) L«J -/-/(»—«»)* 



/ 
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Hence the successive values ofF-l, l — j* []» ^^^* 

may be deduced under a very convenient form, and these foD. • 
xnulas may supply the place of those employed by Euler to 

express all the values of f^T Indeed in the table of all 
these values formed in the manner of Euler we easily find that 
the formulas [ J, F ^1, &c. may be determined 

by an equal number of formulas f - J . T — 1 » \^l » ^^* 

but these are now reduced to the most simple form of which 
they are susceptible. 

It is to be remarked that the equations (7) an4 {13) com- 
bined give ' 

air ■ 
"X ax / X ax ._ ^ n 

If n were even -and we had p — y = | » the same substitution 



z"" 



taj\ _ f X dx 



of: I — a?** zr — ^ would give this formula : 

4X ' * 

And in the case of n even, we have directly, without sub- 
stitution, 

^{x—aT) [16) 

Suppose now j — x" = { 2V", or Jt""** = | + | ^{t + «")• 
IV i? shall find, in the case oi f? + a^ zzji^ this new formula 

which should b^ integjrati^d from ;^=;o to ^ ;= cx), and which sup- 
poses a />^«. This formula is not less simple than the formula 
(13) and may serve the same purpose, for if it be combined 
with equation (11) the rissult is. 
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We must therefore have generally 

(ig) fx'-^dx air ^ z'^Uz 
* '' / J = cos /- 



) 



the first integral taken from a? z: o to a? z: i, and the second 
from « = o to « iz 00 . I observe with respect to this equation 
that if n is odd, and we make x=:i — y* in the first member and 2= 
y*— 1 in the second, both are reducible to the fame formula, viz^ 

(1 - y»)— * dy 



/: 



y/\n y* + -: /— ,&c.J 

This integral in the first member is taken from y = o to * 
^ = 1, and in, the second from j^ = 1 to^ = 00 . Therefore 

these two parts are to each other as cos — to 1. 

^ A^ain, whether n be even or odd, formula (19) coming from 
formula (17) supposes a <|«, for otherwise, if we had tf = 
or > \n the second member would become infinite, and in order 
that the cquaiion should always hold true, it would be necessary 
to put it under the form 

• which rs found by the last substitution, supposing ^+ 2y =: 8w. 
From hence is derived the mannei^ of finding the integral of 4he 
second member ; for by means of equations {14) and (19) wc find, 
Abcing>i», 

^ V(i + «"^ J W{i +2") 3 

(•*/ n\%a — «)sin — ^ 

gg. When n is uneven, the number of transcendentals necessary ' 
to determine all the formulas F^ J cannot be reduced below 

■ "^ . i when If is even that number may be reduced to — or 
* 4 



4 

In short, by the combination of equations (12) and (t8) 
we find 
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. 2a 

1 r 



But the formula T ^— — ^^ which is the same thing as' 

[a m~ ft ft •^■Mi ft 
|y^_^ J » presents only - , or different values* 

This last equation gives, by putting In — a in place of 4^ 

2a 

and thus we have directly 

[-:]=''~^-'f[,fei].. "3' 

kence it appears that it is sufficient to have the values of 

[— J in those cases only in which a does not exceed J »• 
If in equation (12) we put |« — a in place of tf, we have 

/i!ii±_ ^/irr^, (.4) 

an equation which besides is verified immediately by putting 
- in place of z, in the first member : It always supposes 

a<^ii. From thence, and equation (19) we deduce thirother 
equality, which is not so evident 



f. 



These general results throw great light upon the particular 
examples'( JM Eider's work already quoted, art 39s, et sea.) 



(>i) 
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£XAMPL£ I. 

/ 



6o. If » rr 3, the only transcendental required is 
and its value, which has already been found in art. 3 j, is 

the modulus c being sia 75% or 6 being sin if % 
▼ 9L. Ill, FART III. 10 
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1 

Example ii. 

If » rr 4, th? only transcendental necessary is 
r 1 -1 _ i r dx _ r dz 

of which the value is Fif, c being -j- or sin 45°. 

Example in. 
The case oj « z: 5 prpsent^ the twQ Iranscendcntals 

r 1 1 \ r 4^ 4 V r dz 

but they do not appear redu<iible to elliptic functions. 

Example iv. 

.' • 

The case of « zr 6 presents the single transcendental 

The first form by making Ar = 1 + ^* gives for a result 

[M, zi 1^. '^xh, the modulus ^ being sin 15'. The second 
fom ty makiog ^ =/ — 1 iB^ves for a result [ 7 ] ' - a^ c<» 

g Fic, c bein§ sin 75% Tfhese two results ought ^o agree, w« 

must therefore feave Fic = V^ Fi^, ^s we hav^ found in 

- J being thusi Impawn, >^e ipay 

deduce from it the two which Euler has employed to determine 
all the others ; they are 






Example V. 

The caji^ oi n = & presents the two transcendental^ 

CiT \ r dx i IS r dz 
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The second, by putting a» instead o£ je, becomes a"^ ^ 
//(»-»*) ""^ thus it. value is [|-] =iFi (^). To 

Value the formula f - J w'b shall choose the second form, and 

makitrg i + jg* =r pz^^ which gives 2r=| -j/Cp f-i) ± lv^(^— a), 
we have by substitution 

These two parts ought to be twice integrated, from /i = 9 to' 

^ 3: 00 , and as in each interval they have contrary sisns, it is 
sufficient to take the double of the greatest part» and Co integrate 

■--J- — / ^^,' a ' ^ from pzz2top =: 00. Let /» = fi + V 

we have then 

y " dz _ r rfy 

the limits of 9 being o and 00 • Let us, to abridge, put m zz 



9 



-1/(2 + y/a) =: a cos--, q zz m cot f , c* = 2 ^2 — », and thi 

expression is transformed to — --7 f ■ . , ., , o^ which the 

* w y(l-— c sm ^) 

integral between the required limits is — Ftc. It may be re- 
marked that the modulus c has for its c<jmplement t zz ^/^ «--^ x^ 
so that the elliptic function which occurs in this result is that 
which we have already consideri^d in art. 37, and which hat 
peculiar properties. Hence we h^ve 

[i-]= ~Fic-.V2Fi36.^=^y2-i). . .. 

If we now make f— 1 zz M, F- J =: N, we shati from these 

known values derive those of the three transcehdentals which are 
required by Euler's method to form the table of the values of 

rif J, and we have 

'[7]=— .•[|]=^-i:i>^"- 

2 COS J ^^^R" 

Example vi. 

*"-•.- f- ' 

The case of n zz ih depends on ^two ti'aiitftiCndemak only 

(fs) 
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For, t^according to equation (22), these two values are suSi- 
cient to determine all those of F ^ 1 • ^"^ {_ 1» ^^ f *" 1 ^ ^^^ 

i^epresented by ] ,, . x^\ % ^^^ ^y putting 2' instead of z in 

this value, as well as m that of f ^1 , the two transcendentals 
in question are 

LIJ "=1/^/(1 + z')' La J ~ iO(»+^')* 
These are the same as in the case ol nzz ^. In general^ the 
case of 91=14^ + 2 is reducible always to that of nrzoffi + i- 

Example vii. \ 

Lastly, let us examine the case of «= 12 as giving occasion to 
rcmarkaUe reductions. This case depends^on three formulas . 

The formula r 1- J or r~-J is also equal to /— 7 — -j^ — jti* 
and by'putting z instead 2* it is reduced to j- /- ■ ■ — fj. 
, ' In like manner the fprmula f - j » by putting z instead of z\ 

r dz 

is reduced.to V l ,1 , -a ; these values being known, we have 

J \/(i + « ) ^ 

immediately 

dz 
It remains to determine the formula —-7 — . ■ . ■ . To do this 
/ . V{^+z ) . 

let I 4- z^znzpz^i and the diflFerential to be integrated will be» 
€omc 



/ 
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and we shall find, as above,- that the whole difHculty consistsm 
integrating the double of the second part from pz=.2 to^^oo, 
X-et/> = q^ I we have then 



/; 






If we now make m^ z=i 12, and 9* + w' =: ^'y, which gives 

^qz=i y/[\f + 2,m\ + \/(> ~^ 2m), we shall have for the trans- 
formed expression 

f ' > 'Jy ^ I r Uy 

the. two. parts of which ought to be integrated from/ =a + ^^3, 
or y zzn^m^ + 7 to y = oo. Let 2 + ^3^=11, y + ^mzzJ?^ 
the first part becomes 

/[ jdx 
V(a?*— ^2»i — n) •(a?* — %m + «)' 

Now kt V = SfL+j;, and c = ill^, or c = '^^1=^13 

cQs*<p a« i + v'S 

and the last expression will be — - — /-- ^ ■ . ^ . > the 

^ , ^2^2nJ^{i — c*sm*(p)* 

value of which between the required limits is — ■- — Fir, •! 



(^) 



Fif. 
4 



In like manner, if we make *= —^~-r-^, the integral of 

the second part will be f^LAZl^jFtt; and we may de- 
sign the second modulus by i, because, we have^'+c* = i^ and 
so they are the complements of each other. We have thereiore^ 

- But it happens in regard to these functions, that we have ex- 
actly Fii = 3F1C, the value of r^l is therefore reducible to 

thisr^J=(i/8 "• ^) ^^^» and as r is very small, this function 

may be easily valued. Hence it appears that the case otnzz 
12 is also resolved completely by functions of the first kind* 
The end of Le Gendre's paper on Elliptic Trancendentals. 
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ARTICLE II. 

To the Editor of the Repository. 

Sir, 
As in one of your earlier numbers you inserted the following 

formula for the length of an arc, a n sec. - x «cc. ^ x sec- -? 

^248 

X&c» I hope you will have no bbjection to insert the foliowing 
geometrical approximation. It is given by Euler, Novi Com- 
ment. Petropol. Vol. III.-— y is taken =r a quadrant for facili- 
ty of application in practke* 

I am, ice* 

R» I. OlSHN£AGH« 

♦ ■ . 

Let AB (fig. 10, pi. A^) represent a quadrantal arc ; rad. = 1, 

Bisect it 111 c, and let oc be the secant and =: •*• to secant ^. 

8 

Bisect AC in d and draw odiy to meet CD JLto oc, •*• 
OD : 6c vi : sec cod : 1 

' k • ■ sec — * • X . 

4 

••. CD = oc X sec - = sec 2' x sec -• In the same way 

42 4 ^ 

bisecting Ad in e and making a similar coMstruction* 

OE =: oDx^ec |. =1 sec,^ >^ sec ^ x sec ^. Hence 

0240 

hiieoAag*Ae ih/, AjTid gi iScc. arid mating the same construc- 
tion in each case. 

q a a Q 4 • 

ow = OE xsec -hzz gee v x sec ^ x sec ^ x sec -i^ 

10 ^ 2 4 8 iw 

OG iz &c. 



And uhimately, , ' 

o z=z sec ^ X tec 2 X set 5. x sec -^ x &e . . «•. 0% 

zz q accurately. 

End of the third Part of the third Volume. 
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Printed b^ W. Glendmningy 25^ Hatton Garden, Lonidon. 



CAMBRIDGE PROBLEMS. 



As there are many readers of the Mathematical Repository who 
would, no doubt, be glad to see the problems proposed anqualiy 
at the University of Cambridge^ the Editor has obtained permission 
from the Moderators to insert in his work thosefor the year 181 1* 
And if in time coming he shall meet with the same indulgence. 
be will continue to insert those of future years. 

It is, however, to be observed, that thpy jjre nbt proposed 
here for the purpose of being resolved. 

The problems that have been proposed for the last ten yean 
)iaye been lately collected into a volume and published under 
the title of Cambridge Problems ^ by the Publisher of the 
»• University Calendar." 



THE SENATE-HOUSE PROBLEMS, 

Qiven to the Candidates for Honours during ike Examindiian 
for the Degree of B. A. in Jfanuar^f^ 181 1, 

BY THE TWO MODERATORS, 

MoNDAy, Jam. 14, 1611. 

Morning Problems.— Mr. Turtor. 

i> The interior angliss ai a rectilineat figure are in arithmetip 
progression ; the least angle is 120% and the pommon difffciU 
ence 5''. Required the number of sides. 

2. Given the radii of two spheres, and the line joiiiirig'tfaeijr 
centres ; Find, in that lii)e, the position of an eye, t6 which tli^ 
apparent surfaces will together be the greatest possible. 

3. The wei^t of a glo^e in air =: W^ and in waiter =2 tof 
Find its diameter and specific gravity, having given fh^ s^cific 
gravity of water (S) and of air (x). 

4. Having given the latitude of the place, the day and hour, also 
the latitude and longitude of a star ; Find itt akiti|4e and azimuth, 
the point where its vertical circle cuts the ecliptic^ and the angle 
which they make. 

5. Find* the ratl&of the velocity at i\ak extremity oFtfac latus 
rectum of an elUpsie' (Ae I6rc<»^ being in tbd'fiycui) to dbe Vtdocity 

VOL, liu ^^ 



9 CAMBRIDGE PROBLEMS, iSll. 

in a circle whose radius is the distance of the nearer apside from 
the focqs; and shew that, as the excentricity is increased, thi« 
ratio approaches to a ratio of equality. 

6* Shew that the spades described by a body, impelled from 
rest by a finite variable force, are, *< ipso motus initio/* in the 
duplicate ratio oi the times. 

7. If, to the radius unity, A == the sum of the tangents of 
^ny number of arcs ; B = the sum of the products of every two 
of them : C = the sum of the products of every three ; and so on : 
Shew that the tangent of the sum of those arcs will be 

A~C-fE--G4-&c> 

• 1 — B + D— F4-&C, 

8. Sfcpw that the Anient of — ■ = — y^ .X hyp locr, 

i and find the fluent of — and of 

Viz" z^'xa + A^'* 



z 



9. Find the value 01 a • a + r . a^2r, &c. continued to any 
number of factors. 

10. Find the nature and length of the caustic, when the re- 
flecting curve is a circular arc, and the focus of incident rays is 
in the circumference of the circle. 

11. At ^ given place, at a given hour, and on a giveii day, 
required the point of the compass on which a rainbow would 
appear. 

12. Given the latitude of the place, and the day of the year ; 
Find the hopr at which two stafs, whose right ascensions and de« 
clinations are known, will be on the same azimuth. 

iQ« Given the perihelion distance of a comet describing a 
parabola, and the radius of the earth's orbit, here supposed to be 
circular ; Compare the time of the comet's moving through 90 
degrees of true anomaly with the length of the solar year. 

14. Define the center of spontaneous rotation of a system; 
explain the principle on which that center may be found ; and 
shew that if the system revolve round an axis, passing through 
that center perpendicular to the plane of revolution, the for- 
mer point of impact will become the center of percussion. 

Monday Afternoon. 
Fifth and Sixth Classis. — Mr. Turton; 

I. The interest of 25/. for 3} years, at simple interest, was 
found to be 3/, iSs. gd^ Required ^hcjate per cent, per annum. 



tAMBRIDGB PROBLEMS^ l^^ll^ ^ ^ 

9. If the first of six magnitudes be to the second as the third 
io the fourth, and the fifth to the second as the sixth to the fourth; 
Prove that the first and fifth together will be to the second^as ttie 
third and sixth together to the fourth. * 

3i Given v — : — > ^ minimum : Find the value of m. 

di dz XX 

Ai Find thfe fliient of ,—rif , of '■7=?=f=n» ^ind of - '^ 1 . 

g. Find an expression for the sum of n terini of the 
series -^ • +- -2- &c. that may be applied according as n is an. 

6ren or an odd number. 

6. Shew, that if any momenta be communicated to the parts 
of a system, its center of gravity will movb iii the same manner 
that a body, eq^ual to the sum of the bodies in the system, would 
move, were it placed in that center, and the sanie momenta, in*^ 
the same directions, communicated to it. 

J. Compare the time of oscillation in a given cycloid, with 
the time of falling down a vertical line equal to the whole 
length of the cycloid. 

9. Required the equation of which the roots arc + V — ^t 3> 4# 
9* If a l^ody fall through a finite altitude AS^. the force vary- 
ing inversely as the square of the distance, and on AS^. a semi* 
eircle ADS be described ; Prove that the arei described by the 
indefinite radius SD is equal to the area uniformly described, in 
the same time^ in a circle whose radius is the half of SA. 

10. Given the latitude of the place, and the sun's declination; 
Find the Ifcngth of the day. 

11. Compare the time of descent through any space AS^ 
the force at S varying inversely as the square of the distance; 
with the periodic time in a eircle whose radius is SA. 

ifi. Explain by what means the accelerating forces of bodied 
are compared ; also, by what means their moving forces ; and 
shew that the accelerating force varies as the moving force di« 
rectly, and the quantity of m^itter moved inversely. 

13. Prove, that ii the object placed before a spherical reflector 
be a straight line, the image is a conic section. 

14. Two weights, of which one (P) is known, are connected 
by a string passing over a fixed pulley ; P, in descending from 
ipest through the space Sf acquires the velocity a. Find the 
^ther weight. " 

15. Find the variation of the force by which a body describes 
a parabola, round a center of force in the fociis. 

i6* Find the actual periodic time in a given ellipse, described 

A^ 2 
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te^nj a center of force in the focus ; supposing that tlie fdrce at 
a giTen dmance (d) is to the force of gravit^r as F to i. 

'Third and fourth Classes. — Mr. Jephson. 
i< What is the interest of i id/, for 5^ years, at 4!^ pet cent ? 

9. 6iven«4-y--V ^^-^=--r— 4X*+y«=:4i}Fitid*andyi 

X — 'y X — y 

and find x in th^ equatjon a*-\ = A. 

a* 

' 3. Investigfltte the rule for extracting the square root of a 
binomial surd, and apply it to determine the square root o( 

4. Investigate the fluxional expression for the area of curves # 
abd apply it to find the area that ties between the asymptotes of 
a cQininon hyperbola. 

5. If (a) be an arithmi^tic, (b) a geometric, (c) a harmonic 
mean ; Shew that (a) is greater than (b)^ and {b) greater than (c). 

6. If any quantities, whose differences are inconsiderable in 
respect to the quantities themselves, be in arithmetical pro- 
gf^ssaion, the same quantities are also in geometrical progression. 

7. Inscribe, in a triangle,' a parallelogram similar to a given 
piirallek>gram. 

8. Twfi balls A and B are placed on a billiard table ; In what 
direction must A» which is perfectly elastic, be struck, that it 
may hit J^ after impinging upon two adjacent sides of the table ? 

f « The specific gravity of a cylinder of known length is greater 
than that of the fluid in which it is placed : Determine the depth 
q( its iQver surface. 

ao« The sine of incidence is to the sine of refraction, out of a 
denser medium into a rarer, as (n) to (mj } Give a geometrical 
consdu^tion for determining the greatest possible angle of inci- 
4cace. 

%u Find the fluents of -y-/ ^—^^.j and i /ftj^ cx*^ 

12* Sum the following series : 

— irr+--4-5 + r-tr-- +&c.ininf.and— — — . + 1- — &c.iainf. 
a.4.& 4.P-? <Ji.b.io^ 1.3 ft«4 8-5 

13. The angles at the base of an isosceles sph^cal triangle 
are equal, 

14. Coa$truct a horizontal dial. 

15. If the movable orbit (Nbwt. Sect IX«) be a logarithiluc 
qpural^ what is the nature of the curve traced out in fixed space f 
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i6. Prove that one of the roots of the equation a?'— 5t-^r:so, 
ivhen squared, will lie between {q) and -^q. 

Evening Problems. — Mr. Jephson* 

1. Shew that tf"— 6" is. and that a« + i»i i;5 not, divisible 
by a — b. Is an — bn divisible by a + 6 (» an integer) ? 

2. The chord is ultimately parallel to the tangent oi the middle 
point of the arc. Required a proof. 

' 3. Prove that the total number of combinations of («) things 
is 2» — 1 ; and apply the expression to find the number of dif- 
ferent sums that may be formed with a guinea, a half^uinea, 
a crown, a half-crown^ a shilling, and a sixpence. 

4* Define similar curves when referred to a point, and shew 
in what case epicycloids are similar. 

5. A lever, at whose extremities P and Q hung by threads, 
balance each other, is made to revolve about its fulcrum ; Shew 
that, if the threads be equal, Pand Q describe concentric circles { 
if unequal, similar segments of circles. 

6. Two equal weights balance each other by means of three 
tacks forming an isosceles triangle, the base of which is hori- 
zontal ; Shew that the whole pressure of the tacks, estimated in 
the direction in which the weights act, is -equal to the sum of 
the weights. 

7. Shew that the pressure of a cylinder, infinite in height 
lipon the earth at rest, equals the weight of another cylinder of 
the same base, whose length is equal to the radius of the earth. 

. 8. Compare, geometrically, the resistance upon a paraboloid 
ijsoving in the direction of its axis, with the resistance upon its 
circumscribing cylinder. 

9. If two canals be cut through the earth at rest, i}i^n the 
times af two bodies being attracted through these canals will be 
equal. 

10. x^ziy^* Give a geomttrical construction for determining 
two corresponding values o{ x 2Lndy» 

tt« (i.) Take the fluxion of the two quantities x^^ x' . 
(2.) Find the fluents of ^ — —, .x/iPt. 

Mi 

(3.) Shew that e =: tan l~j ; {e) being the base of 

the hyp. logarithm?. 

12. Sum the following series : 

m.(mir} '^ (m^r}.(m-^2r)'*' (r/2-t-2rj.(7» + 3rj'+' ^^' *° *"^' 
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+ --2— 4, &c. £0 (n) terms. 



1.2.3 ^•'^•4 8*4-5 

1 + 2.3+3. 3'-4-4.3' f &c. to («) terms. 

13. Divide a given arc (A) less than a quadrant, in two suck 

parts P and Q, that (tan P)"*x(tan Q)» may be a maximum. 

14. FT is a tangent to the curve AP, AD is perpendicular 

to the axis : Find the nature of the curve when AE oc (AD)". 
Fig. 1, pi. A'. 

ig, A known weight (P) at the extremity of a rod whicH 
passes through two small rings fixed m the. same vertical line^ 
by its presure put^ a solid inclined plane iii motion along an 
horizontal table: Given the weight of the plane, find its eleva-* 
tion so that the velocity communicated to it in a given time may 
be a maximum. 

I6i -j^CosAH^v^ — I.iinAj- z=:cbsmA-^\^ — i.sinwA, 

Required proof. ...... 

17. A paraboloid of given dimensions is filled with fluid,- and 
placed with its axis parallel to the horizon ; How long will-the 
fluid be in running out of it, through a given orifice in the 
lowest point oi the paraboloid ? 

18. Let a cylinder begin to move from a horizontal position 
round one of its ends, which remains fixed upon a fulcrum ; com- 
pare the pressure ocrthat end at the beginning of the motion, 
with the whole weight of the cylinder* 

19. Two bodies are projected at the same time with veloci-i 
ties V and v' from the two extremities of a vertical line ; Prove, 
geometrically t that if they meet in the middle point of the lincy 
vmt/ equals the velocity acquired in the time of meeting. 

20. Given the latitude of the place, and the sun'« declination ; 
Find the time of the day when the hour-angle from Aoon, and 
the sun's azimuth from the south, are equal. 

21* Construct the spiral, whose arc is the measure of the 
ratio between the.ordinates which intercept it. 

22. If the cycloid described by a body in a resisting medium 
be formed into a straight line, and ordinates be drawn, which 
are to the resistances as the length of the pendulum to the weight 
of the body; then the area of the curve so traced out is equal to 
half the length of the cycloid multiplied imo the difference be- 
tween the descent and ascent. Newt, vol, ii prop. 30^ sect.6# 

23. When a ray of light is incident obliquely upon a spherical 
reflector, the longitudinal aberration ultimately varies as the 
versed sine of the arc of the reflector. Required a demonstration.. 

24. z' = ^ax + x^ is the equation to the catenary AP ; 
f\C. — CB — [a] ; Prove that a weight at B will balance a weight 
equal to itself made to hang vertically from any point in the 
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•xis as D, and pressing upon the catenary : C being the fulcrum 
of the lever. Fig. 2, pi. a. 

25, A cone of given weight and dimensions is placed with its 
axis horizontal ; a known weight (P) is attached to a string, which 
is wound round its base ; Find the velocity acquired by P at thi 
end of t^^ 

Tuesday Morning. 

■ 

First and Second Classes. — Mr. Jephson. 

1. Divide (a) into three parts a?, y, 2, such that 3^ .y^ .7^ 
may be a maximum. 

2. From a solid cylinder of given dimensions, cut out a rect- 
angular beam which shall be the strongest possible. 

3. Deduce a fluxional expression tor the time of emptying 
vessels through small orifices, and apply it to compare the timet 
ef emptying two equal paraboloids ; the orifice of the one being 
in the vertex, and the other in the b^se. 

4. The focal Itngths of a convex and concave lens of difiercnt 
substances, which when united produce images free from colour, 
are proportional to the dispersing powers oi\the two mediums. 
Required a demonstration. 

6. Let the weight of a wheel and axle be {w)^ and let the 
axis be horizontal \ having given a, weight {q) applied to the cir- 
cumference of the axle, and (p) applied to the circumference 
of the wheel, it* is required to find the velocity of the descend- 
ing weight (p) at the end of /'*• 

6. Gi vcn the sum of the series -^+ -« + "-i+ &c. Find the sum 

1' 2* 3' 

of the series -- — 5 4- ~ — . + ■■ .. ■■ , + &e. in inf. 
I*. 2' 2 f3 3 . 4 

7. Let the roots of the equation x^ — /ix'*""^-f-9*'»~2 — &c .... 
— -Qx + R:=o be (a^, (i), (c), (^), &c. It is required to find 

tjie value bf ? + - 4. ± 4. 1 + &c. + * + 7 + &c. + &c. 
^ U a c a c u 

8. Integrate the fluxional equation -^ — —±K.d 

9. The error in the altitude of a heavenly body is to the cor- 
responding error in right ascension as the sine of the azimuth to 
the secant of latitude. Required proof. 

10. ACM is a semi. circle ; BC, FL are ordinates ; the area 
ABP is always taken equal to the segment ACG ; Find the 
equation to the curve traced out by P; determine the point F,' in 
which the curve cuts the semi-circle, and prove that that part of 
the area which is without the semi-circle is equal to the rectili- 
neal triangle AFL. Fig>^3i pl« a^ 
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1 1 .^a A and B begin to 'fall at the same' time from diiferent 
points in the same vertical line, and with the velocities acquired 
move along a horizontal plane, till one overtakes the other ; 
Shew that the time of A's descent is equal to the time of B'ft 
uniform motion. 

12. A bag contains {n) balls. A, B, C, D, &Ct (p) of them 
are to be taken out ; What is the chance of drawing (p) specified 
tails ? 

13. The equation to a catenary is z* = ^ax -h o?^ ; a parabola, 
whdse latus rectum = (Sa) is described with the same vertex and 
axis ; Shew that any ordinate of the catenary, together with its 
corresponding arc, is equal to the corresponding sure of the 
parabola. 

14* A chain whose length is (/) is placed along an inclined 
plane whose height is (n) and length (m), so that one end may 
coincide with the lowest point of the plane ; Shew that the wholQ 
time of the chain's sliding off the plan^ is equal to 

TUESDAY AFTERNOON. 

Third and Faurth Classes. — Mr. TuRTOK. 

1. Explain what is meant by the present worth of money dut 
after a certain time ; explain also the principle on which i> 
founded the rule for calculating the present worth ; and $nd the 
due nine months hence, discount being allowed at 4! per cent^ 
present worth of 430/. per annum. 

2. Solve the equation 3;^* 1/ x"^ ■{- r'-^zz 4. 






3. Find the fluent of , andtW^P ^>^ b^-^'."^ 

y2ax — X X 

4. Find the dimensions ot the greatest cylinder that can be 
cut out of a solid formed by the revolution of a curve round its. 
axis, of which the equation is a'''x''=/^'^\ and the whole 
axis = b. 

5. Given the altitude of an orifice in the side of a vessel filled 
with fluid, and the distance on the horizontal plane at which 
the fluid falls ; Determine, by construction, the altitude of the 
vessel. 

6. If a = the altitude of a conic frustum, and 6, c be the 
radii of its bases, also p - 3.14159 &c. then the solidity 

:z:^X**4-*^-fc\ Required a proof. 
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7. The force varying inversely as dist.l ,.find the arei 
ABFD (Newton, Prop, xxxix.) when the ordinate = M at 
the distance d from the center; also the ^uxion of the area 
ATVME, the ordinate of this curve at the distance r from the 
center being zz N. 

8. Having given the latitude of the place, the sun's declina- 
. tion and altitude ; Find his azimuth, the time of observation, 

and the angle of position. 

9. Having measured the shadow of a tower on the horizontal 
plane, on a given day, at noon, in a known latitude : Shew how 
the altitude of the tower may be found. 

^ 10. Construct Newton's Telescope, and investigate its mag« 
nifying power. 

M* Find the variation of the force tending to the focus of an 
hyperbola, by which the opposite hyperbola may be described. 

12. Supposing the attraction of the earth and moon to be as 
their quantities of matter directly, and the squares of their 
distances inversely ^ leaving given their quantities of matter and 
their distance, find that point between them, at which a body 
would be at rest. 

13. Make a body oscillate in a given epicycloid. 

Fifik and Sixth Classes. — Mr. Je p h s o n • 

1. Agreed for the carriage of 2f tons of goods, 2-^^ miles, 
for -^ of a guinea; What is that per cwt. for a mile? 

2. What is the amount of 120/. lOf. for 2| years, at 4^ per 
cent, ? 

3. Divide •7584bygi6.; and find the sum of the recurring 
decimal 5.72323 &c. 

, 4. Solve the following equations 

5. Prove that if A a B, A + B a B. 

6. Divide x^ — nasc* 4- na^x — a^ by x-r^a. 

7. The number of combinations which (n) things admit of 
when taken four and four together, is to the number which they 
admit of when taken two aad two, as 15 to 2. Required the 
number of quantities. 

8. Define the sine of an arc ; and prove that the sines are the 
same, drawn from either extremity of the arc. ^ 

9. Given the center of a circle ; Find its diameter by means 
of the conipasses alone. 

to. Take the fluxion of (a* + a?*) . |/a* — x* ; and 6ni 
. r a^k 
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«"+^ a" . . 

li« — + *——; rr: a maximum: Find x. 

12. The sum of («) terms of the series i, 3, 5, 7, &c, is to 
the sum of (« — tjtermsof the series 2, 4,6,&c.as (»Jto(n— 1). 
Required prooL 

13. Let a perfectly hard body (A) impinge upon another (B) 
lour times as great, and ai rest, with a known velocity ; Find B'» 
velocity after impact. 

14. An eye is placed in the principal focus of a concave 
spherical reflector ; Compare the apparent magnitudes of the 
object and image, when the former is situated halfway between 
the focus and surface. 

15. An inverted cone is filled with a fluid ; Determine at 
what distance from the vertex^ a horizontal section will sustain 
the greatest pressure. 

16. When the center of force is without the circle, find its 
variation in terms ot the variable distance. 

17. Let a body begin to fall from an infinite distance, force 

varying as / v ' Shew that its velocity at any point of. its dc* 

scent is equal to the velocity that it would acquire through the 
remaining distance, force at that point being concinaed constant, 

TUESDAY EVENING, 

Evining Problems. — Mr. TuRTON. 

t. Define similar curves when referred to their axes; and 
prove that all parabolas are similar curves, 

2. A given rectangular parallelogram is immersed vertically 
in a fluidf with one i$ide coincident with the surface. From one 
of its angles^ it is required to draw a straight line to the base, so 
that the pressures on the parts into which the parallelogram is 
divided may be in a given ratio, 

3. Find that point, in tbe periphery of an ellipse* from which 
a body must fall, towards tne center of tbicein the focus, through 
the greatest or least space tq acquire the vek>city in the curve, 
at the point from which it £ell ; and shew, from the fluxiooal 
equation, whether the point detei mined gives the space a maxi- 
raum or minimuin* 

4. Construct Gregoki^'s Telescope, and investigate its 
magnifying power* 

5. The times oi falling, from different altitudes^,, into the same 
cciuer of force, vary as the n'^ powers ol those altitudes. Re- 
quired the variation of the force. 
~ 6. Suppose a person to stand before a vertical plane nairror. 
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at any distance from it ; given the altitude of the eye above the 
bottom of the mirror, find the part of the body that will be seen ; 
and shew tliat exactly the same part will be visible at all disunces 
from the mirror. 

7. If parallel rays be incident on a sphere of given refracting 
power, find that ray, of which when produced, the part includ- 
ed by the sphere will be to the part included of the refracted ray 
in a given ratio. 

8. On a given day, at a given hour, and in a. given latitude, 
it 19 required to find the length and direction of the shadow of a 
stick of given length, inclined to the horizon at a given angfe, 
and in a given direction. 

9. Resolve 2^^"^^ quadratic factors, when /is less 

than unity. 

10. In the expansion of a^b-fc-l d ^8cc.f, investigate the 
coefficient of the term involving tlie literal product a^ b^ c^ d^ &c. 

12. Given ax i bx + cy.x 2zd} + hx + cy.nx ; Find the relation 
between x and y. 

12. Sum the following series : viz. 

Z%~% + ^2^ ra + 'l"^ — 2 + &c. to n terms, and ad inf. 
* • * " • 3 d • 4 

I A A 

^ ^ ^ . ^ + TTfTZni "^ ^ o : + &c« to » terms, and ad inf. 

t. 2. 3.4. J 4.5.0.7.0 7.8.9.10.11 



13. Find the fluents of x / 3, and of 



^«- 



1 



14. Given the latitude and longitude of a fixed star; Re- 
quired the angle which the direction of tlie earth's way makes 
with a line drawn from the earth to the star, on a given day. 

15. Find the time of the year at which a star whose right 
ascension and declination are known, rises heliacally, to an ob- 
server iri a given latitude. 

16. Shew that the force of the resistance on a sphere^^ moving 
in a fluid, with a given velocity, is to the force that would de- 
stroy the sphere's whole motion, in the time in which it would 
uniformly describe | of its diameter, as the density of the fluid to 
that of the sphere. 

17. Find the value of the disturbing force of S upon P, in the 
case of the three, bodies (Sect. XI.); and deduce the mean 
quantity of that force, during one revolution of P round T ; sup- 
posing that M z= the force of S at the distance r. 

18. If the density of a fluid be proportional to the compressing 
force, and its particles be attracted by a force varying inversely 
gs the distance from the center ; shew that, 'distances from the 
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center being taken in geometric progression, the corresponding 
densities will be in geometric progression. 

19. Investigate CoTEs's method of determining the length of 
an arc of the meridian, on the planisphere. 

20. Shew that, in any position of the moon's nodes, the mean 
Iiorary motion oi the nodes, in one synodic revolution of the 
moon, is e^ual to half their horary motion when the moon is in 
syzygies. 

21. Having given two distances of a comet, in its parabolic 
orbit, from the sun, and the angle included ; deduce this pro- 
portion for determining the perihelion (which is here supposed 
to lie between those distances.) — ^The sum of the square roots 
of the distances is to the difference as the cotangent oi the semi- 
sum of half the true anomalies to the tangent oi the semi-differ- 
ence of the same. 

22. Apply Newton's general proposition, in the 8th Sec- 
tion, to the case of Cotes*s three last spirals ; point out the cir- 
cumstances that determine the spiral ; and deduce his construc- 
tion of the elliptic spiral. 

23. The major and minor axes of an ellipse are given; and a 
body begins to descend, from the extremity of the minor axis, 
towards the center ot force in the focus, with the velocity in 
the curve at that point. Compare the time of descent to the 
focus with the time of revolving in the curve, from the same 
point to the nearest apside. 

24. Suppose a sphere to move in a resisting medium; it is 
required to cut off a segment, by a plane perpendicular to the 
direction of its motion, so that the resistance on the remaining 
frustum may be three- fourths of that on the end of a cylinder 
circumscribing the sphere. 



V 
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THE SENATE-HOUSE PROBLEMS. 

Giwn to the Candidates for Honors during the Examination 
for the Degree of B. A. in January^ 1812. 

BY THE TWO MODERATORS, 

Monday, January 13, 1812. i 

Monday Morning. — Mr. Hustler* 
First and Second Classes* 

« ^ ' » 

t. If two straight lines are parallel, the qommpn section of 
any two planes passing through them is parallel xo either. 

2. The length of the tropical year being 36^ i^^ 48" 48*, ex- 

1)1 ain the reason why three out of four hundredth years are not 
eap -years. 

3. Shew the method of discovering whether an equation has 
any equal roots, and apply it to the solution of the equation^ 

x^ — 13a:* -f 67;!:' — 171X* 4- 216a? — 108 = 0. 

4. Determine the ^volute of the common parabola. j 

5. Compare the resistance to a given cylinder moving in^a 
fluid in a direction perpendicular to its axis with the resistance lo 
the same cylinder moving with the same velocity in the direction 
•of its axis. 

6. At a given hour, on a given day, at a given place, to deter- 
mine the latitude and longitude of the mid*beaven. 

7. If S be the point of suspension of an oscillating body, O 
the centre of gravity, O the centre of oscillation >; and from cen- 
tre G with radii GS, GO, circles be described in the plane of 
oscillation ; then the axis of suspension being removied to any 
'point in either circumference, the pendulum will oscillate in the 
same time as before. 

8* find the increment of the number whose hyperbolic loga- 
rithm is x» ^ 

z 1 

g. Shew that the fluent of =: -vers. sin. 2«. 

^ ' sec. z» co^sec. z 4 

10. A paraboloid, laid upon a horizontal plane, rests with its 
axis inclined to the horizon at 30°. Compare the length of the 
axis with the ktus rectum. 

11. If a body be projected at an angle with the velocity ac- 
quired in falling from an infinite distance, force Varying a^i 

, compare the chord of curvature of the orbit at the point 

{dist.)» . 

of projection with the distance. 

Vol. III. C 



12. Sum the following series : 



^ + —5^, &c. 

4 2.5 3.6* 



to n teniis and in infl 



f oCC* 



i-3'4 «-4«5 3*5-6 

1 — — + — - — 2 + ^-.-2 ^ &c. to mf. 

3 3-4 3*4-5 3-4-5*6 

ig. AVB (fi^. 4. pK A"".) is the trochoid of Newton, in the 
sixth Section ; v D its axis ; CEF an ordinate parallel to the 
base AB, cutting the curve in C^ and the circle on the axis in E« 
Shew that the arc V E is to the line CE in a constant ratio. 

14. If several cirtles be described, the force tending to a 
common point in all iheir circumferences, the periodic times are 
as the cubes of the radii. Re(}uired a proof. 

Monday Afternoon^. — Mr. Hustler. 
Fifth and Sixih Classes, 

1. Prove that in the multi|iIication of decimals, there are as 
^maity decimal places in the product as in the multiplier and 
multiplicand together. 

2. Find two numbers, such that i-f f of the less be added to i 
of the greater, the sum will be 7 ; but if 7 of the greater be takea 
-from the less, the remainder will be 2. 

3. Extract the square root of 6^/ ( — a) — 3. 

4. If a perpendicular be let fall from the vertex of any triangle 
upon the base^the rectangle by the sides of the triangle := the 
rectangle bythe perpendicular and tht diameter of the ciroum* 
•<iribed circle. 

^. Having' given the line of an angle, it is requited lo find the 
cosine of twice the angle. 
6. Sbm the series, 2, 8t».2|» S> &c* to 13 terms : also, 

1 1 i f% 

1 1 &c. to n terms. 

1-3 3-5 .5/7 
y. Draw a meridian line, and shew the method of finding the 
. sun's hieridfen altitude'by experiment. 

8. If a boldy revolve in a circle, the force'being in a 'point of ^ 
the circumference ; required the law of the force* 

9, The square of any odd number increased by 3 is divisible 

* %Q. Shew that the angular velocity in different conic sections 

- _ -• flatus rectum) 

about the same focus a • "■ sa- /\z ' * 
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1 1 . Find the fluxion of {a + i;r-{-cx^)^ and of hyp. Ipg. of 
/, a. 3T • also the fluent of — ,, ^ . " «> > 

12. Prove that all the images of an object placed between two 
plane mirrors inclined at a given angle will lie in the circum* 
ference of a certain circle, 

13. Required the amount of 56/. 13.S. 4^. put out to simple 
interest for 5 years and 4 months, at 6 per cent, per annum. 

14. Prove that the time down different inscliaed planes 

>v^(height} , . 

15. If a body float on a fiiiid^ the part immersed : whole body 
;: specific gravity of body : specific gravity of fluid. 

16. Prove that all rays coming parallel to the axis of a parabo- 
lic reflector will converge accurately to the focus. 

17. In the equation x^ — io«* + 27;^ — 18 = o^ the greatek 
root is dbuble of the second^ and the second treble of the third* 
Find, all the roots. 

Monday Afternoon. — Mr. Turton. 
Third and Fouirth CUkSscs. , 

1. Given the series arising from the expansion of [a + bf^ i 
determine the rfi^ term. 

2. Find the equation whose roots are 1 db ^(«— a), s dz 

•(-3)- ■ , 

3. The roots of the equation x^ — px* 4- ^0? — r = p are d^ 
h^ c ; find the equation whose roots are ab^ aCt bc4 

4. Find the sum oi n tern^s oi the series i ' + g' + 5* ■+• ftd* 
^. Find the fluents of the following quantities : 



s • 



6. Determinei by geometrical construction, that point in A 
cycloid at which the velocity of an oscillating body is half the 
greatest velocity; 

7. Shew that, at any point in an ellips^, the increase of the 
focal distance is to that of the perpendicular on the tsTngent as 
e D X HP to AC X CB; 

8. A hemisphere, resting on a fluid with its vertex downwards, 
has two thirds of its axis immersed ; compare the specific gravi- 
ties of the fluid and solid. 

9. If a =: the altitude ^fg parabolic fru^umi and b^ c be tl^ 
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radii of lU bases, also^ =: 3*14159 ; then will the solidity = ^ 



X (ft* -f c*) ; required a proof. 

10. If the reflecting curve be the arc oi a given cycloid^ and 
rays be incident parallel to the axis ; required the nature and 
length of the caustic. 

1 1 . Determine the points of the compass on which the sun will 
rise and set, to an observer at a given place, on a given day of 
the year. 

12. Given the earth's radius and the space fallen through in 
one second at its surface ; also the periodic time of the moon ; 
required the moon's distance, gravity varying inversely as Ihc 
square oi the distance from the earth's centre. 

13. A body descending trom rest in a fluid acquires a velocity 
(a) in falling through the space (/)• Compare the specific gra- 
vitics of the fluid and body, the resistance of the fluid being 
neglected. ^ . 

14. Compare the time of moving through the apside, from 
one extremity of the latus rectum to the other, in different para- 
bolas, round different centres of force in the foci. 

Monday Evening. — ^Mr. Turton. 

1 • Prove that » if from any point in the directrix of a parabola 
two tangents be drawn to the curve^ those tangents will be at 
right angles to each other. 

2. In treatises on Mensuration^ the expression 

8 chord 4 A — chord A . - • . 1 r t 

— — IS given as an approximate value of the 

3 

arc (A) of a circle : Investigate the truth of this approximation. 

3. Give Cotes's constructions for determining the orbits de- 
scribed by bodies acted upon by forces varying inversely as the 
square of the distance. 

4. There is a point in the circumference of a circle from 
which the circumference is suspended. Shew that, if two equal 
weights be fixed at any points whatever in the circumference, 
equally distant from the point of suspension, and be made to 
vibrate in the plane of the circle, the time of oscillation will be 
equal to that of a pendulum whose length is the diameter of the 
circle. — (The circuraferenc.e is devoid of gravity.) 

5. Prove that the time of falling from rest from any point (P) 
in a parabola to ihe centre of force in the focus (S) is to the time 

of moving in the curve from that point to the vertex (A) as -«^ 

4 

X SP^ to (SP + 2SA)/(SP — SA) i (p = 3-14159). 
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6. Solve the fluxional equation ^ + Fyx zz Qx, where P and 
Q are functions of x. ^ ' 

7. 8hew that, between the Vcilues x zz o, and x zz 1, 

_* X 2 , 4 . P.. , .•» , f X X 

1/(1 — Af') 3- 5 • 7*- ••I2n rh i)V ^1/(1 — a:*) 

' *3 '^' • "^ X — («r = half the circumference of a 

2.4.0 2n 2 

circle to rad. 1) : And from these fluents deduce Wallis's ex- 
pression for the circumference of a circle to the same radius, viz. 
. 2* . 4* . 6* ad. inf. 
1* . 3* . 5* ad. inf.* 

8« If a straight line of given length pass through a fixed point, 
and one end move along a straight line given in position, con- 
struct the curve which will be the locus of the other extremity, 

9* Shew in what £ase the cycloid vriihin the globe (in the 
tenth section) becomes a straight line ; and find, from the re* 
qui^te data, the time of oscillating in that line. 

io« Sh^w ^hat, when in any curve the velocity is less than 
that in a circle at the same distance, the angle between the radium 
vector and direction of the body's motion continually diminishes : 
and that when the velocity is greater than that in a circle the said 
angle continually increases. 

11. Having given two altitudes of a star, whose declination is 
. known, and time of observation, on a given day ; find its right 

ascension and the latitude of the place. 

12. Given the latitude and longitude of three places on the; 
earth's surface ; find the latitude and longitude of one equally 
distant from thepi all. 

13. Given two distances from the pole of a logarithmic spiral, 
and the angle between them — shew how the spiral may be 
constructed. 

14. Determine xh^/orm of a vessel of given altitude, which 
being filled with a fluid and a given orifice being opened in the 
bottom, the velocity of the descending surface will vary as the 
n*** power of the altitude of the surface above the orifice : and 
find the content of the vessel when the surface begins to descend 
with a given velocity. 

15. Shew how to determine, from three observations, the di* 
rection in which a comet is moving, supposing the motion to 
be uniform and rectilinear. 

16. If a body be projected from the earth's surface in a di - 
rection making an angle of 45** with the horizon, and with the 
velocity of a body revolving in a circle at the surface ; required 
the point at which it will reach the earth again^ and the timeof 
notion* 
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17. Explain the formation of figurate numbers, and shew that 
if the figurate numbers of any order be divided by the correspond- 
ing numbers of the next order, the su,m will be infinite ; bnt 
that if they be divided by those of the next order but one, the 
sum will be finite^ 

i8. Detem;iiQe the conic fnistUQir of a giveii base and altitude, 
on which, wjien moving in th^ direction of its axis, with its less 
end foremost, the resistance will be less than that on any other 
frustum of the same base and altitude, 

ig. If a body whirled round by a string, describe a circle in 
a vertical plane, shew that^he string cannot retain the bodv in 
the circle, unlets it can support six times th,e weight ot the 
body. 

. ao« F^ove that if the centre of the generating circle of a 
cycloid move with half the velocity which ^body would acquire 
ia falling through its diameter, the describing poisrt; will move ia 
tbesamexoaiuieras a body oscillating ia^ha oyidoid. 
. 2t» Investigate Taylor's Theorem ; and shew from, the theo* 
rem, that when the ordinate of a curve is either a maximum or 
minimum, the first fluxion vanishes ; and that tiie maiUHium or 
minimum' will be determined by the second fluxion being negative 
or positive* 

2«. A triangular prism, with three unequal sides, rests on a* 
fluid with one angle immers6d ; baying given the point in oqo 
side through which the surface of the fluid will pass, find the 
position of the. body* 

23* A piston, closely fitting a vertical tube, will, by com^ 
pressing the air as it desceiHls^ by its own weight, rest at the 

altitude -{a being the whole altitude). Now suppose the piston. 

to bp forced down to the altitude -- and there left to the actioa 

pn 

of tb« coippressed ajr ; find t])c velocity at afly ppint of its 9S- 
c^l^ 5 friction being; nqglemed. . ^ 

^4* A pj[is(matic vessel, of giyca dimensionsi, with its sides. 
yerMcal, is i511e4 with a fluid : there are two giv^n ^^d eqiial 
qrifices, oo^ at the bottom, the other bisecting the altitude ; 
required the time of emptying th^ upper balj, supposing both 
Ori^ce^ to h^ op^iaied at the^- s^qoo instant. 

TuEspAY Morning.— Mr. TuRTOM-* 
Firsts and Second Classes. 

1. Shew that in the addition, subtraction, multiplication.and 
division of quantities of the form a -f* ^ '/l-*-* s)> ^d also in 
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the Involution of that quantity, the results will always be of the 
form A ± B v^(— i). 

fi. The roots of the recurring equation x* + px^ + 1=0 

must be of the form a, i, i, ~ : ' Shew that they are so, / 

a ' , 

3. Find the 'fluent of £f .^ f^."^^^''^ and qf ^^^ - 

4. Compare geometrically thfc resistance on the Curve o:f a 
cycloid, moving in the direction of its axis,'' with that which 
would oppose the base. 

5. Find from the requisite data, the adtual velocity acquired 
m iallihg through the space AD, in terms oi the area ABFD. 
(Newton, prop, 39.) 

6. Give a definition of JSnite curvature ; and determine the 
nature of the curvature at a point (P) of a curve at which 9^ 

approaches to a given area (A*) as its Huiit. ^ 

7. Shew that the expression for the force In the moveable 

\A* "*" ' j^3 ";> when applied to orbits nearly cirw 

F* 

cular, continually approaches to A as its limit. 

8. Having given the latitude and longitude of a star, finci itt^ 
angle of position. . - ' 

9. Find the annual variation of the right ascension ani (fe'cli- 
nation of a star arising fom the precession of the equinoxes. 

10. If A be the arcof a circle whose radius is unity, prove 

/A* A* A® •^* " 

thut Ibg.cos. A = — M ( ^ + i L + SccX 

V ^ 3*4 5 ' 9 / 

11. A parabola revolves round its axis, which is vertical,, in 
a given time, and'the angular motion will just prevent a body, 
at any point of the curve, from desciending ; ^required the paral 
meter of the "parabolta. 

12. Prove that, if different reciprocal spirals be described 
round the some centre of force, the areas described in the same 
titne, in those^curves, will be equal. 

13. Investigate the n^^ integral oi oev. 

H. Two weights P and W are connected by a string passing 
a^ter a 'fi xed pulley ; find the velocity of P at any point of its 
deictot from rest, and also the time of desceht ; the weight of 
the string and pulley being considered. 
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Tuesday Afternoon^ — Mr. Turton. 
^ Fiflk aud Sixth Classes^ 

1. Given X V y ;=. a, and x^ + y^ = h^\ find x and^. 

2. Divide i by aa — x. 

3. Find the number from themth root of which, if the »th root 
be subtracted, the remainder will be the greatest possible. 

4. Shew that the tangent of 45° is increasing twice as fast as 
the. corresponding arc, 

5. If a body be kept at rest by three forces, and lines be drawn 
equally inclined to the directions in which they act, forming a 
triangle, shew that the sides of this triangle will represent the 
quantities of the forces. 

6. Find the fluent of ;; ; — -. — ; — r, and of 



7. Given the three sides of a plane triangle*; shew how the 
angles may be found. 

8. Given the velocity and- direction of projection ; find.the 
range on a given inclined plane /passing through the point of 
projection.' 

9. In a given circle inscribe an equilateral triangle ; and shew 
that the square of the side of the triangle is triple the square of 
the radius of the circle. 

» iQ. Given the longest diagonal of a rhombus == a^ and* one 
angle -=. 60° : required its area. 

11. Find the position of a straight line down which the time of 
falling will be twice the time down the same line when perpendi. 
cular to the horizon. 

x^» Two given weights, A and B, are suspended at the ex. 
tremities of a uniform straight lever of given length {a\ whose 
weight is W: required the distance of the fulcrum from one 
and in case of equilibrium. 

13. If the force vary inversely as the cube of the distance, 
prove that the velocity will vary as the tangent, and the time as 
the sine of a circular arc, whose radius is the greatest distance^ 
and versed sine the space fallen through. 

14. Find how far a body must fall internallv, towards the cen- 
tre of force in the iocus of an ellipse, to acquire the velocity in 
the curve, at the point from which it fell. 

15. If a body be projected with a given velocity and be acted 
upon by a given uniformly accelerating fdrce ; investigate the 
principle on which the space described in a given time is de- 
termined. 

16. Shew that the periodic times in ellipses, described round 
the same focus, are in the sesquiplicate ratio oi their major axes* 



.o 
« 
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.17. A given rectangular parallelogram is immersed vertkally 
in a fluid with one side coincident with th« Miffacei Divide ^k 
by a line parallel to the surface^ into two parts that will b^ 
equally pressed. «• 

Tuesday Afternoon.— Mr. Hustler. 
Third and Fourth Classes, 

1. Prove that an harmonic mean is less than a geometric. 

2. £ind the amount of an annuity of 140/. payable quarterly, 
for three years, sioipie interest being sdlowed at j per cest.^ 

^. In the common parabola, the normal 13 a mean propor- 
tional between the latus rectum and the focal distance. Re-> 
quired » proof. 

4* Prov^ that the chord ^f i»o° =: tangent of 60' 

f • A body projected at an angle of 60^ hits 9 mark at the 
distance of ^o feet upon an inclined plane whose elevatioja is 
go'^tf Required the velocity of projection, the greatest hei^t 
above the plane, and the time of ^flight. 

6. Shew that, the line joining the moon's cusp« is perpendi- 
lar to the plane, passing tmrough the centres of the sun, eartir, 
and moon. "^ 

J. If froooithe centre of an ellipse, with radius equal to the 
line joining the extremities of the axes, a circle be described; 
a body let fall from any point in its circumference towards the 
centre, will acquire at the point where it meets the ellipse the 
veloicity whi^ b a body revolving in the ellipse about the centre 
would have at the ^ame points 

8. The equations jf^ — ^x^'\' iix — 9 = 0, and :t^* — fiJc'+ 
a i;r — 7=0, have a common root* Find all the roots. 
■ 9. If a cylindrical vessel filled with a flujd and placed per**' 
pendicular to the horizon, empty itself through an orifice at the 
bottom, shew that the velocity of the decending surface will be 
uniformly retarded. 

icf. Prove according to Newton's 39th prop, that if the 
force vary as the distance, the velocity in a straight line is 
as the sine of a circular arc whose radius is the whole distance, 
and versed sine the space described. 

1 1 • Find the fluents of 



--— — ^. oi x^i^ii^ + x^)^ and of --j— - 
1 + * , a + 



z» 



Id. If tlie atigte between the apsidesf in an orbit nearly eirctt« 
lar be 6o% how does the force vary ? 
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13« If a force varying as the distance tend to the centre of a 
globe, the times of oscillation in all arcs of the hypocycloid aije 
equal. 

Tuesday Evening. — Mr; Hustler. 

1 • Two bills, one for £k payable {b) months after date^ the 
other for £c payable {d) months alter date, are presented at a 
banker's, who advances <£P for them. Required the rate of 
simple int^est* 

a. The excess of the sine above the versed sine is greater for 
45<^ than for any other arc less than a quadrant. 

3. find the centre of gravity of a portion of a given parabo- 
loid, curoflF by a plane, 

4. If the arc of a common cycloid in which a pendulum 
oscillates be divided into four equal arcs; the time through the 
first:4]uarter =r ^ oi the whole time of oscillation. 

' j/ In the reciprocal spiral, the tangent of the angle made by 
the radius vector with the curve varies inversely as the distance. 
Required a proofs 

6.' With two dice, compare the chance of throwing the num- 
ber 7 in one trial with the chance of throwing it twice in three 
trials. 

7. If a body revolve in aii ellipse, the force being in one 
focus, the angular velocity about the other focus is not accurately 
equal to the mean angular velocity, except at four points. De» 
teimine those points. 

8. In the stereographic projection of the sphere, a great circle 
not passing through the pole is projected into a circle whose 
radius is the secant of inclination to the plane of the projection ; 
and the distance of its centre from the centre of the sphere is the 
tangent of the same angle. 

1 1 ' 1 .'.■■■ 

9. Sum the series -/ + — + -4 &c. In inf. . 

to. The length and distance of a straight object placed before 
a concave spherical reflector being given, it js required to de* 
termine the axes of the image. 

1 1. If several bodies be projected from different distances to* 

wards the centre, force varying as -7: — ^^ , with the velocities 

(dist.j 

acquired in falling from infinity at those distances respectively ; 
shew, according to Newton's 39th prop, that the times of 
failing into the centre are 10 the sesquiplicate ratio of the initial 
distances. :* . 

IS. The roots of the equation ** -*• px*^^ +. j^*"T^ 



• t f • 
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— Qx + R = o, being a, 5, c, &c. shew that t- 4 + Sec. 

13. At a given plac^, to determine the day when a given 
star is due south at sun-rise. 

14. A sphere acted upon by gravity is projected, downwards 
in a medium with a velocity greater than the greatest acquirable 
!V«l6city in ilie medium; determine the velocity after wy space 
has been described, and the limit when the space is inftnUe. 

15. If an ordinate parallel to the base o£ a commosi cycloid 
cut the curve in P and the generating circle in Q, ^d tangents 
PT, Q T to the cycloid and circle be drawn, meeting in T, the 

locus of all the points T is the involute of the generating circle. 

16. Find the fluents of -j, («) being an odd number, 

I + X 

oi ^i^^iflzifl, and of 



•(hyp. log. ^ j 



17. If the rhumb-line be always inclined to the meridians at 
60"*, its length from the equator to the pole = half a great circle 
of the sphere. 

18. Determine the curve of aberration in a plane parallel to 
the ecliptic, if the orbit of the earth were a circle, and the sun 
in the circumference. 

19. A cube is bisected diagonally by a plane, and one half 
being filled with a fluid is placed, vertex downwards, with the 
bisecting plane parallel to the horizon. Find the time of empty- 
ing through a small orifice made at the lowest part. 

20. Supposing gravity to be constant and perpendicular to 
the horizon, and that the resistance of a medium varies as density 
of medium x (vel. ') of the body ; required the law of density^ 
so that a body may describe a given circle. (Newton, vol. ii, 
prop. 10.) 

21. A weight A (fig. 5. pi. A^.) attached to a string AB, 
being laid on a horizontal plane ABCD, the extremity fi of the 
string is moved along a line BC which is at first perpendicular 
to BA, and the weight A traces out a curve AD x)n the plane* 
Shew that the surface of the solid made by the revolution of this 
curve indefinite in extent about BC = eight times its area. 

22. Find the length of the tide-day at new and full moon, 
and shew that the tide-day is at all times greater than the 
solar-day. 



x/ a 
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£3. The first term of an arithmetic series is (a], the last term 
(/), the common difference (d) : also S, S, S S are the 

sumi of the firsti second, thii^d, {m — 1)*^ powers of the terms : 
ShewihiKt {/ + df^^'^^m.d. S +.w.^^^=i-^. S + 

fl4. A great circle revolves about the axis of a sphere with an 
uniform afigular velocity quadmplie.of that wbkh a point setting 
cff from the p6ie advances along it* Find tise two surfaces into 
whkh the motioii of t>he point divides the heihisphere« 



. I 
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THE SENATE-HOUSE PROBLEMS, 

i 

Given to the Candidates for Honors during the Examnation 
Jbr the Degree o/B. A. in January, 18^3. 

BY THE TWO MODERATORS, 

Monday^ Jamoary 18, 1813. 

Monday MoRNiNO. — Mr. Macfarlan. 

> 

First and Second Classes^ 

ft 

r 

1. Sum the series, cos. A+ cos. sA + cos. 3 A. ••••4* 
COS. fiA wbere nA = whole circumference. Aho the series 

- — - ^- -2 — . a-j ice. ad. inf. 
.« 8 4 6 

2. Find the fluent of ' ,, " ; ; and prove thakt 

the flueftt of x^i between the values of a? = o, and x zz i is 

i_4+^_j, + &c. 
> « 3 4* 

3. AB (fig. 6. pL aO ii a spherical reflecting arc ; C the 
middle point; AT and BT tangents from the .extremities, to 
which CP and CQ are drawn parallel : It is required in these 
lines to find two points^ P and Q, so that all rays proceeding 
from P and incident at A or B may after reflection converge to Q« 

4* Find the quantity of refraction by the circumpolar stars, 
(Bo^covich's metho^ \he refraction being supposed to vary as 
the tangent of the apparent zenith distance. 

5* Tb^ di^ie contained by the two equal sides of an isoso^les 
spherical triangle is greater than the angle contained by the chords 
of the same «idc8. 

X tX 

6. Find the value of^ tbr fraction when x zzo, and 

X 

vx • 

of (1 — *)tan. ~ when x :zz 1, w being ::= seroioCtrcumfer* 

*ence of a otrcle rad. n i. 

^ 7. If a straight line be drawn through the centre of gravity of 
a triangle to meet two sides and the third side produced ; the rect- 
angle undec the segments of this line measured from the centre 
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of gravity on one side of it is equal to the sum of the rectangles 
under the same two segments and the segment on the other side 
of the centre of gravity. 

8. Determine the position in which a lever of given length and 
uniform thickness will rest between two given inclined planes. 

9; If the resistance vary as the velocity, and the fojce of gra- , 
vity be constant^ the times of describing all chords of a circle 
terminating in the extremity of a vertical diameter are equal. 

10. In moving from the equator to the pole, the increase of a 
degree of latitude varies as the square of the sine of latitude, 

11. A body revolves in a circle^ the centre of force being in 
the periphery. Investigate the nature of the curve traced out by 
the extremity of the perpendicular upon {he tangent ; find its 
area and length, and the value of the greatest ordinate. 

12. The density of a lever of given length, varies, as the a* 
power of the. distance from one extremity by which it is suspen- 
ded. A given weight (P) attached to the other end, and acting 
perpendicularly by means of a pulley keeps the lever horizontal. 
The lever {when P is removed) would vibrate m times in t'\ 
Required the weight of the lever, and the index (n). 

13. A body, urged by a Force varying inversely as the square of 
the distance, describes from rest a given straight line^ while the 
line itself revolving uniformly performs one complete revolution. 
Required the area described. 

14. The perimeter of an equilateral triangle inscribed in a 
circle is greater than the perimeter of any other isosceles triangle 
inscribed in the s^me circle. 

MoKDAY Afternoon. — Mr. Macjfarlan. 

Fifik and Sixth Cia^^fs. 

%■ 

1. Reduce — ^~ — — ^to its lowest terms; and 

x^ *^y^ 

pVove the Rule for finding the greatest common measure of two 
quantities a and L 

2. Extract the square root of 31 5.2;^ 1^ and show* generally that ' 
if there be n figures in the root there cannot be more than 2n nor 

' less than (2;^ — 1) figures in the number, whose, ropt is to be ex- 
tracted. 

3.S Prove that the hypothenuse of a right-angled triangle is less 
than the sum of the two sides by th^ diameter of ttie inscribed 
circle. 

4. Given the tangents of two arcs ; find the tangents of their 
sum and difference. 
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5. When the force varies inversely as the square of th& dist, 

the periodic time in ellipses vary as i-^--, — ^ — f-,. 

^ V'{abs. force) 

6. Solve the following equations : 

(1). xz zzy\ X +y + z =: 21, ** +/ + 2* = 189. 
I.), yr^, ^ ,) ^ ^,= _^^, 

(3)* *' + y*^ = 34, x^—xy=i lo. . 

7. Prbve that a geometric mean between two quantities is a 
xne^ui proportional between an arithmetic and an harmonic mean 
between the same two quantities, ^d show of these three meaa 
terras which is the greatest. 

8- Extract the square root of a* — t* to four terms by the 
binomial theorem. 

• 9* Find the fluxions of (a + x) x ^/{a — x); of Cg and 
the fluent of 



a^'-x' 



10. A body is projected from the bottom of a given inclined 
plane with a given velocity ; find the direction when the range 
will be a maximum. 

11. Find the focal length of a glass sphere. 

12. The specific gravity of ^old and silver being {a) and (&) 
and of their compound (c). Find the ratio of the quantities of 
the gold and silver in the mixture. 

13. Given the latitude of the place and the sun*s altitude at 
six o'clock. Find the time of the year» and give the propor- 
tions for solving the spherical triangle. 

14* Construct the supplemental triangle, and prove its pro. 
perties. 

] 5. In the parabola the rectangle under the principal latus 
rectum and the abscissa is equal tp the square of a semi-ordinate 
to the axis. 

16. Prove the rule for the extraction of the square root of a 
binomial surd, and apply the expression to 7 — 8^/3. 

17. In a triangle whose sides are {a) ^nd (^), and included 

au)gle ^ of^ right angle, the square of the base zz^ '^ , . 
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Monday Afternoon* — Mr. Jephson. 
Third and Fourth Classes. 

1. Investigate the rule for extracting the square root of a 
binomial turd, and apply it to find the root of 2+2^(1 —a'). 

2. The true zenith distance of the polar star when it first 
passeg the meridian is 46'' 50' 40'' j^'^^ and at the second 
passage is 50' 25^ 50^^ ZO^^\ Required the latitude of the 
place. 

3. If any nirmber of circles be drawn through the given 
pmncs A and B cutting a given circle, the lines which join the 
piMnts of intersection shall all meet AB produced in the same 
point. - ' 

4* In a system- of (») equal pullies, each hanging by a se* 
parate string, and the strings parallel, having given P and W 
and the weight o£ one pulley, find (o) when tjbere is an eq[iii« 
hbrium. 

5. li a vessel be fiiledxwith fluid, the pressure •n any part : 
the weight t)f the fluid : : area ot that part X the depth of its 
centre of gravity : solid content of the fluid. 

6. If ;7 4- 1 : 1 be the ratio of the tangents of two angles^ and 
m : n the ratio of their sines, shew that ^-f 1 : 1 is always greater 
than m \n. 

7. Prove ,haty-;^p-^^-^ = i hyp. log.- ^^ .'. 

8. Sum the series 2* + 4* -4-6* + 8* -4-&c. to [n) terms, 
and shew that the series 1'+ 2' + 3^-1- &c. to («) terms, equals 
the square of the series 1 4- 2 + 3 + &c. to [n) terms. 

Q. Provp the following formulae, 

sin. (x — 2) = ultimately sin. x^^ z cos. x -\ . sin. at, (z) 

being diminished sine limlte, 

cos. A -i^ sin.. A ^ . ^ - 

— ■ " « ' ■ : — ^ :r tang. 2 A + sec. 2A, - 
cos* A — s|n, A ° • 

r 

and having given an arc A, find another arc B so* that tang. 
B ~ sec. A — tang. A. 

10. Force a yj — p shew that the velocity at any poiiit of 
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the descent a tan, { - ) • 6 being the circular arc whose dia- 
meter Is the first distance, and versed sine the space described* 

11. I'he increment of a semi-circular area made by ordinate! 
perpendicular to the diameter: the contempory increment of the 
corresponding sector : : versed sine of twice the arc : radius. 
Required proof, and find that point at which the difference be* 
tween the sector and the area is a maximum, 

12. Transform the equation y^ f 2py* — 33^*y "^ ^4^' =o 
into one whose co-eilicients are numeral, 

13. Determine that point in an ellipse, force in focus» where 
the velocity is a harmonic mean between the greatest and least 
velocities. 

14. FincI the content of the greatest cone that can b^e cut. out 
of a given paraboloid, the vertex of the cone being in the centre 
of the base of the paraboloid. 

25. Find that point in P's orbit (11^^ section) at which the 
tangential ablations force : the mean additious : : 3:2. 

MoNPAY Evening. — Mr. Jephs#n. 

1. Extract the square root of ^mn 4- 2 . (m* — «) . iv^(— 1). 

2. There are (p) arithmetical progressions each beginning 
from unity, the common differences are j^ 8» j, ..... j^, shew 

that the sura of their n'^ terms r: ^ ^ > ^ — ^— i-. 

2 

3. Force to S Osg . j^. — jr prove that the velocity acquired 

in descending down any space -AC: that which would .have, 
been acquired at C if the force at A had continued constant : : 
the chord : the sine of a circi^lar arc whose diameter is SA and 
versed sine AC. 

4* If systems of logarithms be taken, whose bases increase 
in geometrical progression, shew that their moduli decrease in 
harmonical progression. 

5. Given the sun's declination, and that the sun is due east 
when half the time between his rising and twelve o'clock is 
elapsed \ find the latitude of the place. 

6. There are two events A and B independent on each other:, 
the probability of A's happening : probability of failing ::,p : y;. 
tlie probability of B's happening i prx)bability of failing i: r : s^ 
In (2n) trials what is the probability that they will happen alter- 
nately all along ? 

VOL. III. V 
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7. Trace and construct the curve whose equation is y^ = 

and determine the acute ansle at which it cuts the 

c — X ^ 

8. The cdocave surface of a cylinder filled with fluid is 
divided by horizontal sections into {n) annuli in such a manner 
that the pressure upon each annul us is equal to the pressure 
upon the base ; given the radius of the cylinder^ find its height, 
aod also the breadth of the {p^*") annulus. 

9* Find /-———; also having given na+cz'f^ . 2*'""" z 
find ha + cz)^^ . z^^^ z; also find, the values of ^ in 






y 

the equation y •— -q;- 1= o. 

10. Sum — ^- + 5 1 ^ h &c. to 

i.a.i.g 2.3.3.5 3'4-5»7 

(n) terms and in inf. and 5^ ^ '-^ + ■ ^ + &c. in 

inf. and ?q>ply the method of increments to sum («) terms oi 

the Series 1 ^ -^-^ + -^-^ + ^^-^+ &c. 

1-3 2-3 3-3 

■ 

. t\. Find the equation to a spiral in which the angle described 
fcy ihjp tadius vector SP a — ^ ; and shew that the subtangent 

to ahy point P: the corresponding circular arc described with 
ifaidius SPahd beginning from the asymptote : : w : i. 
*' 12. A revolving spheroid will retain its form if four times the 
primitive gravity at the equator : five times the centrifugal force 
ctfrotatton :: semi-axis : the elevation of the equator above 
the im'cribed sphere. 

13. Two equal weights sustain each other ty means of three 
tacks situated in the same vertical plane; prove that the vertical 
presWres are together equal to the sum of the weights. 

14. An inverted paraboloid is supplied with water at a given 
rate ; gtven its dimensions, and the area of the orifice which ii 
in the vertex : It is required to find the highest point to which 
the water will rise, and also the time. 

^ * 15. Parallel rays are incident upon a semi-cycloid in a direction 
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perpendicular to the base, find the caustic, and shew that the den- 
sity oc tang. ^ + 2 tang. 2d (d being tHat arc of the generating 
circle of the cycloid which corresponds to the point of incidence, j 

16. If (t;) n the true anomaly, « r: the eccentric, and e: i, 
the ratio between the eccentricity of the orbit^ and its seTii-axis 

major, then cos.t; r= '- — . Required proof. 

1 + ?• .COS. It ^ . 

17. A- logarithmic curve b^ng descrtbedtconsipuct fof:*^ 
sub-tangenU .^ **^ 

18. P and Q are placed at the ehds of a leVer, P hangs hy a 
thread; given r and Q, it is reqaiied to find where the fiilcrum 
must be placed so that the tension of the thread may be 11 
maximum. 

• 

id^ A body oscillating in a mQdium. whose resistance cx(veL)'» 
construct for the resistance at each point. {N£W.T«prop. dj^i 
voL ii.) 

20. By means of the compasses alone, i^^^ required to in* 
scribe in a square an equilateral triangle having ooe angle in an 
angle of the square. 

21. The corner of a rectangular piece of paper is doubled 
down, so that the triangle shall always be of a given aktia, proye 
that the vertex of the triangle will trace out a lemniscata^ whoie 
area equals the area of the triangle and which may be described 

by a force placed in its knot varying as -«« 

22. A quadrant is stretched out into a straight line* and upoa 
it as an axis ordinates are drawn which are equal to the versie4 
sine of twice the iiltercepted arc ; find the whole area of the 
curve so traced. out« and determine the poipt of- cantrary 
flexure. 

aj. The nodes besag in quadratures^ prove that the mean de- 
crement of their motion arising from the acceleration of the areas 
is equal to Jth of the decrement in syzygy. 

24. If a perfectly flexible and uniform chain of a given weight 
coincide with the convex surface of a vertical ouadrant having 
one radius horizontal^ find the velocity acquired in its descent, 
and the tension at a giyen point in any given position of the 
chain. . •* 
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Tuesday Morning.— Mn Jephson. 
First and Second Classes. 

i. Arc the quantities V — « X V — ^and\/ —ax Ij — b 
possible or impossible ? 

8. Given that a parabolic area : its circumscribing parallelo- 
gram always : : m : n\ it is required to find the ratio between 
the solids generated by these areas revolving round their common 
axis, and to apply it to the case of the common parabola. 

3« Shew that at a point of contrary flexure the fluxion of 



M 



i ^* 

4* The inscribed sphere is taken away from an oblate sphe- 
roid of small eccentricity ; find that annulus parallel to the 
plane of the equator which attracts a corpuscle at the pole with 
a maximum force. 

g. If (-^ a) be a root of the equation 

T^+^a?"""^ q:pjr**^ ±t &c ± W =: o, shew 

that X 4- a is a divisor of the expression 

«» + px"^^ ^px"^^ ±. &c. . ; . . ± W. 

6. The latitudes of two places on the same meridian are ob* 
Served, and perpendiculars to their horizons are drawn meeting 
within the earth : (not supposed to be a sphere) ; shew that the 
angle at which the perpendiculars will meet is equal to the dif* 
ference of the observed latitudes. 

7. Find the content of the solid generated by the revolution 
of a cycloid round a tangent parallel to the base. 

8. Explain the Nonius, and shew that the instrument is ren- 
dered more sensible by increasing the numbet of the divisions. 

9. A bag contains three red balls and two white ones; what 
is the probability of taking out a white ball in two trials ? 

10. Give a geometrical construction for finding the resist* 
ance upon any curve, and apply it to determine the ratio be« 
tween the resistance upon a catenary moving in the direction of 
its greatest ordinate and the resistance upon its axis. 

11. The circumference of a semi-circle being considered as 
tn abiicissa, and ordinates drawn from its convex side in a di- 
rection perpendicular to the diameter and varying as the n^ 
power of the intercepted arc, it is required to draw a tangent to 
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the quadratrix thus traced out, and to shew that in the case of 
the cycloid, the tangent is parallel to the corresponding chord 
of the generating circle. 

12. A perfectly hard body falls down an inclined plane AB» 
and is inflected along another in cKned plane BC ; now AD, 
DE, EF are respectively perpendicular to CB produced, to AB 
and to the horizontal line CK ; shew that the velocity acquired 
at C is equal to that which would be acquired by tilling 
down EF. 

13. Every recurring series whose scale of relattoti is f-^g^e^ 
may be resolved into three geometrical series, whose comnion 
ratios are the roots of the equation x^ —J^^+gx — e =: o. . 

14. P hanging freely raises W up an inclined plane by means 
of a thread not parallel to the plane; find the tension of the 
string. 

15. If (t) =r the time of a comet's passage between its nodes; 
(q) zn one year, tp zz 3*1 41599 then will the line of noddir zz 
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the earth's mean distance being (i). Required. 



proof. 



Tuesday Afternoon. — Mr. Jephson. 
Fifth and Sixth Classes. 

t. Shew that Sin.*( — A) = — (sin. A), and that cos. ( — A) 
r: cos. A. Is sec. ( — A) z: -1- or — sec. A? 
2. Solve the following equations : 
(1). a + a? + ^(2ax + a?*) = ^. ^ 

^ '* X X -^ y y * y XX* 

J. The earth a sphere, and its radius 4000 miles, find what 
distance may be seen by a person 9 feet high. * 

: 4. Divide jc' — px^ + ya? — r by a? — a. 

5. If two equal forces sustain each other by means of a 
String passing over a tack, shew that either of the forces : pres- 
sure upon the tack : : radiqs : 2 cosine of half the angle at which 
the forces act. . / 

6. Uaih : : c \ 4, thea will a ± mb : b :: c ± md: d. 
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7* Prove that the radius of a circle which bisects the chord 
MFill bisect the arc. 

8. Shew that the versed sines of the same angle in difiFerent 
circles are to each other as the radii of the circles. 

9, If A : B : ; C : D, then will log. D'= log, B + fog. 
C — log. A. 

' lo. An inverted parabptpid is filM yvith a fluid; find that 
horizontal section which sustains the greatest pressure. 

11. Explain the ttiagic laistern. . ^ 
' 18% Shew the u«e of logarithms in finding the' value oF 

A*V(B'-P') 
C V(D'.E. F) * 

13. Find all the^ombiiiations which can be made out of the 
letters of the wofd Baccalaurms. 

14. A certftin velocity (v) is communicated to each of two 
perfectly hard bodies at the instant of their impinging on each 
Other. Shew that the common velocity after impact equal a ± 
what would have been the common velocity if (a) had not been . 
communicated. 

15. Find the aS^'^term of the series 13, i2|, i2y, &c. and 
sum the series 9, — -J- + -j*^, — ^J^, + &c. in inf. 

16. Take the fluxion of (a? -4- hx^ ) and find the /-^ , 

* J a — mx 



and/-- . 

^ a +Z 



n 



17. Prove that in all curves the oentripetai ft>roe: the cen- 



2 



trifugal:; SP:|..2^. 

i8. Force to S a« dist. ; shew that the velocity acquired in 
descending through any space AC : that which would have been 
acquired at C if the force at A had conlimied constant : : sine : 
the chord of a circular arc whose radius is SA,.and verged 
slue AC* 
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Tuesday Afternoon. — Mr, Macfarlan, 

Third avid Fourth Classes. 

1 . Solve the equation x^ — ixx^-^^Gx — 36 =: o, the roots 
being in harmonica! progression. 

2. If («), a prime number^ be the index ot a binomial, every 
term of the expanded binomial, except the first and last, is 
divisible by («j. - . 

3. If two bodies be acted upon by constant moving forces in 
the proportion of 5 : 4, describe spaces from rest in the pro- 
portion of 4 : 5, ancf acquire velocities in the proportion 5 : (j. 
Required the ratio of the quantities of matter. # 

4. In a given circle,, the plane of which is vertical, to draw 
a diameter, which shall be described by a heavy body in any 
given time, not less than the time in which the vertical ^ dia« 
meter is described. ' 

^. The least angle, which can be made with the horizon by 
any great circle passing through the place of a star at any given 
time, is measured by the star's altitude. 

6. The periodic times in all ellipses found the same centre 
are equal. 

7. Find the efFecis of precession in right ascension and de- 
clination ; and show when the effect in right ascension vanishes. 



x^x 



8. Find the fluent 0^-7-- ^ and ofi X (sin. z)'. 

9. Sum the following series : 

(1). i» + 3* + 5* + 7* to 12 terms. 

(2). 1 . a? + 25t* + 3Jif ' 4- 40?* . . . . + nx^. 

(3)- Ti + ^ "*" ^ "^ :;^ * ^c.'^d.,. inf. 

to. The density of the sun's rays formed by a spherical re* 
Hector : density ot his^ rays formed by a glass sphere of the same 
radius : : 9 s »• Required proof. 

IT. Compare, after Newton's method, the resistance upon 
the solid generated by the revolution ot a cycloid round the 
base, moving in the direction of the base, with the resistance 
tipon the circumscribing cylinder. 

1 2. Having given the angle of a plane triangle, the side op* 
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posite to it and the sum of the other 'two sides. Requirea the 

sides. 

1 3- Let a sphere descend by its gravity in a fluid, whose 
specific gravity is to that of the sphere as 1 to n. Find the 
greatest velocity it can acquire on supposition that the resistance 
varies as the square of the velocity. 

14. Extract the square root of 2 by a continued fraction. 



Tuesday Evening. — Mr. Macfarlan. 

1. If the national dAt be A£. and P£. be annually invested at 
compound interest as a sinking fund, in how many years will 
the debt be discharged, the interest of A not J)eing considered ? 

2. Find the sun's place in the ecliptic, when the aberration 
of a given star in declination vanishes ; and shew that the aber- 
ration in right ascension is not necessarily a maximum when the 
aberration in declination = o. 

3. Find, after Newton's manner, the law of force whereby a 
body may describe a semi-ellipse, the direction of the force 
being perpendicular to the axis major. 

4. When the force varies inversely as the fourth power of the 
distance, and a body is projected from an apse with the velocity 
acquired in falling from an infinite distance, to define the orbit. 

5. The curve AVR (fig, 7, pL a'.) and the semi-circle APB 
have the same abscissa ; the ordinate MV is equal to the tangent 
of half the arc AP: Prove that the area. AM V is equal to 
twice the circular segment AP ; and find the point of contrary 
flexure. 

6. Sum the series — - — -\ 1- — -^ — to n terms* 

1.2.3 ^-3 '4 3 •4- 5 

6* 7* 8* 

and h ■ H -■ j to n terms and ad 

1.2.3.4 2.3.4.5 3 •4- 5*6 

infinitum. 

7. Fin^l the chance ot throwing three aces exactly in five 
throws with a single die. 

8. Find the greatest of all triangles having the same vertical 
angle and equal distances between that angle and the bisection 
of the opposite side. 

9. In orbits of little eccentricity, the greatest equation of the 
centre is equal to twice the eccentricity* 



10. Integrate the following fiuxional equatioiui : 

11. Find the fluent of ^ ■ ."^^^^^Tt^'^'^^ and o f . * , and 
when « =r 3 shew that the value of the latter fluent between the 

value of a? = o and a?=:i, isJ + ^^A being an arc of 4^^ 

to radius i* ' 

• 18. If any number of projectiles be thrown from the same 
elevated point, and with the same velocities in ^n hon^oiitali 
direction ; the locus of the points in which they will §trik^ a^ 
given inclined plane will be a conical frustum. 

13. If a cylindrical vessel, placed vertically, ,and kept full of 
water, be bored in innumerable points ; the issuing fluid will 
be bounded by the surface of a conical frustum. 

14. Find the equation between the abscissa and ordinate of 
the catenary. 

15. A body fPj draws a lighter body (W; over a fixed pulley, 
A small oscillating motion is given to W at the commencement 
of P's action. Find the number of oscillations before W reaphet 
the pulley ; Show tha^ thi^ namher is independent of (be string's 

length ; ^nd that however great P is, -r^ X oscillation ^ 1^2^ 

will be performed in the time specified. 

i6. Two rods, the one 6, the other 8 f^et high, are placed 
on a given day perpendicularly to the horizon, at the distance 
of ao feet from each other. During the forenoon the extremity 
of the shadow of the first rod falls at thehase of the second. In 
the afternoon the extremity of the shadow of the second falls at 
the base of the first. Required the latitude of the place, and the 
azimuth of one rod seen from the pther. 

17. If a body be projected from an apse with a given velo- 
city, the force acting perpendicularly* to a given plane, and 
varying in some inverse ratio of the distance from it, investigate 
the fluxional equation to the curve which will be described, and 
apply it to the case where the force is constant. 

i8. Supposing the sun to move uniformly on in a right line 
with a given velocity, and the earth revolving round him, to 
preserve always the same distance ; it is required to define the 
earth's path in fixed space. 

19. A body describes the quadrant of a circle touching a 
vertical line at its highest point, being urged by a force per* 

VOL. in. r' 




t 



CAMBltIl>e#VpR^BlEMS» 1813. 



*' 1 



pendicular to the horizon* Rciguired the law of force wbick 
wilt make it recede uoiform^ywotn the horizontal radius, and 
the time elapsedL^nd the velocity acquir^ at any point of the 
descent, .~ ' ^ ^ 

20* If any number, a multijpleiyrnfi, and a number con- 
sisting of the same digits in an iifm'ted order, be each divided 
by 1I9 the sum of the digits in the two quotients are equal. 
Required a proof, 

»%» If n be a prime number, the product of 1x2x3x4*. .x 
^-^1) when increased by unity is divisible by n, 

S8. If the co-efficients of each term of the expanded binomial 

^4 ,^ j)* taken ip order, be mukipHed by the terms <if the pro- 

gression 1", 2^, '37r &c« taken in order, the result is equal to 
xiolfaine, n and m j^eing integers and n greater than m. Required 
aprooh 

83. Let a, /S, y, &c. be the roots of the equation a?** — 

„^«-2 + n . il=l3l a':r"-^ &c, =^i ; then a^'^+^^'+Z^ + 

2 

&c. = »r.(2r^i).(ir-»)...(r+t)^ „a>r lesstlun..) 

Required a proof. 

24. A body, whose weight is W falls down the length of an 
inclined plane, which has the power of moving freely along an 
liorisontai plane, on which it sUnds. Given the weight ot the 
prismatic figure composing the plane ; it is required to find the 
path of the body W, the time of describing it, and the last 
acquired velocity of the moveable plane along the horizontal 
plane* 
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